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1. Introduction

The Boussinesq system reflects the basic physics laws obeyed by buoyancy-driven flu-
ids. It is one of the most frequently used models for atmospheric and oceanographic flows
and serves as the centerpiece in the study of the Rayleigh-Bénard convection (see, e.g.,
[11,15,20,25]). The Boussinesq equations are mathematically significant. The 2D Boussi-
nesq equations serve as a lower dimensional model of the 3D hydrodynamics equations.
In fact, the 2D Boussinesq equations retain some key features of the 3D Euler and Navier-
Stokes equations such as the vortex stretching mechanism. The inviscid 2D Boussinesq
equations can be identified as the Euler equations for the 3D axisymmetric swirling
flows [21]. Furthermore, the Boussinesq equations have some special characteristics of
their own and offer many opportunities for new discoveries.

Due to their broad physical applications and mathematical significance, the Boussi-
nesq equations have recently attracted considerable interests. Two fundamental prob-
lems, the global regularity problem and the stability problem, have been among the
main driving forces in advancing the mathematical theory on the Boussinesq equations.
Significant progress has been made on the global regularity of the 2D Boussinesq equa-
tions, especially those with only partial or fractional dissipation or no dissipation at all.
Our attention here will be focused on the stability problem. The study of the stabil-
ity problem on two physically important steady states has gained strong momentum.
The first steady state is the hydrostatic equilibrium, which is a prominent topic in fluid
dynamics and astrophysics. Understanding this stability problem may help gain insight
into some weather phenomena. Important progress has been made on the stability and
large-time behavior ([9,16,28,31]). The second steady state is the shear flow, which is the
focus of this paper. The aim here is to fully understand the stability of perturbations
near the Couette flow and their large-time behavior. Our consideration will cover both
the Boussinesq equations with full dissipation and the Boussinesq equations with only
vertical dissipation. Our emphasis is on the case when the dissipation is degenerate and
only in the vertical direction.

The 2D Boussinesq system with full dissipation is given by

O + (u0y + v0y)u = —0,p + vAu,
O + (u0y + v0y)v = —0yp + vAv + 0,
Ozu + Oyv = 0,

0¢0 + (u0y + v0y)0 = pAb,

(1.1)

where u = (u,v) denotes the 2D velocity field, p the pressure, 6 the temperature, v
the viscosity and p the thermal diffusivity. The first three equations in (1.1) are the
incompressible Navier-Stokes equation with buoyancy forcing in the vertical direction.
The last equation is a balance of the temperature convection and diffusion. The spatial
domain €2 here is taken to be
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Q=TxR

with T = [0, 27r] being the periodic box and R being the whole line. In suitable physical
regimes or under suitable scaling, the Boussinesq equations may involve only vertical

dissipation ([22]), namely
O + (u0y + v0y)u = —0,p + VOyyu,
0v + (u0y + v0y)v = —0yp + V0yyv + 0,
Oz + Oyv = 0,
08 + (u0y + v0y)8 = pdy,H.
Cao and Wu previously examined the 2D Boussinesq system with only vertical dissipation
and established its global regularity [10]. The Couette flow,

Usp = (yao)a Psh = Oa esh = 07

is clearly a stationary solution of (1.1) and also of (1.2). Our goal is to understand the
stability and large-time behavior of perturbations near the Couette flow. The perturba-

tions
uU=u-—1y,
satisfy, in the case of full dissipation,
ot + yo,u+v+ (0 V)u = —0,p + vAu,
OV + Yy, + (W- V)T = —0,p + VAT + 6,
O0,u+ 0yv =0,
00 + y0,0 + (U - V)0 = pAd.
The corresponding perturbed vorticity near the steady vorticity wsp, = —1

5= 0,0 — 0,1

verifies, together with 5, the following system

00 + Y9 + (U - V)@ = vAD + 8,0,
0,0 + y9y0 + (1 - V)0 = puAb, (1.3)

u=-Vi(-A)"1a.
In the case when there is only vertical dissipation, the vorticity perturbation w and the

temperature perturbation ] satisfy
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D + Y0 + (- V)& = vy & + 0,0,
0,0 + y0,0 + (U - V)0 = pud,,0, (1.4)
i=-Vi(-A)1a.

The stability problem proposed for study here on (1.3) or (1.4) is not trivial. Due
to the presence of the buoyancy forcing term, the Sobolev norms or even the L?-norm
of the velocity field could grow in time if the two linear terms yd,w and y@zg were not
included in (1.3) or (1.4). In fact, Brandolese and Schonbek have shown in [8] that the L?-
norm of the velocity to the Boussinesq system with full viscous dissipation and thermal
diffusion can grow in time even for very nice initial data (say, data that are smooth,
fast spatial decaying and small in some strong norm). The stability of the Couette flow
on (1.3) and (1.4) is only possible because of the enhanced dissipation generated by
the non-self-adjoint operator yd, — v0y,, which is the linear part of the system (1.4).
Even though the linear operator yd, — v0,, involves only vertical dissipation, the non-
commutativity between its real part and imaginary part actually creates smoothing effect
in the horizontal direction, a phenomenon that is called the hypoellipticity. Operators of
this type are investigated by Hérmander [17]. For the standard heat equation 0, f = vAf,
the dissipation time scale is O(v~!) while, for the drift diffusion equations

Orf +yOuf =vAf and Oif +yo.f = Vayyf7

the dissipation time scale is O(v~%), which is much faster than O(v~1) for small v. A
more detailed explanation will be provided later. This enhanced dissipation effect plays
an extremely important role in the stability problem studied here.

The phenomenon of enhanced dissipation has been widely observed and studied in
physics literature (see, e.g., [7,18,30,26]). It has recently attracted enormous attention
from the mathematics community and significant progress has been made. One of the
earliest rigorous results on the enhanced dissipation is obtained by Constantin, Kiselev,
Ryzhik and Zlatos on the enhancement of diffusive mixing [12]. Many remarkable results
have since been established. In particular, the stability of the shear flows to passive
scale equations and to the Navier-Stokes equations has been intensively investigated in
a sequence of outstanding papers (see, e.g., [1-6,23,24,32,33]).

The study of the stability problem on the Boussinesq system near the shear flow is
very recent. The work of Tao and Wu [27] was able to establish the stability and the
enhanced dissipation phenomenon for the linearized 2D Boussinesq equations with only
vertical dissipation, using the method of hypocoercivity introduced by C. Villani [29]. The
Boussinesq system is different from the Navier-Stokes equations. The buoyancy force in
the velocity equation could drive the growth of the energy and more generally the growth
of the Sobolev norms. In addition, when there is only vertical dissipation, the control of
the nonlinear terms becomes much more difficult. New techniques and estimates have
to be created in order to handle the degenerate dissipation. It also appears that no
previous work has handled the degenerate case. Since the Boussinesq system reduces to
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the Navier-Stokes equation when 6 is identically zero, the stability results presented in
this paper fill the gap on the Navier-Stokes equations with only vertical dissipation.

1.1. Results

We present three main results. The first result is on the linearized Boussinesq equations
with either full dissipation or with only vertical dissipation. The upper bounds are explicit
and sharp. The second result assesses the nonlinear stability and large-time behavior of
the Boussinesq system with full dissipation. The third stability result is for the case with
only vertical dissipation. Both nonlinear stability results are presented in order to make
a direct comparison between the full dissipation and the degenerate dissipation cases.

For notational convenience, we shall write w for @ and 6 for 0 from now on. To explain
the linear stability result, we rewrite the equation for both the full dissipation case and
the vertical dissipation case as

0w + YOrw = V(00sy + Oyy)w + 040,
010 + y0,0 = p(003s + Dyy)H, (1.5)

w|t:0 = w(o), 9|t:0 = 9(0)

o = 1 corresponds to the full dissipation case while o = 0 to the vertical dissipation case.
To help understand the stability results presented below, we explicitly solve the linear
equation

Taking the Fourier transform yields
OEF — kO F = —v(ok® + )F,  F(k,£,0) = Fo(k,¢),

where the Fourier transform is given by

~ 1 ,

F =FF = F —i(kz+&y) )

(k&) =F (2@2// (z,y)e drdy
yeR zeT

Making the natural change of variables
ni=E+kt,  H(kn,t):= F(k,&1),
we find that
O H (k,n,t) = —v(ok® + (n — kt)?) H(k,n,t),  H(k,n,0) = Fo(k,n).

Integrating in time yields
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H(kv m, t) = F\O(kv n)e_y'[g(UkQ—i_(n_kT)z) dT.
Therefore,

Fk,€,t) = H(k,n,t) = Fo(k, € + kt) e Jo oK+ (Eht=r) dr
ﬁo(k‘, &+ kt) e V(oK +ENt o~ Fuk?t® —vkEt? w7

This explicit representation reflects the enhanced dissipation. Even when there is only
vertical dissipation, namely ¢ = 0, the solution is dissipated and regularized in both
directions. The dissipation time scale is O(V’%), which is much faster than the standard
dissipation time scale O(r~1). Clearly the dissipation rate is inhomogeneous and depends
on the frequencies k.

Solutions of (1.5) share the same properties as that of (1.6). The linear stability results
on (1.5) are stated in Proposition 1.1 and Proposition 1.2. To make the statement precise,
we define, for f = f(x,y) with (z,y) € T xR and k € Z,

PP
T

In addition, we write D = %8. The linear stability result for (1.5) can then be stated as
follows.

