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2D TROPICAL CLIMATE MODEL WITH FRACTIONAL
DISSIPATION AND WITHOUT THERMAL DIFFUSION*

BO-QING DONGT, JJAHONG WU?#, AND ZHUAN YE$

Abstract. This paper investigates the global existence and regularity problem on a 2D tropical
climate model with fractional dissipation. The inviscid version of this model was derived by Frierson,
Majda and Pauluis for large-scale dynamics of precipitation fronts in the tropical atmosphere. The
fractionally dissipated system studied here is capable of modeling nonlocal and long-range interactions.
Mathematically this system involves two parameters controlling the regularization due to the dissipation
and our aim is the global regularity for smallest possible parameters. The model considered here has
some very special features. This nonlinear system involves interactions between a divergence-free vector
field and a non-divergence-free vector field. We introduce an efficient way to control the gradient of
the non-divergence-free vector field and make sharp estimates by controlling the regularity of related
quantities simultaneously. The global estimates on the Sobolev norms of the solutions are extremely
involved and lengthy. We take advantage of some of the most recent developments and tools on the
fractional Laplacian operators and introduce some new techniques.
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1. Introduction
This paper studies the global existence and regularity of solutions to the following
two dimensional (2D) tropical climate model

O+ (u-Vu+A**u+Vp+V-(vev)=0, z€R? >0,

O+ (u-V)o+ Ao+ VO+(v-V)u=0,

00+ (u-V)0+V-v=0, (1.1)
V-u=0,

u(x,0)=wuo(z), v(z,0)=vo(x), 6(x,0)="0u(x),

where u= (uy(x,t),uz(x,t)) is the barotropic mode, v=(v1(z,t),v2(x,t)) is the first
baroclinic mode of the vector velocity, p=p(x,t) is the scalar pressure and 6 =0(x,t)
is the scalar temperature, respectively. Here v ®v denotes the tensor product, namely
v®v=(v;0;), >0 and B> 0 are real parameters and A= (—A)2 denotes the Zygmund
operator. A and more general fractional Laplacian operators A* are defined through
the Fourier transform, namely

o~

ARF(€) =€ F(€).

Great attention has recently been paid to the study of the fractional Laplacian prob-
lems, not only for pure mathematical generalization, but also for applications in many
different fields. In fact, the fractional Laplacian operator is closely related to many real-
world phenomena, including models from geophysics [25], and from plasma physics and
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260 2D TROPICAL CLIMATE MODEL

flame propagation [5], conservation laws [4], probability and finance [12], and anomalous
diffusion problems [1,20,30]. When a= =1, the fractional Laplacian terms A**u and
A2y reduce to the standard —Awu and —Awv. Equation (1.1) without dissipation was
derived by Frierson, Majda and Pauluis for large-scale dynamics of precipitation fronts
in the tropical atmosphere [18]. Its viscous counterpart with the standard Laplacian
can be derived by the same argument from the viscous primitive equations (see [27]).
More relevant background on the tropical climate model can be found in [19,28,29]. The
model studied here, namely (1.1), is appended with fractional dissipation terms, which
may be relevant in some physical circumstances. One example is in the study of viscous
flows in the thinning of atmosphere. Flows in the middle atmosphere traveling upward
undergo changes due to the changes of atmospheric properties. The effect of kinematic
and thermal diffusion is attenuated by the thinning of atmosphere. This anomalous
attenuation can be modeled by using the space fractional Laplacian.

Mathematically (1.1) possesses some special features. The first is that (1.1) involves
the coupling of a divergence-free vector field v and a non-divergence-free vector field v.
This mix poses mathematical challenges. In order to control the gradient of v, we need to
bound both the curl of v, V x v and the divergence of v, V-v. This paper demonstrates
how to effectively bound Vv in terms of V-v and V xwv. The second feature is that
(1.1) allows us to examine two-parameter families of systems simultaneously and to
understand how the regularity of the solutions is affected as the sizes of the parameters
vary. Our aim here is to establish the global regularity for (1.1) with the smallest amount
of dissipation and provide the the sharpest possible global well-posedness results with
respect to a and f3.

Our main result can be stated as follows.

THEOREM 1.1.  Consider (1.1) with « and B satisfying
3
O<a<l, BETO‘. (1.2)

Assume the initial data (ug,vo,00) € H*(R?) x H*(R?) x H*(R?) with s>2, and V -uy=
0. In addition, we assume 0y € H>~28(R2?). Then (1.1) admits a unique global solution
(u,v,0) such that for any given T >0,

ue C([0,T]; H*(R?*)) N L*(0,T; H*T*(R?)),
ve C([0,T]; H*(R?)) N L*(0,T; H*P (R?)),
0 C([0,T); H*(R?)NL>(0,T; H*~ 25 (R?)).

There are several important previous global regularity results for different ranges
of the parameters. Li and Titi in [26] dealt with the case when a=1 and f=1. By
introducing a combined quantity of v and @, Li and Titi were able to establish the global
(in time) H! bound. Ye in [35] obtained the global regularity for (1.1) when >0, 3=1
and the equation of 6 also contains Af. Dong, Wang, Wu and Zhang proved the global
regularity for the climate model in the case when there is no thermal diffusion, and
when aﬁ% and the total fractional dissipation in the equations of u and v is at the
order of two Laplacians [16]. For more results on the global regularity of the 2D tropical
climate model, we refer to [15,17].

We remark that following the same arguments adopted in proving Theorem 1.1,
the global regularity regularity result also holds true for the following tropical climate
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model with moisture (see [27]) for « and 8 satisfying (1.2)
du+ (u-V)u+A**u+Vp+V-(v@v)=0, z€R? >0,

O+ (u-V)v+ AP v+ (v-V)u= . V(Te—ge),

T 14y
WTe+ (u-V)T,—(1-Q)V-v=0,
_ 1+
Ouge + (- V)ae + (Q+7)V-v=——ges,

V-u=0,
u(z,0)=up(z), v(x,0)=ve(x), Te(x,0)=Teo(x), ge(x,0)=qeo(x),

where fi:=max{f,0} denotes the positive part of f, ¢ is a convective adjustment
timescale parameter, and the constants v and @) are required to satisfy (see [18])

0<Q<1, Y+Q>0.

We also remark that the tropical climate model studied here bears some similarities
but is different from the magnetohydrodynamic (MHD) equations. The MHD equations
are a coupled system of the Navier-Stokes or Euler equation with a Lorentz forcing and
the induction equation for the magnetic field, namely

dut(u-Vyu—Au+Vp—V-(b@b)=0, x€R? >0,
b+ (u-V)b—Ab—(b-V)u=0, (1.3)
V-u=0, V-b=0.

Clearly (1.1) resembles (1.3), but there are some key differences. One obvious one is
that b can be assumed divergence-free due to the fact that this property is preserved
as time evolves, but v in (1.1) is not divergence-free. A more subtle difference is that
b-Vu in (1.3) has a negative sign while v-Vu has a positive sign. This sign makes
a big difference in the study of the global existence and regularity problem on (1.3).
The well-posedness problem on the MHD system with partial or fractional dissipation
has recently attracted extensive interests and there are considerable developments (see,
e.g., [7-9,14,34,36]). It is hoped that this study on the tropical climate model will also
help advance the course on the investigation of the MHD equations.

The proof of Theorem 1.1 is not trivial and involves the combination of an array of
tools and new techniques. The core of the proof is to establish a global a priori bound
for (u,v,0) in H*. This is obtained by consecutively proving more and more regular
global bounds. The global L? bound for (u,v,6), along with the time integrability of
[A%u||2,, |[APv]|2,, is immediate due to the special structure of (1.1) and V-u=0.

However, the nonlinear coupling in (1.1) makes it very difficult to obtain global
bounds on the Sobolev norms of (u,v,6). Since there is no thermal diffusion in the
equation of 6, bounding any Sobolev norm of 6 would require the control of |Vul|pe.
However, to bound ||Vul||p~, one has to first obtain the global bound on the forcing in
the equation of u, namely

IV(V-(v®@0))|Le < o0.

We point out that here and in what follows the (k,j)1<k j<2 component of V(V-(v®
v)) reads 0y0;(v;vj), where we use the summation convention over repeated indices.
Unfortunately the equation of v involves VO and one has to know the regularity of 8
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first in order to bound v. This tangling makes the estimates of the Sobolev norms of
(u,v,0) very difficult.

Our observation is the special structure in the equation of v, which contains V6. We
can eliminate 0 if we take the curl of this equation. However, since v is not necessarily
divergence-free, we also need to control the divergence Vv in order to bound Vv. We
are naturally led to consider the system of (w,j,h), where

w:qu::alquagul, j:VXU, h:V-v::81v1+82v2.