Proposition 1.1. Let (w,6) be the solution to (1.5) with initial data (w(®,0(©)). Assuming
that v < Lu for some positive constant L, there exist constants ¢ > 0, C' > 0 such that
forany ke Z,t >0,

1 2
||9k(f)||L§§C||9£0)||L§e—%6u3\k|st’ »
1.8
102
lor(®)llzg < Ol + (i)~ [kl [0 3 ) e 3,

More generally, for any integer N > 0, there exist cy > 0 and C > 0 such that for any
kelZ,t>0,

e 1,2 _ N
1Dy 005 < Cwve e (1D 13 + (™ k) ¥ 07 122 ),
1 2
1Dy wr(t)l| 22 < CNe—CN”S'k'”(nD;Vw,i“)HL; + ()5 RIS | DY OO 12 (1.9)
_ N 0 _1 1 0
+ M D F (ol + ) 10 22) )

A similar linear stability result for a slightly different domain was obtained in [27],
but the proof presented here is different, simpler and more compact. The estimates in
Proposition 1.1 can be converted into a more elegant statement that allows a direct
comparison with the nonlinear stability results to be presented. We explain and define
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a few notations. (1.7) clearly reveals the distinction between the zero mode case k = 0
and the nonzero modes k # 0. This triggers the definitions

fo = (Pof)(y) = % / fla,y)de,  fr=Ppf=f—Pf, (1.10)
T

which represents the projection onto 0 frequency and the projection onto non-zero fre-
quencies. In the process of deriving (1.7), we made the change of variable n = & + tk,
which naturally invites the definition of the time-dependent elliptic operator, for ¢t > 0,

Af =1-092 — (0, +t0,), (1.11)

or, in terms of its symbol, AZ(k,&) = 1+ k? + (£ + tk)2. In general, we denote A with

b
b € R to be the Fourier multiplier with symbol AY(k,&) = (1 +k* + (£ + tk)?)2. It is
easy to check that the operator A commutes with the differential operator with variable
coefficients 0, + y0,, namely

AL (0 +y8z) = (9 + ydy) AL (1.12)
Therefore, applying A% allows us to obtain the derivative estimates without destroying

the structure of the linearized equation (1.5). Furthermore, A? shares similarities with
the standard fractional Laplacian operators. For example, for any b > 0,

IAY(follze < IIFllz=lIAVgllzz + llglzo |ALf] 22

and, for b > 1,

1Ol =0y < CIFO 1) < CUALF )12 (@)

To precisely state the second linear stability result, we define the horizontal fractional
derivative by

~

DLV f (k, &) = k[ F(k,€).

The linear stability result in Proposition 1.1 can be converted into an estimate in the
physical space.

Proposition 1.2. Let (w,6) be the solution to (1.5) with initial data (w(®,0©). Then
there exists C > 0 such that for b € R,
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ALl oo (12 + 13 | DyAbw]l a2y + 013 | DaAbw]| Loy + 8 || Dald Aeol| 212,

+ (i)~ 4 (1Dl ALl 12y + b 1Dy | Dal AL6l 2 2y + a1 D2l 026 20
+ 1 1Dl ALl 212 )

< (ol + ()~ 8[| Dal 20O o).

We assume v = p for simplicity from now on. The main focus of this paper is actually
the nonlinear stability. We are able to establish the stability and large-time behavior for
both the full dissipation case and the case with only vertical dissipation. Certainly the
proof for the vertical dissipation case also works for the full dissipation. Both results
are presented here for a direct comparison. When the dissipation is degenerate, more
strict assumptions have to be made on the initial data. The stability result for the fully
dissipative Boussinesq equation is stated in the following theorem.

Theorem 1.3. Assume b > 1, 8 > %, 0> B+ %, a>6—pB+ % and that the initial data
(w(®,0O) satisfies

@l < e, 00N < v, [|IDa] 50| < e,
for some sufficiently small € > 0. Then the solution (w,®) to (1.3) satisfies that

1A w]| o0 (2) + 2 [ VARw] p2 2y + 6 [ Dol Abw]l 2 r2
HI(=8)"2 A w1z 12) < Cer,
1 1 1
IALOll e (z2) + V2 (IVALO]| L2 (2) + v ([ Do |5 A0 1212
HI(=A) T2 AL 1312y < Cev®

and

1 1 1 1 2
11Da]3 ALOl| Lo (£2) + V2 IV Dal 5 A0l L2 12y + v® || Da|3 A6 L3 (12
_1 1
H(=A) 72D |3 A0 3 (12) < Cev’.

In the case when there is only vertical dissipation, the stability and large-time behavior
result is stated as follows.

Theorem 1.4. Let b > %, 8> %, 0> 06+ %, a>dé— 0+ % Assume that
@l < v, 10O <ev™, [|Da|50O g < 0

for some sufficiently small € > 0. Then the solution to the system (1.4) with initial data
(W@, 0©) satisfies
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IAbw] e (z2) + V2 (| Dy Abw] L2 z2y + w6 [ Dal 3 Abw] L2 12y
H(=2) 72 Afwsllz(ze) < Cer?,
1 1 1
||A?9||L$°(L2) +v2 ||DyA?9HL,?(L2) +vo ||| Dyl 3A29||L3(L2)
HI(=2) T2 AL 1312y < Cev®

and

1 1 1 1 2
11D 13 A6 L= (12 + V2 | Dy| Dal 5 ALl 212 + v5 || Da|3 AYOl| L2(12)
(=) 7 Dal A4 1312y < O

Special consequences of Theorem 1.3 and Theorem 1.4 are the nonlinear stability for
the 2D Navier-Stokes equation with full dissipation or with only vertical dissipation.
When 6 = 0, the system (1.3) reduces to the 2D Navier-Stokes vorticity equation with
full dissipation. The stability problem of the 2D Couette flow or more general shear
flows near the Couette flow has previously been investigated on the 2D Navier-Stokes
equations with full dissipation, we refer to the references [6,23,24]. In particular, we
recover the threshold index estimate 5 > % with data in H? b > 1 established firstly
in [6]. Moreover, we also obtain the 1/3-horizontal regularity, which is better than the
enhanced dissipation quantity [|A%w.||z2(r2) obtained in [6, Theorem 1.1]. This is due
to the different choice of the multipliers that are used in the proof. On the other hand,
since the stability result for the 2D Navier-Stokes equation with only vertical dissipation
is completely new, we state it as a corollary. When 6 = 0, the system (1.4) reduces to
the 2D Navier-Stokes vorticity equation with only vertical dissipation,

{@w +y0,w + (u- V)w = vdyyw, (1.13)
u=-V+(-A)lw.

Theorem 1.4 yields the following stability result for (1.13).
Corollary 1.5. Let b > % and B > % Assume the initial vorticity W) satisfies
| e < e’

for some suitable small number ¢ > 0. Then the corresponding solution w to (1.153)
satisfies

1 1 1
[AfwllLg= L2y + v 2 | DyAfwl L2 12y + vo || Da|3 Afwll 212

+(=A) 72 Afws ] p2(12) < Cer’

Remark 1.6. Various works [3,6,23,24] for Couette flow are done with the change of coor-
dinates X =z —yt, Y = y. Our results and proofs can be translated into the coordinates
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(X,Y) as well. In this paper, we choose to work in the standard physical variables, since
we would like to highlight the role played by the non self-adjoint operator y0, — v0y,.
The multiplier M; defined in (1.14) which allows us to prove the optimal enhanced
dissipation estimates, is constructed according to the first-order bracket structure of the

linear operator.

Remark 1.7. As observed in [19], we can prove an exponential converge of the non-zero
modes for both the full dissipation case and the vertical dissipation case. See Remark 4.1.

Remark 1.8. After we posted the first version of this paper, C. Zillinger kindly informed
us of his very recent manuscript on a similar topic [34]. He studied the stability on
perturbations near both the Couette flow and the hydrostatic balance simultaneously.
In particular, he obtained the linear stability of the Couette flow for the 2D Boussinesq
system with partial dissipation by using explicit solution formulas. In addition, he also
showed the nonlinear stability of the Couette flow for the 2D Boussinesq system with full
dissipation by using the multipliers constructed in [6], with weaker enhanced dissipation
terms obtained. Compared with [34], this paper focuses on the nonlinear stability for
the 2D Boussinesq system with only vertical dissipation, and the gain of 1/3-horizontal
derivative is well characterized by carefully choosing the multiplier.

1.2. Sketch of the proof

The proofs of the nonlinear stability results stated in Theorem 1.3 and Theorem 1.4
are not trivial. As aforementioned, due to the presence of the buoyancy force, it is not
plausible to establish the desired stability results without taking full advantage of the
enhanced dissipation, created by the combination of yd,w with Jyyw in the vorticity
equation and of y0,0 with 0,0 in the temperature equation.

Let us explain how to extract the enhanced dissipation, especially the regularity in the
horizontal direction, generated by the non-self-adjoint operator y0, — v9,,. We design a
Fourier multiplier operator M defined as follows. Choose a real-valued, non-decreasing

0, 7 € (—o0, —2], L

function ¢ € C*(R) satisfying 0 < ¢ < 1, p(7) = { and ¢' = 3

1, 7€ [2,00),
on [—1,1]. Define the Fourier multiplier M = M(D,, D,) as M = M; + My + 1 with
symbols M7 and M, given by
Mi(k,€) = p(vi [k~ Ssgn(k)E), k #0,
_ 1 £, 1.14
My (k, &) = kQ(arctank—i— 2), k #0, ( )
Ml(ovg) = M2(07£) = 0.