It follows from (1.1) that (w,j,h) satisfies

Orw+ (u-V)w+ A2 w4 (v-V)j +2hj — (v102h —v201h) =0,

Oj+(u-V)j+A*j+ (v-V)w+hw=0,

Och+ (u-V)h+ AP h+ A0 +Q(Vu,Vv) =0,

V-u=0,
where Q(Vu,Vv) is given by

Q(VU,V’U) = 231’&1(81@1 — 62’02) + 281U2(92’01 +232U1(91U2.

The equation of A involves A#, which would make it impossible to obtain a global
bound for h. Our idea is to hide Af by introducing a combined quantity. We define H
such that

AP H=A"h+Af
or
H=h—A?>"%9.
By combining the equations of i and 6, we find that H satisfies

O H + (u-V)H+ AP H=—Q(Vu,Vv)+ A2 "2Ph 4+ [A?728 4. V]6.
Owing to the vector identity

Av=V(V-0)+VH(Vxv),  VE=(0y,-01),
we can write
Av=Vh+Vtj
Alternatively,
Vo=Rih+Roj=Ri1H+R1A>" 2P0+ R,j,
where R; and R are Riesz transforms given by (see Chapter 3 of [10])
R1=VV(A)™!, Ry=vVV+A)L

By making use of the system of (w,j,H), we are able to obtain a global-in-time bound
for ||(w,7,H)||r2. In this process, we need to bound quite a few triple product terms
and various tools including the Littlewood-Paley decomposition are invoked. The worst
term (the most regularity demanding term) comes from vi02h —v301h in the equation
of w. In fact, it is this term that requires (1.2).
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The global L? bound of (w,j,H) is the foundation for higher regularity. Making
use of the maximal regularity estimates for the fractional Laplacian operators, we can
further show that, for any p € [2,00),

10 e <C(t), Vo®)llr <CO@),  [[VH®)|r <C(2),

where C(t) is an upper bound depending on ¢ and the initial data. Since the equation
of 6 has no thermal diffusion, the global H*®-bound of (u,v,0) relies on the Lipschitz
property of w, namely ||[Vu(t)||p~ or ||w(t)|L. We find that the control of these
quantities depends crucially on the size of a. We consider two cases: o > % and a < %
The first case is resolved using the maximal regularity estimate while the second case is
much more involved. The difficulty for the case when a < % is that the vorticity equation
involves the term

VX (V- (v@w)),

but the global bound on v is for |Vu(¢)||z». Therefore we have to shift one derivative
from this term when we estimate [|w|| 1. When a < 3, there is not enough dissipation
to absorb this derivative. The way we handle this difficulty is to write the second-order
derivative V2v in terms of j, H and A>~2#0 and make use of the bounds on j and H.
In addition, we prove and use a De Giorgi-Nash regularization estimate involving the
fractional Laplacian operators. Once the crucial bound ||w||r is established, the global
H?-bound for (u,v,0) is then within reach.

The rest of this paper is devoted to the proof of Theorem 1.1. The proof is extremely
technical and long. For the sake of clarity, we divide it into two sections together with
an appendix. The first section contains the proof of the global bounds on (w,j,H) in
L? and #, Vv and VH in LP with p>2. The second section proves a global bound
for the H*-norm of (u,v,0). Each section is further divided into several subsections to
make our presentation easily accessible. The appendix presents the Littlewood-Paley
decomposition, Besov spaces and related tools used in the proof of Theorem 1.1.

2. The proof of Theorem 1.1, Part I

The proof of Theorem 1.1 is lengthy and we split it into two main parts. The first
part contains the proofs of the global bounds on (w,j,H) in L? and 6, Vv and VH in L?
with p>2, which is presented in this section. The second part obtains a global bound
on ||Vu(t)|r~ and then a global bound for the H*-norm of (u,v,6), which is given in
Section 3. More precisely, this section proves the two propositions stated below.

The first proposition provides the global bound on ||(w,j,H)|| 12, where w, j and H
are as defined in the introduction. As explained in the introduction, these quantities
are employed to untangle the coupling in (1.1).

PROPOSITION 2.1.  Assume (ug,v,0p) satisfies the conditions stated in Theorem 1.1.
If B> 3’*70‘ for 0<a<1, then for any corresponding smooth solution (u,v,0) of (1.1),
we have, for any given T >0 and any t€[0,T],

lwo(NIZ2 + 113 B)I72 + I H )12 + 1 Vo)1
+/O (1A ()22 + A% (D122 + [APH () ]1Z2) dr < Co(#), (2.1)

where Cy(t) is a finite quantity depending only on t and initial data.