Then M is a self-adjoint Fourier multiplier acting on L?(Q2) and verifies that
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1<M<2+m.

The construction of the multiplier M is inspired by the works [13,14] on the (non-self-
adjoint) linearized operator of the 2D Navier-Stokes equation around the Oseen vortices.
Before we show the key point of our proof, let us remark the fact that for a self-adjoint
operator A = A* and a skew-adjoint operator B = —B* on L?, we have the following
identity

2Re(Af, Bf)r2 = (Af, Bf)r2 + (Bf, Af) 1>
=(B"Af, f)rz + (A*Bf, f)re (1.15)
= <(AB - BA)f, f>L2 = <[AvB}fa f>L23

where [A, B] := AB — BA denotes the commutator between A and B.
Now taking the inner product of (y9, — vy, )w with Mw leads to the quantity

R := 2Re(yd,w, Mw) 2 — 2vRe(Dyyw, Mw) 12,

for which we intend to prove a lower bound. Using the fact that M is self-adjoint and
y0, is skew-adjoint, we have

2Re(ydrw, Mw) 12 = (M, yd,|w,w) 2

=3 [ koe) o ) de,
kR
where we have used Plancherel’s theorem in the last step. Consequently,
R = Z/ (kOeM + 2v ME?) |@(k, €)[* dé.
kR

The Fourier multiplier M; is constructed in order to capture the regularity in the hori-
zontal direction: according to the definition of My, for any k£ # 0 and £ € R,

kDM (k, €) = v3 k|5 ' (5 k| Fsgn(k)€),

which is bounded from below by iuﬂk‘\% when [¢] < v3|k|3, thanks to the special
choice of the function . One finds the following important inequality

1 1 2
v + koM, > ~vilk]s, VEER, kEZ.

=

The choice of the multiplier M; is not unique, for example one may use the multiplier
My (k, &) = carctan(visgn(k)|k|~3€) + C.
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The Fourier multiplier Ms is designed to control the velocity in the nonlinear term
since we have

1

ROMa(k,€) = 15

Combining the above estimates, one achieves the lower bound
1 1 _1
R > vdywlze + 773 [1Do5wl72 + [1(=2) " 2w|Zz, (1.16)

(1.16) leads to a control of 1-horizontal derivative of w and this is the main reason why we
can possibly control the buoyancy force, as well as the nonlinear terms. Let us also remark
that the exponent 1/3 on the right hand side of (1.16) is sharp in the sense that there
exist ¢ > 0 and functions w, € L? such that the equality ||(y0; — v0yy)wy L2 |lwy |2 =
5 |||Dy|3w, |2, holds for all 0 < v < 1. This is due to the special first-order bracket
structure of the operator y0, — 0y, see [17], [13] for more details.

Standard Sobolev type energy estimates would not work since they would destroy the
combination, see Proposition 1.1. We shall apply the operator Af defined below (1.11)
which allows to differentiate the equations in (1.3) and (1.4) without changing the linear
structures of the system, and then apply the multiplier M to obtain the desired enhanced
dissipations for higher-order derivatives.

The buoyancy term in the equation of the vorticity w takes the form 9,6, which con-
tains full one horizontal derivative. In the process of estimating ||Abw|| 72, the buoyancy
term can be bounded by

(0, A%0, MALW) 2| < ||| Dol ALG| 2 ||| Do |5 Al 12,

which contains %—horizontal derivative on 6. Since the enhanced dissipation in the esti-
mate of ||A%0||,2 contains only $-horizontal derivative dissipation, we need to estimate
[|D|3A0]| > in order to control the buoyancy term. This explains why we combine the
estimates of [|[Abw||zz2, |ALO]| 12 and ||| Dy|3 Abw]|L-.

Most of the efforts are devoted to obtaining suitable upper bounds on the nonlinear
terms. This is a very delicate process especially when there is only vertical dissipation.
Let us explain some of the difficulties and our approach in dealing with them when we
estimate the nonlinear term u - V0. The velocity u is represented in terms of w via the
Biot-Savart law

u=-V+(-A)lw.

To distinguish between the different behaviors of the zeroth mode and the nonzero modes,
we split the velocity into two parts according to (1.10)

u=uy+uy= (%0) - <%§) N (%0> - (—6535(—%))‘1%#) ’
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where ug = 8y(—8§)_1w0. Accordingly, u - V@ is decomposed into three parts,
- VO = ug0y0 + 0y (—A) tw,0,0 — 0 (—A) rw,0,0.

Due to the lack of dissipation in the horizontal direction, it is impossible to derive suitable
bounds for the first two terms in u- V6 directly. Our strategy to overcome this difficulty
is to estimate the scalar product

H := (Ab(u- V), MAL) -.

With the help of the Fourier multiplier M, the frequency space is divided into dif-
ferent subdomains to facilitate cancellations and derivative distributions. Commutator
estimates are employed to shift derivatives so that we are able to control the nonlinear
terms. Detailed estimates are very technical and left to the proof of Theorem 1.4 in
Section 4.

The rest of this paper is divided into three sections. Section 2 proves the linear stability
stated in Propositions 1.1 and 1.2. Theorem 1.3 is proved in Section 3 while Section 4
presents the proof of Theorem 1.4.

2. Proofs of Propositions 1.1 and 1.2

This section is devoted to the proofs of the linear stability results stated in Proposi-
tions 1.1 and 1.2. These results are valid for both the full dissipation case and the case
with only vertical dissipation. Notice that the two equations of the linear system (1.5)
are decoupled. As a result, an explicit solution formula to (1.5) is available using Fourier
transform as for the model problem (1.6). Indeed, by a direct computation, we have

O(k, €,t) = 0ok, & + kt)e HJo ok H(Ehi—kr)*)dr
Bk, &, 1) = Dok, & + kt)e™ Jo (W +(Erki—kn)H)dr
t
bl [ I eI ¢ s,
0

Then it is immediate to infer the bounds of Proposition 1.1 and 1.2. Here we present
the multiplier method in order to make it more accessible to the nonlinear case. These
multiplier operators are constructed to extract the enhanced dissipation from the non-
self-adjoint operators yd, — vdy, and y0, — ndy,. Moreover, the multiplier method is
flexible and may be used to study more general models, for which an explicit solution
formula might not be available.

We are ready to prove Proposition 1.1.

Proof of Proposition 1.1. By projecting the equations in (1.5) onto each frequency, we
obtain the system in the y-variable only,



14 W. Deng et al. / Journal of Functional Analysis 281 (2021) 109255

Owwr + V(D2 + ok?)wy, + ikywy, = ik6y,
00, + M(Dg + 0k2)9k -+ Zkygk =0, (21)

Wli=0 = Wz(co)a Oklt=0 = 9](60)7

where we have used the notation D = %8. We note that o = 1 corresponds to the full
dissipation case while o = 0 to the case with only vertical dissipation. Since wy and 6
may be complex-valued, the Lg—inner product is given by

() = [ 1) ato) do
R

By taking the Lg—inner product of 8, with the second equation in (2.1), we have

| =

104135 + 1| DyBil35 + ouk? 64113 = 0. (2:2)

DN | =
QU

t

To further the estimates, we define and apply Fourier multiplier operators. If £ > 0, we
define a multiplier M}, by

My = (i3 [k| 3D,y

where ¢ is a real-valued, non-decreasing function, ¢ € C*(R) satisfying 0 < ¢ < 1
and ¢’ = ; on [~1,1]. Clearly, M is a self-adjoint and non-negative Fourier multiplier
operator. We take the Lz-inner product of the second equation in (2.1) with M60y. The
following basic identities hold,

d
2Re(0,0y, Mybk) 12 = E<Mk9k79k>L§,

2Re(p(Dy + ok?)0r, MiOy) 2 = (2u(D;) + ok?) My0y, Oy L2,
2Re(ikyOy, Miby) 2 = ([ My, iky]Or, O1) 12,
where in the last equation we have used the fact that Mj is self-adjoint and iky is

skew-adjoint. Here the bracket in [M;€7 zky] denotes the standard commutator. Noticing
that

[My, iky) = [p(u3|k| =3 Dy), iky] = u3 k3¢ (3 |k|~3D,),
we obtain

d 1,1
7 Mk, 1) 12 + (2u(Dy + ok?)p(us k| ™5 Dy)b, Or) 12

(3 k|5 @ (13 |K| 3 Dy)0k, O1) 2 = 0.
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Together with (2.2), this gives

d
(100135 + (Ve 01)13 )

11 1.2 1,1
+( (20D} + k) (1 + @(u¥ (K73 D,) + u¥ [K[3¢' (u5 K75 D,) )01, 60) | = 0.

Y

By the choice of the function ¢, there holds

2

1 1 1 1
p(E + ok?) (1 + 2p(u |k 75€)) + ¥ |3 ' (w3 K 3€) > ¥ [k
for all K > 0, u > 0, £ € R. Therefore,

d 11,2
g (14 M0k, Oz )+l Dyl + ok® 10l + 08 b3 64l17; <0, (23)

Integrating in ¢ and using properties of My, we obtain the first inequality in (1.8) for
k > 0. In the case when k < 0, we define the multiplier M}, by

11
Mypbi := o(—p3 k|73 Dy)0k,
and define My = 0, we can deduce the first inequality in (1.8) for k& < 0.
We prove the first inequality in (1.9) by induction. Differentiating the second equation
in (2.1) N times with respect to y leads to

0D Oy, + (D + ok?) D)) 6y, + ikyD,) 6 + kND ), = 0.