The second proposition establishes global bounds on ||0(t)|zr, ||[Vv(t)|rr and
IVH(t)||L» for any p>2.
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PROPOSITION 2.2.  Assume (ug,vo,00) satisfies the conditions stated in Theorem 1.1.
If B>352 for 0<a<1, then for any corresponding smooth solution (u,v,0) of (1.1),
we have, for p€[2,00], any given T >0 and any t €0, T,

16() ]| z» < Col(t), (2.2)
IVo(t)]| L < Co(t), (2.3)
VH@)||L» < Co(2), (2.4)

where Cy(t) depends only on t and the initial data. Especially,
[v(t)[|Lee < Co(t). (2.5)

For the sake of clarity, we divide the rest of this section into three subsections.
The first subsection provides a useful lemma and two global upper bounds. The second
subsection proves Proposition 2.1 while the third subsection proves Proposition 2.2.

2.1. A tool and two upper bounds. The useful lemma relates the regularity
(in the space-time norm) of the solution of a generalized heat equation to that of the
right-hand side.

LEMMA 2.1.  Consider the following linear equation with o >0,
Of+A*f=g,  f@,0)=fo(z), z€R, (2:6)
then for any 0<e<20 and for any 1 <p,q<oo, we have
HAQU*ngLng <C(t, fo) +CW®)lgllLare,

where C(t, fo) = ||e’A26tA2"’gfo||Lng and C(t) depends on t only.

We remark that the classical maximal regularity estimate for generalized heat op-
erators allows £€=0, but requires that 1<p,q<oo. This tool lemma allows 1<p,qg<oo
but asks that £>0 (a loss of a little spatial regularity). This lemma serves our purpose
very well.

Proof. (Proof of Lemma 2.1.) We first remark that this lemma is used in the
a priori estimates with the assumption that the solution is smooth. Of course, we can
also make sense of this lemma in the given functional spaces here. Then, the equation
in (2.6) of Lemma 2.1 is really understood in the integral form

t
fze_tAza f0+/ e_(t_T)A%ng, (2.7)
0

which follows from (2.6) via the Fourier transform. We apply A27~¢ to (2.7) to get
atA2075f+A20'A207§f:AQUfgg. (28)

Using the standard Duhamel formula, we write (2.8) as
¢
AZJfgfzeftAr"“AQa'fgfo +/ ef(th)A26A2afs~gd7_.
0

Invoking the estimate (see [32, Lemma 3.1] for example)

p 1

_A20 _pL _d (Ll _ 1
[APe™™ 7 fl| Lo ay < Ot %7 2 G =8 || £l L (a)
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with p>0 and k>m, we obtain
t
= _tA27 20— C(t—TVA27 A 2 —F
M%7 Fll Lo ray < [le” ™ A2 Efo||Lp(Rd)+/ le™ AT A2 gl 1y (gay dT
0

t
_tA2° 25 —F 20—&
<|lemtT A 5fo||Ln(Rd)+C/ (t=7)"=2 [lg(7)Lrma)dr-
0
By taking L] and applying the Young convolution inequality, we have

HAQU*ngLng <C(t fo) +C@#)gllLare.
This concludes the proof of Lemma 2.1. ]

Now we present two upper bounds to be used in the proofs of Proposition 2.1 and
Proposition 2.2. We start with the global L2-bound.

LEMMA 2.2.  Assume (ug,vo,0p) satisfies the conditions stated in Theorem 1.1. Then
for any corresponding smooth solution (u,v,0) of (1.1), we have, for any t>0,

Hu(t)l\izJrl\v(t)l\izJrllé’(t)lliz+/0 (A% u(m)|Z2 +[A%0(7)|72) dr < C(ll(u0,v0,60) [ 2)-

As a special consequence,

10, 225 < C (& [[(uo,v0,60) ] 2)- (2.10)

-5 —

Proof. Taking the inner product of (1.1) with (u,v,0), we obtain
5 (@72 + @172 +10@)[172) + | Aul|72 + | A%0] 7

=— V-(v@v)udz—/RQ(v~V)u'vdx—/

R2 R2

V0~vdx—/ (V-v)bdz
R2

—/ (u-V)u-udm—/ (u~V)v~vdm—/ (u-V)00dx— [ Vp-udz.
R? R? R? R?

Due to the fact that (u,v,0) are smooth, we can get by integrating by parts that
— V-(v@v)-udw—/ (U~V)u~vd33:—/ ai(vivj)ujdx—/ v;05u v dx
R2 R2 R2

R2
:/ (Uﬂ}j)aiu‘j dx—/ viaiujvj dx
R? R?
= 0’
— VH-de—/ (V-v)ode=— | 0;0vide— | 0Ov;0dx
R? R2 R2 R2
= 961111 dx — &vlﬁda:
R? R?
=0.
As (u,v,0) are smooth, one derives by integrating by parts and using the incompress-

ibility condition V-u =0 that

—/ (u-V)u-udcc:—/ u;05uju; de
R? R?
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*—1/ uzﬁu dx
/5‘u,u dx

Similarly, we obtain

/(u-V)vmd:E:/ (u-V)00dx= | Vp-udx=0.
R2 R2 R2

Combining all the above estimates yields

1d

5 77 @72+ [v@72 +10O172) + A ullZ + [A70] 72 =0. (2.11)

Integrating (2.11) in the time variable over (0,¢) implies (2.9). Multiplying the equation
of #in (1.1) by |9\ﬁ729 and integrating with respect to x, we have

||9()|| <C|Vo| 2 <ClIAw]|e.

L2-8
Integrating in time over (0,t) and using (2.9), we obtain (2.10). This completes the
proof of (2.10). |

The second upper bound controls the lower mode of A2~289, namely A_;A2~289,
where A_; is the Fourier restriction operator as defined in the appendix. This upper
bound will be used in the proofs of Proposition 2.1 and Proposition 2.2.

LEMMA 2.3.  Assume that (ug,v0,60) satisfies the conditions stated in Theorem 1.1.
Then for any corresponding smooth solution (u,v,0) of (1.1), we have, for any 2<q<
and for any t>0,

3-283
A AP200(8) |2 <Co(t),  IA*2P6(1)]| e < Co(t), (2.12)

where Cy(t) depends only on t and the initial data.
Proof. Applying A_;A?72P to the third equation of (1.1), dotting with A_; A%2~25¢

and using the Bernstein inequality (see the appendix), we have

1d

5 oI AT 202 <AL AT (0 TO)] 12 | A1 A7) 1o

HAAPTIV 0] 2| AL AP0 2
<C[|A A2V - (uh) || 12 | A1 A>270)| 2
FA APV 0 2| A AP0 2
<C[IA AP (uh) || 12 [ A1 A*72P0) 2
+OA AP0 2| A AP2P0) 2

<O A1 (ub)| L2 | A1 A*7200] 2
+OlA 1o L2 |A1 AP0 2
<C[IA-1 (uf)]| 1 | A1 A>7270)| 2
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+Cvll 2 A1 A*270)| 2
<C(llull 210l z2 + vl z2) | A1 A*7270] 2.

This leads to
d _
%HA—U\Q 250 2 <C(llull 210l L2 + |v]| £2)-

By (2.9),

IA_1A720(t)] L2 < Co(#).

_2

For any 2<¢g< 325

by Bernstein’s inequality,

1A%7250] 2o <AL AP0 2o+ | AGAP 200 1o

Jj=20
<CONA A2 1o+ O3 PG DI0-D g,
Jj=0
<C+C|10] L2
due to (3 — %)+1—ﬂ<0 and (2.9). This proves (2.12). The lemma is proven. |

2.2. Proof of Proposition 2.1. This subsection is devoted to the proof of
Proposition 2.1. As described in the introduction, we make use of the equations of
(w,j,H) with

w=V Xu, j=V xu, h=V v, H—=h_A2"26g.
(w,j,h) satisfies

Orw+ (u-V)w+ A* w4 (v-V)j +2hj — (v102h —v201h) =0,
Oij+(u-V)j+ A5+ (v-V)w+hw=0,

Oeh+ (u-V)h4+ AP h4 A0+ Q(Vu,Vv) =0,

V-u=0,

(2.13)

where Q(Vu,Vv) is given by
Q(Vu,Vv) =201u1 (0101 — O2v2) + 201 u202v1 + 20911 01 0.
By combining the equations of i and 6, we find that H satisfies
O H +(u-V)H+APH=—Q(Vu,Vv) +A2"2Ph 4+ [A>72F 4-V]0. (2.14)

The main reason for introducing H is to hide A# in the equation of h. Owing to the
following identity

Av=V(V-0)+VH(Vxv),  V'=(0,-0,),
we can recover v from h and j via

Av=Vh+V=j.
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Alternatively, we can compute Vv via H, 6 and j,
Vo=Rih+Roj=Ri1H+R1A>" 2P0+ R,j, (2.15)
where
R1=VV(A)™!, Ry=VVHA)!
We are now ready to prove Proposition 2.1.