Taking the L2-inner product with (1 + Mk)DéV 0 then gives

d
priiCs M) Dy O, Dy ) 1z + pl Dy 10k 7 + opk®|| Dy 0k 172
1 1, 2 _
+ ZM3|/~c|s||Djje,€|\%§ < —2Re(kN Dy "0y, (1 + My)D, 0x) 2
1.121\12 2 —Li i N=-1g |12
< gHPKIEIDy Or 2z + 32ZN"u™3 k|3 |[Dy ™ Oxll7-

Integrating in ¢ yields

2
k|3t

[SE

0 _ 1
IDYOk(8)]132 < 2D 6y |30 75"
t
1 2
+ O™ [k / 1D 64 (s) [Fge™fo " M =ds.
Y
0

Then the first inequality in (1.9) follows from the induction assumption.
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To handle the second inequality in (1.8), we define
My, = cp(y%|k|7%sgn(k)Dy) for k # 0, My=0
and multiply the w;, equation in (2.1) by wy and M jwy to obtain

d _ 1 1, 2
1+ Mg + Dyl + ok o + 23 413 o 5

< 2Re(ikb, (1 + Mk)wkﬁi.

Applying Young’s inequality to the right-hand side yields

d _ 1 1, 2
7 (U ), wi) 1) + vIDywil[Fs + o vk?|welFs + gv ¥ K] wi7: o0

< 3207 3|k|5 |0

Due to v < Ly, we take a small enough constant ¢ so that ¢ < 1, evs < Lpus. Then

1 2
we get, by multiplying the above inequality by e ® ¥1°* and using the first inequality in

(1.8), that

d — 5k 2 1,4 5k ?
2 (U MJwn, wr) g e 1M70) <3207 3 {k[5 05|75 e 17

1,4 00(0) (cvd—gud)IkI31
<Cv k10 .

e

Integrating in ¢, we obtain
0 —1,,2 400 v k|3
lor(®)l13 < C(lwp” 12 + ()5 k1100|726 P,

Differentiating the equation of wy in (2.1) and using the estimates for 0, we can deduce
the second inequality in (1.9), under the assumption that v < Lu. This completes the
proof of Proposition 1.1. O

Proposition 1.2 is a consequence of Proposition 1.1. We recall that the operator A;
defined in (1.11) commutes with d; + yJ,, namely, for any b € R, there holds (1.12).
Therefore it commutes with the linear equation in (1.5).

Proof of Proposition 1.2. For any b € R, we apply A? to the equations in (1.5). Since A®
commutes the equations in (1.5), the upper bounds in Proposition 1.1 and the estimates
in the proof of Proposition 1.1 remain valid if we replace w and 6 by A’w and A%,
respectively, in Proposition 1.1. Similarly, since any horizontal derivatives also commute
with the linear equations in (1.5), |D,|3 A0 enjoys similar estimates as those for 6. In
particular, similar to (2.3), one has
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d 1 1 1
7 (1 M) Ds | (A0)k,| D | (A26)1) 2) + ul| Dy | Do (A0 7
1 1 1.2 1
+ouk?|||Da] 3 (A0)11Z2 + TR 1Dz (A20)k]|Z2 < 0.

Integrating in ¢ and summing up the resulting inequalities for k € Z, we find

1 1 4
1Dz 5 ALON T e 12y + 1l Dy | D 5 AYONT 2 12y + opill | Dl 5 A0 2 12
1 1 2 2 bpi2 1 (0) 2 (25)
+ e D3 A0l o 2y < 20[[Dal 2677 [

While similar to (2.4), we have

d _
pr ({1 + M) (Ajw)r, (Afw)r)rz) + vIIDy(Afw)kl72 + o vk?||(Ajw)rlZ2

1
+ v k|3 [|(Afw)kll 2 < 3207 3[k[3(|(A76)k 7.

oo

Integrating in ¢ and summing up the resulting inequalities for k € Z, we obtain
||A?w||%§°(L2) + V||DyA?WHi§(L2) + O—V”‘DI‘A?‘U”%E(L?)
1. 1 _1 2
+57 11Dl Al 12) < 20w @3 + 32073 | Do S A0 7212y (26)
< 2| + Cop) 4 [I1D2] 6O 3,

where in the last step, we used (2.5).

By summing up (vu)~ 3 x (2.5) and (2.6), we obtain the desired estimates in Propo-
sition 1.2. We remark that the coefficient (u,u)_% in the estimate of Proposition 1.2
helps unify the bound in terms of the initial data. This completes the proof of Proposi-
tion 1.2. O

3. Proof of Theorem 1.3

This section presents the proof of Theorem 1.3 stating the nonlinear stability for (1.3).
The framework is the bootstrap argument, which consists of two main steps. The first
step is to establish the a priori bounds while the second is to apply and complete the
bootstrap argument by using the a priori bounds. Main efforts are devoted to obtaining
suitable a priori bounds. As described in the introduction, one component in achieving
the bounds is to extract the enhanced dissipation by constructing and applying suitable
Fourier multipliers. Another one is to bound the nonlinear terms suitably. To do so,
we separate the horizontal zeroth mode from the non-zeroth modes to distinguish their
different behaviors. We make use of sharp commutator estimates.

To help prepare for the proof, we recall several notations and basic facts. We make
extensive use of the operator A? defined below (1.11). The basic properties stated in the
following lemma will be used frequently.



18 W. Deng et al. / Journal of Functional Analysis 281 (2021) 109255

Lemma 3.1. The operator A defined below (1.11) satisfies the following properties
(1) For any b € R, AY commutes with 0; + yO,, namely
AL (O +y0z) = (90 + yda) A
(2) For any b >0,
1AL (fO)llze < I fllL=lIA2g]l 2z + [lgll poe || AL £ 2

Moreover, for b > 1, we have

1FO)llz= < CIF@)lnr < CIALF(E)] 22,

and consequently,

IAY(f9)llzz < CIALfllze A9l 2.

Remark 3.2. It is easy to observe that for any s non-negative and b > 1, there holds

11Dz " A7 (f9)llz2 < C (Dol Af fllz2 [ALgllce + AL fllze [1Dal*Afglle).  (3.1)

Indeed, by applying Plancherel’s theorem, we have

1.8 o) = 3 Ik [ (AL )2 (3 [ k= .6~ miate.my ) e

keZ R ZGZR
<Y [ (At ©)* (X (1 1+ 1)
kEZ tez

- 2
< [ Fle e, = nyate.n) an)de
R
<Cs (A7 (gD " HIIZ> + AT (f1Dal9)1Z2),
from which and Lemma 3.1, we deduce (3.1).
Recall that we now assume that u = v. The Fourier multiplier operator M employed
here is defined in (1.14). We also recall the projectors onto the horizontal zeroth mode

and the non-zeroth modes defined in (1.10).

Proof of Theorem 1.3. Applying A? to (1.3) and invoking the properties of A} in
Lemma 3.1, we have
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{atAfgw + Yy Abw — VAN W + Ab((u - V)w) = 8,0, 52)

BiN20 + y0, ALY — VAN + AL((u- V)8) = 0.

We then multiply the equations above by MA2w and MA?0, respectively, and inte-
grate over T x R. The combination y0, — vA creates the enhanced dissipation. As we
explained in the introduction, we do not need the full Laplacian dissipation and the
vertical dissipation is sufficient. By (1.15), we have

2Re<yaxf7Mf>L2 = <|:M7yax] fa f>L2 = <(ka§M)(D)fa f>L2

since M is self-adjoint and y0, is skew-adjoint. Invoking the equality above, we have

d
ZIVMALOIIT: + 20|V MALOT: + (kO M)(D)A70, ALO) 12

(3.3)
+ 2Re(A? (u - VO), MALO) 12 = 0.
Similarly,
d
T IVMAL| T2 + I VVMAW] 72 + ((ROeM)(D)Afw, Afw) 2 (3.4)
+2Re(A} (u- Vw), MAJw) 2 = 2Re(0, A0, MAJw) 2.
Taking L? inner product of the 6 equation in (3.2) with M|D,|3 A0 gives
d 1 1
ZIVMIDL S A7z + 2v]| YV MIDy |5 A2 (3.5)
+ (| Dy |3 (k9 M) (D)AL0, AL0) 12 + 2Re(AY (u - V6), | Dy |5 MAYG) 12 = 0.
According to the definition (1.14) of M, we have
1,2 1,1 1
ke M(k, €) = v k|3 o' (V5 |k~ Ssgn(k)E) + Pt (3.6)

for k # 0, £ € R. This implies that, for k #£ 0, £ € R,

1

(€ + FM(k,) + ROEME.E) > € + 1) + 73 KE + .

Therefore,

20||VVMS |22 + (kOeM)(D)F, fre
1 1 1 1
> v|[Vflze + v Do 13 fllZe + 1(=2) 77 f2II7e,

where f is defined by (1.10). (3.4), (3.3) and (3.5) then becomes
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d 1 1 1 _1
§||VMAIEMH%2 + || VA7 + Y D213 AfwiZz + I(—A) 72 Ajw]|7

< 2Re (9,AL0, MAYw) 12 —2Re (A? (u - Vi), MALW) 2 (3.7)
:Il 212
d 1
T IVMALIGs + VIIVAR|F: + v 3 1D AP0 + [[(~A) 2 A0, 172
< —2Re (Al (u- V8), MALY) (3.8)
=I5
and
d VM IAbp2 2Abp2 L ZAbp|I2
S IWMIDz 2 A0l + VIIVIDa |5 Al + v ([|Dal* A0z
T 1(=2) A D, 1AL 2. < —2Re (Al(u- V6), D, A male) . D)
=14
Using the L2-boundedness of M, we have
1] = (0270, MARw) 2] < [[[ D25 A76| 2 [[| Dal  Afeo]| 2. (3.10)
e Estimates for I and Is.
Recall that the velocity field u is given by the Biot-Savart law
I S e M AV A N
u=-V-(-A) w= <8I(A)1w =,/
According to (1.10), u can be decomposed into ug and u,
Ug = Pou = <%0> s with Uug = ay(—az)_le,
(3.11)

—1
u=Pu=-VH(-A)tw, = <_a§£(__AA))_(ij¢) = (u¢) .
Therefore we can write
I = (Al (u- Vw), MAJw) 2 = Ioy + I,
with
Iy = (A} (uy - Vw), MAw) 2, Ins = (A} (up - Vw), MAJw) 2.
Using the boundedness of M and Lemma 3.1, we have for b > 1,

[L1| < [IA7 (uz - Vo) [l 2 [ Afw] 2 < CllAfug]| 2| VAGw]| 2 [| A 2.
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By (3.11),
IAfusllze < IVH(=2) " Abwrllre < [[(—A) 72 Afwg] p2.
Therefore, for b > 1,
| Ia1] < Cll(=A) 72 Awl| 2| VAW 2| Afe] 2.
The key point is to bound Iz,. To simplify the notation, we write M? = \/_Ab or

=/ Mk, &) Ab(k, &) = /M(k, €) (1 + k% + (£ + kt)?)*/2. (3.12)

It follows from (3.11) that ug - Vw = up0,w = updywx since wy is independent of x.
Therefore,

.[22 = <A§§j (110 . VLU) y MASOJ>L2 = <M?(anzo.)¢), Mi’w)Lz
Due to the cancellations

(M} (1g0pw), Miwg) 2 = 0,
(00 (Mbw ), Mbw_,) 2 = 0,

we have

Iy = <M?(anxw¢), M?W¢>L2
= (M} (u0Drwz) — oD (M), Mio) 12

By Plancherel’s theorem,

Iy = E // — M (k, & —1)a(0,n)ik(k, & — )M (k, )b (k, )dédn
k0
B kz¢o// = MRk = 1)) D0 kD, € = )M (B TF, E)dedn.

By Taylor’s formula,

1
(M} (k&) — M} (k& —n)| / De M (k, & — sm)||n|ds.
0

Using the explicit expression of M? we deduce that

b
2

M, )] < COARH + =) (1452 + (6 + kt)2) E.

7 (3.13)
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Therefore,

i

ool < S O + 1) [[ (424 € k0?)F o (1482 4 (€ -t k)
k20

< |@(0,m)|[@(k, & — )| MY (k, )|@(k, )| dEdn
< Cvs||Abwol| 2]l D 3 Abw]|22 + C| Abwo| 2 | Abw] 2.

Consequently,
12| <C(—A)72 Abwoe| 22| VAL wl| 2 | Abwo]| £
+ Cv || Abwo || 2 || Da 3 Abwl|32 + C || Afwoll 2l Afw 13
<C(—A) "2 Ay 2| VAW 2 [ A e (3.14)
+ Cvh || Abwol| 2 || Da 5 Abw| 2
+ C | Abwol e [[(—2) 72 Abws| 2 [| VALw]| 2.

I3 can be bounded similarly as Is. We write I3 as I3 = I3; + I35 with
Isi = (Al (uy - VO), MAYO) 12, T30 = (Al(ug - VO), MAL) -
and obtain the following bound

T3] <[[(—A) 72 Abws || L2 [ VALO] L2 || A2 2
+ CvS | Afwol 2 || Da |3 A2O|F 2 + ClIASwo | 2 [ A0 2
<|I(~A) "2 Aw |2 [ VALO| 2 || A6 12 (3.15)
+ C v || Abwo| 2| | Do |5 ALO)12
+ C [[Afwoll 2 (—A) 2 AP0 2 [ VALO) o

e Estimates for I,.

We first decompose Iy as Iy = I41 + 140 with
Ly = (A2 (uy - VO), | Do S MAY) 2, Lio = (AL (ug - V6), [ Dy| 5 MALE) L2
The estimates for 145 are the same as those for s,
[Tia| < Cv 3 [|Awo 2 || D2 [ AT 32 + ClIATwo 22 1D | G472

For 11, we have
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L] < [11D2|5AY (ue - V8) |12 || Do |3 A6 2.
Furthermore, it follows from (3.1) that
11Dz |5 A% (us - V)| z2 < [ AYs | 2]|[Da| 5 APV L2 + [[| Dol 5 Abuas 2 [ ALVO) 2
and
APl e < (=) E A wslle,  [I1Da]5 Abugllze < [||Dy]5 Ao,
Therefore, we deduce that

14| <Cv3[|Afwoll 2 || Dal s ALO|32 + C||Afwoll 2 ||| Dz 5 A0 13
+ C(=A)"2 Abw| 2 [[| D25 APV 2 || Dy | 3 AL £ (3.16)
+ C[[|Dz]5 Abwl| 2 | APVO] 2 [|| Do |3 AL 2.
e The closing of the energy estimate.

Inserting the upper bounds (3.10), (3.14), (3.15) and (3.16) in (3.7), (3.8) and (3.9)
and integrating in time, we obtain

1 1 1 _1
A2l T e 2y + VIVALW T2 12y + 37" 1Dl SALWIT2 ey + (=A) 2 AdwellT2 12

1 2 1 1
< 2 ABO)2. + 85 ID 3022 e + Cavd Al e o 1Dl AL |25 e
_1
+ C1[(-4) zAgw;ﬁ”LfL?||VA€WHL§(L2)HA?WHL?(LQ)a (3.17)
and
13 1 _1
||A?9||2L§°(L2) + V||VA5:)6||%§(L2) vt |||Dw|3A?9H2L%(L2) +[1(=4) "’A%#Hig@%

< 2|A50D 3. + Co ”(_A)_%A?wian(L%||VA?9”L$(L2)||Ag0HL,?°(L2)
+ Cov¥ | Afwl| oo (1) 1Dl ALOI[2 1) (3.18)
+ Co | Afwl e 22 I1(—2) 72 AP0 312) | VALON| L2 (12,
and
D2 A8 e 2) + VIV F ALy g+ 7 11D2E AL
+(-a)"2 |Dw|%A§97ﬁH%f(L2)
< 2D 5 AL 13 + Cv3 [ Afwll oo (12 || Dl 5 ALO) 22 12 (3.19)

1
+ C3 [[Afwoll ge 12y 1 D |3 AP0 £][ T2 129
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_1 1 1
+ C3[(=A) 72 Afwx| 12 (r2) | D2l 3 APVl 12 (12) || Dl 5 A20| Lo 12y
+ C3|HD13‘§ASWHL$(L2) ||ASV9||L$(L2) |||Dr‘§Ag9||L?°(L2)~

The a priori bounds in (3.17), (3.18) and (3.19) allow us to prove Theorem 1.3 through
the bootstrap argument. We recall the assumptions on the initial data (w(o), 0(0)),

@l < e, 6O <ev®, 1Da]300 g0 < 0, (3.20)

where ¢ > 0 is sufficiently small and

1 1
Bzg 028+3, azd-B+g. (3.21)

To apply the bootstrap argument, we make the ansatz that, for T' < oo, the solution of
(1.3) obeys

APl g0 (£2) + V2 | VASw] L2 2y + v || Dal 3 Abwll 1,12
HI(=A) 72 Abws 1z 12y < Cev”, (3.22)

A0l 50 2y + 2 [ VAL L2 2y + 6 [ Dal 3 ALO 12 (12
HI(—A) "2 AL 13,12y < Cev®, (3.23)

1Dz ALOl| 5o 2y + 2 VDl AP 12 2y + 6 [ Dl s AL 1212

HI(=2) "D, Az 12y < G’ (324)

We then show that (3.22), (3.23) and (3.24) actually hold with C replaced by C/2 and
C by C/2. In fact, if we insert the initial condition (3.20) and the ansatz (3.22), (3.23)
and (3.24) in (3.17), (3.18) and (3.19), we find
11 1 1
A%l 2y + IV A g0y + 52 11Dl Aol g + I(-8) " Aog o
< 2:%%8 4 8C22120-3 4 (&) CSES(VSB*% + 1/3[3’%),
1 1 1 _1
1AL e 2y + VIV AL T2 12 + 52 11Dx 3 A0 Tz 1) + 1(=0) 72 AO£[ T2 1)
< 2e2% 4 020353(3V,8+20¢—% + Vﬂ+2a—%),
1 1 11 2
D2l A1 ) + PIVIDL AL g+ 11D A g
_1 1
(=) DL A2 )

< 2% + C30C3 20V 4 Cvft2e5 4 20yPteti=s),

If we invoke (3.21) and choose



W. Deng et al. / Journal of Functional Analysis 281 (2021) 109255 25

1 1 C )
128C1C7 128C,C" 64C5C77

C>8, C>32C, e=min(

then the inequalities (3.22)-(3.23) hold with C replaced by C'/2 and (3.24) holds with C
replaced by C/2. This completes the proof of Theorem 1.3. O

4. Proof of Theorem 1.4

This section proves the nonlinear stability result stated in Theorem 1.4. We recall
that the Boussinesq system concerned here has only vertical dissipation, namely

0w + yOrw + (u - V)w = vdy,w + 0,0,
010 + y0,0 + (u- V)8 = v9,,0,

u= -Vt (-A)lw,

w(z,0) =w®,  6(z,0) =00,

(4.1)

The proof is much more involved than the full dissipation case. The framework is still
the bootstrap argument, but it is now much more difficult to prove the desired a priori
bounds due to the lack of horizontal dissipation. The Fourier multiplier operator is the
same as that is designed for the full dissipation case, but the nonlinear terms are now
difficult to control. Various techniques are combined to achieve suitable upper bounds.
The quantities are decomposed into horizontal zeroth mode and the non-zeroth modes
to distinguish their different behaviors. Commutator estimates are employed to shift
derivatives. In addition, the frequency space is divided into different subdomains to
facilitate cancellations and derivative distribution.

Proof of Theorem 1.4. Applying the operator A? to (4.1) and making use of the fact
that A? commutes with d; + y9,., we obtain

(4.2)

e

O Njw + YO Ajw — vO2Aw + A ((u- V)w) = 9,A%0,
O N0 + yO, A0 — vO2AL0 + Al ((u-V)0) =

We then take the scalar product of the equations with MAbw and MAY0, respectively,
where the Fourier multiplier M is defined in (1.14). Using (1.15), due to the fact that
M is self-adjoint and y0, is skew-adjoint,

2R€<y83;f,Mf>L2 = <[nyaaf] f7 f>L2 = <(ka§M)(D)f7 .f>L2~

Invoking this equality, we have

d
T IVMALlZ: + 20|| Dy VMALw| 72 + (kO M) (D)Ajw, Afw) 2 (43)

+ 2Re(Al (u- Vw), MALw) 2 = 2Re(9, ALO, MALw) 12
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and

d
| VAN + 20 DM + (MDA

+ 2Re(A} (u- VO), MAL) 2 = 0.

Similarly, taking the L2-inner product of M|D,|3 A% with the 0 equation of (4.2) gives

d 1
i VMID: [ 82612 + 20]| Dy VM| Ds| S A6 “5)

+ (|Dy |3 (kO M) (D)AG, A26) 12 + 2Re(Al (u - VH), | D[ MAYG) 12 = 0.

Using (3.6) and the properties of the function ¢, especially ¢'(7) = i when |7] < 1, we

have, for k #0, £ € R

1

1 1,2
wEEM(k, &) + kO M(k, &) > vE* + 77 k|3 + e

As a consequence, it comes out

20[| Dy VM |22 + ((kOM) (D) f, f)1z

2 Lo L2 -1 2 (4.6)
2 V[[Dyfllze + v 1Dl flIze + 1(=2)72 felze,
where f is given in (1.10). Inserting (4.6) into (4.3), (4.4), (4.5) yields
d 1 1 1 _1
EHVMAZEWH% +VIIDyALwllT: + 33 [1Da]5 Afw][ T2 + [1(=2) 7% Afw|7:
< 2Re (9, AL0, MAYw) 12 —2Re (AP (u - Vi), MALW) 2, (4.7)
:Il :IQ
d 1. 1 _1
@llVMAi’@H%z +v[|Dy A9 Z + Vi 1Dz |5 28] 22 + [1(=2) "2 g0 |7
< “2Re (Al (u- V8), MALG) 12 (4.8)
=I5
and
d., — 1 1 1 1 2
a” M|DI‘SA5§79”%2 + V||Dy|Dz|3A?9”%2 + ZV?’ |||DI‘SA5579”%2
(4.9)

+[(=A)72 Dy |5 APOL|F2 < —2Re (A} (u - V0), |Dy| s MAL) L2

=14

The term I is easy to deal with, using the L?-boundedness of M, we have
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11| = [(0xA20, MAbW) 2]

A

11D2] 5 A6 12| D] 5 Al 2
1, . . s (4.10)
167 NP3 MGl 72 + 8073 | Do |3 AT6 7.

IN

e Estimates for I and I3.

The terms I and I3 have the same structure so that we only estimate I3. In view of
(3.11), we write

u-Ve =wugd,0 + 8y(—A)_1w¢8z9 — 890(—A)_1w¢8y0.
Correspondingly, we decompose I3 as
= <A$57 (11 . VG),MA?9>L2 = 131 + 132 + Igg7 with
Is1 = — (A2 (0, (—A) rw,0,0), MALO) 2,

Isp = Af(uoa e) MAL) p2,
Isg = (A} (0y(—A) ' w20,0), MAYO) 12

For the term I3, we have

Iy < [|A7(0(=2) " w0y0) [ 2| A0 2

S X . (4.11)
< (=A)72 Agwall 2| Dy Agl| 2| A¢]| 2

The estimates for I3 and I3z are much more elaborate since we only have %—derivative
enhanced dissipation in the z-direction, which is not enough to control 9,6 directly. By
(1.10), we write 0 = 6y + 6. Since 6y is independent of z, we have 0,6y = 0 and the
cancellations

(M7 (u00202), Moz =0, (uds(M70z), M) 2 = 0,
for MY =V MA? with symbol M?(k,€) given by (3.12). Therefore,

I3 = <M$(U08:60#)7 M?9¢>Lz
= (Mb(up0u04) — uo0s (MO L), MEOL) 2

Using Plancherel’s theorem, we have

Ip=Y / / — Mk, € = ))T(0,7)ik0.4 (K, & — )M (k, )04 (k, €)dédn
k0
=3 [ (M0 €) MR €~ ) S0, Ra (b € ) MY, €00 (i,
k#£0 N

where we used 4(0,n) = in~1@(0,1) by (3.11). Therefore, in view of (3.13), we get, by
applying Young’s convolution inequality, that
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ozl < 32 Cw kIR + 1) [ [ (AL, = n) + 82O, m) [B(0.)

k#0
X (02 (k. € — m)|A; (k, €)102 (k, &) dédn

1 Labn 12 Li4b i 1. (412)

< C(ve|@ollp: Dol 2 AfO£IT2 + val|Afwoll 2]l Dal 502l L1 [ Da|* Af02] 2
+ 1@l 120172 + 1AZwoll L2 1621 1 [|A26£ ]l 2 )
< CU||AJwoll 2 [ Da |3 AL6II32 + ClIASwo | 2 | A704]17 2
Due to div ux = 0, we have the cancellation
(uy - V(MLO), M20) 2 = 0

and we can rewrite

Isg = (M (u20,0) — u0a(MFO), M}O) 2 — (020, (M}9), MEO) 2 .

=:J =:J’

The term J' is easy to control

') < JJoe || oo || Dy MO 2 [ M2 12 )
< [(=A) 75 Abw| 2 ]| Dy AL| 2] | AL 2.

It remains to estimate the term J. Noticing that 0,60y = 81(/\/11;90) = 0, we can write

J = (M?(u¢8w9¢) - U¢aw(M§9¢),M?9>L2 = J1 + Jowith
Ji = (M (up0002) = updp(M{O2), M{O2) 12,
Jo = (M (updy0z) — updy(M704), M00) 2.

By Plancherel’s theorem,

Ji = M (k, &) — M (k — 1,6 —n)
=/ »

xtig(L,n) - i(k — D0 (k —1,€ — ) - MO(k, €)04(k, €)dedn

S // (MO, €) = ME(k — 1€ — 7))

k0,10
k—1#£0

n(k =1

X
12+772

Gz (l,m)0s(k — 1,6 —n) - ME(k, €)04(k, €)dedn,

where in the last equality we used @,(l,n) = in(I* + n*)~*@.(l,n) by (3.11). In order
to estimate J;, the idea is to use Taylor’s formula for MY (k, &) — MY(k —1,£ —n) as in
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the estimates of I3p. However, M(k,¢) and M?(k, ) are not smooth at k = 0. We then
have to divide into four different cases:

A1 ={k>0,k—-1>0}, Ay={k<0,k—-1<0},
As={k>0,k—-1<0}, Ay={k<0,k—1>0} (4.14)

and denote by

- // Mk —1,£ = n))

(k,1)EA;

(k*l)

X @ (LB = 1€ =) - Mk, €)0 (ks ).

We first estimate Jy; and Ji2. When k& > 0,k — [ > 0, we use Taylor’s formula,

1
MRk €) = MUk = 1€~ )| < [ 10eMEE — st & — s nlds
0

1

+ [ oM = st~ s,

0

A direct computation gives

|0k AL (K, €)] < CAL2(k, &) (K] + |€ + Kt[t]),  |t] < (|£|+At(k£>)7

||
which implies
b 1€\ e
|0k M (K, €)| < (k + kz)At(k,g) for k > 0.
Together with (3.13), we obtain

1 1
vl a1 6= snllly o
= — —
/((kSZ)% s T sz N shE—sn)ds

0

] 1 €+ 1€ =Dl o b
S Gy T mmE— LR T (k- Dk ) (AL (k= 1,§ =) + A7 (1))

Here and in all that follows, a < b always means that there is a uniform constant C' so
that a < Cb. Therefore, by the convolution inequality,
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=] X [] (M9 - M- 16 - m)

(k,l)eAq
l>0

kD)
12—1—77

> // us\m |Ulltll|+(|§|(4‘k|§l_);7|)|l)(Alg(kl,&n)JrAf(lm))
(kleA

A0k = 1. = ) - Mk, )04, € g

N

nl(k —1)
X 12_|_ 2

(k-3 €] + 1€ = ]
> // +1+4 )] J(AL(k =1, —n) + A7(1,n))

(k, l)eA1

G (L, m)0s (ke — 1, € — )AL (K, €)0.2 (K, €)|dedn

A

x[@2 (1, B (= 1, € = m)AD (k, )04 (K, €)|ddln,
from which, we infer

IS 1@ (8 Dol 5 A0 )12 + A204]122)
(- A) e 1 1AL 2 1Dy AL
1A w2 (04 1D 50411 1D S AL 42 + 1B 1 [ A26 ] 2)
(= A) 5 Abws | 2 (]| | Dy ALO2 ] 2 + | D02 1 [ A2 1)
S M| 2 [ D2 |3 ARO£ 13 + [[(—A) 72 A | 2| AP ]| 2 || Dy AR 12,

where we have used that (k —1)3 < (k—1)3k3 for k >0,k —1> 0,1 > 0.
On the other hand, when k > 1,1 < 0, we have the inequalities

< min (k= 1)5kS + (k= 0)3|I3,2(k — 1)5]1]5),

S < 2in (= DU, (k- D),

EHIE D SR ROVACROR S HUS R E)

(k,l)eA,
<0
k1) - -
U= 0B~ 1,6 ~ 1) - MY, (. )i
valnl | Inl+ 1, (€1 + 1€ =Dl

(k, l)eAl
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LD 00— 1,6 — A, )00,

<Y // (v5 (k= 1)5k3 + |€] + € — nl) (A2(k — 1,€ —n) + Ab(L,m))

(k,1)eA;
<0

(k= DIUBAY(k — 1,6 =)+ (b = DF U AL m))
x[@ (L) (e = 1,€ = m)AJ (k. )82 (k. €) | deln,

which ensures that

TP S vS @£l || Dol EAL0L 125 + || Dol 3woe |l o[ Dol 5 AYO | 2| A204 | 2
. 1 1, 1
1@l L A28 2 | Dy ALO£ || L2 + v [ AJwos | 22 || Dl 5 04| o1 || Dl 5 A7O4 | 2

Do Abwos L2 1| Da|3 0| 11 || AP0 | 2

A w2 (101 2 | Dy A4l 2 + [ D0z | Lo [|AL0£] 2)
S IAf w2 (V3 | Da |5 A2O£ 132 + [|AP02 ] 2| Dy ALOL]| 2)

Dol Abws| 2| Dol 5 ALOL ]| 2| ALOL | 2,

where we have used

o —

4
11Dalfwsllpr < [||Del? Abws||f2,  provided that b > 3
Combining the bounds for Jfl and J1(1 yields

1
[ Ti1| S IAZwzll 2 (11 Da |3 AP0 F2 + |20 22| Dy ALO£ ] 2)
1 1
+ D25 Ajws | 22 || Da |5 A0 £ L2 | A7 0% 2
The term J15 can be treated in the same way.

To estimate Jy3 and Jy14, we notice that, when k > 0, k-1l <0or k< 0,k—1> 0, we
have |k — | < || and thus

sl s 3 [f@be-ne—n+ s ZE o)

(k,l)EA3UA,
X [0 (k — 1,6 — )AL (I, )02 (K, €)|dEdn
S N@Ll L 1AL 132 + 102 ] 2 [ Afwe | 2 | ARO | 2
< | A8 e | ALOL]|2.

This finishes the estimate for Jq,
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1
[ T1] S 1Afwellze (11 De|3 A20£ (172 + |20 22| Dy A6 £ 2)
+ 1D 3 Afw| L2 ||| D |5 Ay O] L2 || A7 02| 2
To estimate Jo, we observe that
A7(0,€) < C(AL(Lm) + AL(=1,E —m)).

We thus apply Plancherel’s theorem and (3.11) to write

9 = | S [ (M0, = ME(-1E ~ )0, mi(-DB4(-1, €~ m)MED(O, )y
10

Uil ~ "
S ; // (AZ(=1,& = n) + A2(1,m)) zz“ 1”7;2 |2 (1, )04 (—1, & — n)ALO(0, €)|dedn

S @22 10702 2 AL 0ol 2 + (101 2 |ATw ]l 2 | A7 Bl 2
S I1AYwo 22 | AGO£]| 2 ([ A7 6o | 2.

Combining the bounds for J; and Js, we obtain

1
|1 S 1A wellze (I1Do |3 AO£[172 + 1A70 ] 2| Dy AyO£]| 2 + A0 L2l AYb0 ] 2)
1 1
+ 1D |5 Ajwsl| 2 || Do |3 Ap04 | 2| A0l 2.

Together with (4.13), we finish the estimates for Iss:

s3] S A fwoel 2l Dol 2 AYONIZ> + 11Dz 2 Al 2 || Do | 2 AYO| 2 (| A2O £ 2

(4.15)
+ | Awe L2 [AL0] 2 (| Dy A6l L2 + [|A70] 2).
It follows from (4.11), (4.12) and (4.15) that
151 5 1A 21 D= ¥ ALOZa + 11D * Aol 1D FARON 2 A0
+ [|A7we | L2 [[AL0) 2 (| Dy ALl L2 + |A70£]|2).
Similarly, the upper bound for I5 is given by
L] S (Al o2 ([ Da 5 Afw |72 + [ AFw]| 2 [ A | 2 | Dy Ao 2. (4.17)

e Estimates for I4.

As in the estimates of I3, we decompose the term I, as
14 = 141 + 142 + 143 with 141 = <A7lg (’U;ﬁaye), |D$|%MA?9>L2,
Lip = (A (u08,0), | Dy s MALG) 12,
Lg = (AY (u20,0), | Dy |3 MALO) L.



W. Deng et al. / Journal of Functional Analysis 281 (2021) 109255 33

By (3.1), one has

Liy S I1Da|5 AL (020,0) || 2 || Dol 5 A6 12

(4.18)
1 1 1
S (11D2l3 Afvs 22 |1 Dy A6l L2 + [|Afvs 2 [ Dol s Dy ALO|22) ||| Da |3 AL 2.

Setting NP(k, &) := |k|3 Mb(k, &) and NP the corresponding Fourier multiplier, we can
write

Lz = (N (u08:0%) — uo0uNY 02, NP O4) 1.
The estimates for I4o are similar to those for I3z,
| Luo| S w5 || Afwol| 2 11D |3 A2O£ 1172 + (| Afewoll 2 [ D 5 ALO£ 7. (4.19)
In order to estimate the term I3, we decompose it as

143 = <J\/;b(u¢8;v9),/\@b9),;z =K + K, with
K = (N} (u20:0) — up0s(NP6), NPO) 12,
K' = —(0,0,(N?6),N}6) 2.

The term K’ can be bounded easily,

K| < llogllpo 10, N7 0] 2 NP0 12 (420)
S (=) 72 Afwl| 2 || Dy | Do |3 A20| 22 [[| D |3 A6 2.
For the term K, due to 9,0y = 8,N}0y = 0,
K = (NP (uz0,02) — uzu(NPO2), NP O2) 12

By Plancherel’s theorem and (3.11),

K== [[ 0000 - a0 1.6 n) B ou
k,l

22"
X Ok — 1,6 = N} (I, €)0.4(k, €)dédn
=K + Ky + K3 + Ky,
where, for i = 1,2, 3,4,

> [[ avng - ape- e - m) Do)

Kl' =
(k,1)eA;

X Op(k — 1,6 — NP (k, €)04 (K, €)dedn
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with A; being defined in (4.14). For any k # 0,

NP (k,€) S (V3 + k|7 3)AL(K, ),
N (k, €) S (k|73 + [k|~ 3 |E)AL (K, €).

When k > 0,k — [ > 0, using Taylor’s formula, we have

NP (k&) = NP (k — 1,6 — )|
1+ 1€ = nl + el

win(k LR )(Af(k = 1,6 =) + A7 (L))

1
< (vilnl +
Therefore, by the convolution inequality,

K= X [ g - ww - g — ) k=g im)

2
(k l)eA1 24

<Dk = 1§ = N (k, 0 (k. ) dedn)

1| + 1€ —n| + €] b() b
< s — > = A —1 A7 (1
S k%éjAl// il ) (A 1€ =)+ AL )
>0
MR =D o 1Bk — 1, € — NG (k, ©)lded
l2+772 7’5 n # 9 n t V# ) 7
< (v5(k—1) + (k—1)5 + (1€ — | + ) (k — )3
e o

X(AP(k = 1€ = m) + AL (L)@ (Lm0 s (k — 1, = mNPOL(k, &)l dédn,
from which, we deduce that

1 —~ 1 2 1 1
IKO| < @l o (31| Da |3 ALOLI 12 || Do SNEOL] 12 + [[[Da|5 A0 12 NP O£| 2
1 1
Dy | D5 A4 12 [NPOL| 2 + (|| D] 5 A2O£]| 2 | DyNP O£ | 12)

b 1 /2\ 1 b /l\ b
HIAfwellz2 (V3 1Dl 504l 2 1 D |NT O£ 12 + || D] 0| 2 [ING 02| 2

1 1
1Dy D |3 04| L1 [IN? O£ 2 + || Dl 02| L1 | DyNY 04| 2)
2 1 1
S 1A w2 (11D2] 5 A70£ (172 + | Dy D |5 A20| L2 || D] 5 A0 4 22),

where we used k — 1 < (k—1)3k3 for k> 0,k —1> 0,1 > 0.
On the other hand, using the fact that, for £ > 0,1 <0,

L <ot -niud, S

(S

k—1< (k=153 +13), <20k 1)},

@l
=l

@l
—
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we have

k—1)_.
1| 5, o cgons
1<0

XD = 1€ = N (k, )0 (k. ) dedn)

1 l —
< X [f i TEEEEE (1) + )
“f
k—=1), . ~ ~
o000 — . — AP et
S Y [ 0Ao- 03 G- DHE + -l + - D)
Eleh

x (A (k — 1,6 — ) + A2(L,m)) @2 (1, m)0e (k — 1, € — )NPOL (K, €)|dedn.

As a result, it comes out

2 1 2 o~ 1
|KP| <03 (||| D3 A0 2 @t o1 ||| D | BNLO£| 2
— 2, 1
+ 1Az | L2 (11D 302 1 || Dal SN0 12)
2 1
D25 A4 ]| 12 ||| DS | 11 [ AP0 2

1 2
D2l Adewsll 2l Dl 304 1 [ V04 12 )
~ 3 AD b 3 AD b
1@ 2]z ([1Dy | Dal? A4 L2 N7 O£ L2 + [ Dl > AfO£]| L2 ]| Dy N7 02 2)

+ HAi’%eHLzl(IIDy\lzx\§9¢IIL1IIMZ’9¢IIL2 + IHDx\E@;éIILlIijM”(’;ﬁIILz)
§\|Ai’w¢||Lf (VEII\Dx\gAi’@fII%z + IIDy\DwFA?@IImIIIlegAi’@Hm)
Lab 24b 1b
+ [|Da] 3 A{w 2 ||| Do |5 Ag0£] 2 ||| Do |5 A0 £ 2.

This completes the estimates for K,
2 1 1
Ky S (|Ajwe ] 2 (|1Do] 5 A70£ (122 + || Dy Dl 5 20|12 || Do | 5 A0 12)
1 2 1
+ D3 Afwel 2 || Dal 3 A0 | 2 [[| Dl 3 A7O 2

We can estimate the term K in the same way.
To estimate K3 and K4, we notice that when k > 0,k -1 <Oor k < 0,k—1> 0,
|k — 1] < |I|. Therefore,

KarKil< 3 [0+ N - 1€ )

(k,1)EA3UA,

x| (1, )0z (k — 1, € — NP, (k, €)|dédn
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S X [ 09)A = 1)+ AN )

(k,l)€A3UA4
x| (1) 0 (k — 1,6 — )NPOL (K, €) | dédny,

so that we have

~ 1 1
K3 + Kal S 1@ 0 cs (18802112211 Do | 2NP 02l 22 + [ Da| 2 AfO£]| 2 | N7 O£]| 22)
~ 1
HlALw£ ]| 2102 2 [ Do | NP0 2
2 1
S IAfwsll 2 (IA20£]1 2 |1 Ds] 5 AP0 2|2 + ([ D] AO1Z2).

Summarizing the estimates, we achieve that

2 1 1
K| S IIAfwl o2 (1 Dol 2 AfO£][72 + (| Dy | Dol 2 A0 | 2l Do | 2 A0 2)
1 2 1
+ 1D |5 Mjwoe || 2| Da | 5 A 2l Dol 3 A7O 2

Together with (4.20), we obtain

2 1 1
|Lis| S 1w L2 (I Da |5 AL0] 72 + | Dy | Dol 5 AYO| 2 [[| Do | A26]l 2)

L - L (4.21)
+ 1Dz |3 Agwll 2 ([ D] 5 ALO]| L2 || D |3 A6 2
Then by (4.18), (4.19) and (4.21), we finish the estimates for I,
2 1 1
L] S NAfw L2l Do |5 AL0N 72 + [[Afw | L2 Dy | Da |5 A7Ol| 2 [[| Dz 5 AYO) 2
1 _1 1
+ 1D (=A) 72 M| 2| Dy A6 2 || Do | 5 AL 12 (4.22)

1 2 1
+ 11D Ajwl| 2 [[[ D= A28l 2l D | 2 A7) 2.

e The closing of the energy estimate.

Integrating (4.7), (4.8) and (4.9) in time and making use of the upper bounds in
(4.10), (4.16), (4.17) and (4.22), we obtain, for b > 3,

1 1 1 1
AW e 2y + V”DyA?w”if(Lz) +3ve |||Dw|3A?w”i§(L2) + [[(=4) QAfwvéHig(Lz)
1 2 1
<2 Ajw @3, + 873 H|Dr|§A?9H%f(L2) + C1||Agw||L$°(L2)H|DI|§A5W”%$(L2)
+C1 AWl Lo (22) IAJw ]l L2 (221 Dy Adwl 1212y, (4.23)

and
12 1 _1
||A39||%$°(L2) + V”DyAlt)eH%;(m) v |||Dz|3A?9||2L';’(L2) +(=4) 2A?9¢H%§(L2)

<2 MG + Cal|Abwll e (12 1 D3 ALO| 3 2,12 (4.24)
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1 1
+Co|||Da |3 Ajwl| 212y | [Da |3 AYO|| 122y | 202 | oo (2
+Co || A w22y [A20] Lo 12y (I Dy AN 1212y + 1A20£] p2(12))

and
1 1 1 1 2
11D |3 ALOIIT e (12 + VI Dy | Dal 3 ALOI[T 22y + Vi 1D2]3 ALOlI7 212
1 1
H(=A) 72Dy |5 A0 2 1)
1 2
< 2[|[D, |3 AG0 |72 + Csl| Al Lgo (£2) 1D |3 A6 72 1) (4.25)

1 1
+Cs[| A w22y (|1 Dy De |3 AJ0)| 1212y + 11Dy AYO 22 (12)) 1| Da 5 AL oo (12
1 2 1
+Cs]| Do |3 Ajwl| 1212y 1 Da| 5 AP0l 12 (12) | Do |3 A6 2o 12y

With these a priori bounds at our disposal, our final step is to prove Theorem 1.4 via
the bootstrap argument. We assume that the initial data (w(®), (0)) satisfies

1
@l < e, 16O e < ev®, 1D e < e,

where ¢ > 0 is sufficiently small, and 3, a, § are constants satisfying

1 2
Bz, 2Bz, azi-B+r. (4.26)

3

Wl N

The bootstrap argument starts with the ansatz that, for T' < oo, the solution (w, ) of
(4.1) satisfies
1 1 1
1ALl e (1) + 2 1Dy AL g 12 + v 1Dl Al 1
HI(=2)"2 A w1 (12) < Cer, (4.27)
1 1 1
||A?9||L%°(L2) +uvz ”DyAgeHL%(L% + vo || Dy 3A%HL%(B)
HI(=A) "2 A0, | 5.2 < Cev®, (4.28)
1 1 1 1 2
11D 13 A6l Lge (2 + V2 | Dyl Dal s ALl 2.2y + vo || D25 ALO] 12 (12)
HI(—A) 72 |Del AP0 12 (12 < Car®. (4.29)
The constants € > 0, C, C > 0 are suitably selected and will be specified later. Making
use of the bounds in (4.23), (4.24) and (4.25), we show that (4.27), (4.28) and (4.29)
actually holds with C replaced by C/2 and C replaced by C/2. The bootstrap argument
then implies that T'= 400 and (4.27), (4.28) and (4.29) holds for all time.

In fact, if we substitute the ansatz given by (4.27), (4.28) and (4.29) in the a priori
estimates in (4.23), (4.24) and (4.25), we find
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880l e 1) + VID ALy g2y + 54 NIl F Al g+ 1(~2)E Mg 1
< 2% 4+ 8C NP5 + C1CPS (VY TE 1),
801 e 2y + VDAY oy + 5 11D S LB oy + () AL
< 9220 4 020353(3Vﬁ+2a—% + VB+204—%),
D213 A6 e ) + VD Da A8 12y + 75 N E AN 1
HI(=2) 72 Do 5 A0 12
< 2:20% 4 030553(25'1/5”5’% + Cr25+B8-3 4 Cyﬁ+a+5*§),

If we recall (4.26) and choose

1 1 C )
128C;C 128C5C"’ 64C5C"’

C >3, 02325, s:min(

then (4.27)-(4.28) hold with C replaced by /2 and (4.29) holds with C replaced by
C'/2. This completes the proof of Theorem 1.4. O

Remark 4.1. As observed in [19], once we have the bounds for the enhanced dissipation
term, we can deduce an explicit exponential converge of the non-zero modes for both
systems (1.3) and (1.4). Let us take the vertical dissipation case (1.4) for example. First
apply the projection P to the system (4.2) and then take the scalar product of the
equations with MA%’w;é and MA26_, respectively. Multiplying the energy inequality by
2'yu%t

a weight e , we obtain

d 1 1 1
Tl VMALwL [T + v Dy Afws 72 + e (= A) 72 A7
1 1 1
+ v DS Mol [Fe — 20 eV MA w2
1 1
< 26?7 " Re(0, AL, MAJw ) 2 — 2¢*7° 'Re(A} (u - Vw);ﬁ, MA w,) s,

and similar energy inequalities for 6. By choosing v > 0 small enough and using esti-
mates for the nonlinear terms, we can deduce

1 1 1 1 1 1
e * Al e z2y + v €777 Dy Adwllpa () + v €7 | Do |3 Afwsll 212

1
e (=A)TE A we|p2r2y S VP,

and similar bounds for 0.
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