Proof. (Proof of Proposition 2.1.) Multiplying the Equations (2.13)q, (2.13),
and (2.14) by w, j and H, respectively, integrating over R? and summing them up lead
to

1d
2 dt

:—/ ((U~V)jw+2hjw+(v-V)wj+hon)dx— Q(Vu,Vv)Hdz
R2 R2

— (lw@®)72+ 17 @172 + 1 HO)122) + AWl T2 + 17172 + [ATH |72

+/ AQ‘”ther/ (vla?h_UQalh)wdx+/ [A*727,u-V]0H d
R2 R?

R2
=1+ o+ I3+ Js+ J5. (216)

Integrating by parts yields that
Ji=— / hjwdzx — / (v V)jw+ (v- V)wy—khwy)d
]RZ
:—2/ hjwdx — V- (vwj)d
R2
:—2/ hjwdx
R2
=2 ijdx—Q/ A?"2Pjwdz.
R2 R2
By the Gagliardo-Nirenberg inequality, we have, for 1 <8< %

L H;nmuwnL

—2/ A*72jwdr < C|| A2
]R2
<C||9HL2||JHL2 IIA%HLz Hw\lm
28
< el A%j|[72 +Cellfoll 15 (lwll7= + 141172),

where we have used the Hardy-Littlewood-Sobolev inequality,

1A2-2%0)| s <C[6)]z2.

Applying the Gagliardo-Nirenberg inequality

) 3-28
IIfHL4<C||f||1 3 IIABfIILa, M=——,

we have

~2 [ Hjwde < Cllwlol ] 2]
R
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1-\ S PRTINTE B Y
<Cllolla |30 AT HIGA N2 12503
SCIIwIILz(IIhHiﬁ +||A2_259H13)HABH||212IIJIIIEIIABJ'HAE
A A A A
<Owllz2 L+ A% + 101 )N H |25 | A% 2 A7) 7

<el|APH |22 + el A%]l1F2 + Ce(L+ 161172 + A0 7)ol 12 &
<el|APH |22 + el A%]l172 + Ce(L+[16o]|72 + A0 ]| 22) (14 [[w]|Z2),

where we have used Lemma 2.3 to bound [|A%2~2# 9||L27 Therefore,

_28
Ju <el[AH||F2 + €| A7 +Ce(L+ 1101 27 + 101172 + A0 22) 1+ w22 + 11711 72)-

Next J5 can be bounded as follows,
Ja SC’/ |Vu| |Vv| |H|dx
Rz

<c / IVl (\R1H|+|R1A2*250|+|R2j|> |H|dz

+CIIVU||L2||HHL4|IJHL4

28
<el|APH |72 + €| A% F2 +Ce(1+ (160l 2° + (160172 + | A7v]1Z:)
X (14wl Ze + 11172 + [ HII72)-
J3 can be easily bounded as
J3 SC|IA*7200|| o | H | 2
3(B—1)

<CHvo||L2 HA%HLz S H ).

The estimate of J4 is much more involved.
J4§C’/ vVdex‘—&—C"/ wWVA2?Powdzl.
R2 R2

Thanks to §>1 and by Sobolev’s inequality,

L2-8

0| / oV Hwde| <Clloll 2, IVH]| 2 o]
]RZ
<Co]l s 1A H]| |l .

<e|ATH |72+ CellvllFs w22

By the Kato-Ponce inequality, we have, for 5> 3_70‘ and a <1,

c]/ VAR de| <C0] 2 AP (0w)]] 5
R? Le

<Cl0ll, 2, (1A*~*]
+||A" 2%”

el 2

La+B 1 LT-a

R[] [ S
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<CI0ll, 25 (ol s 1AW 2 +[[A%W]| L2 0]l 122)
<e[|A%w][7 +Ce||v||§{ﬁ||9||iﬁ
where we need the condition 8> 352, Therefore,
Ja <el|APH| 22 +el| A%w|[T2 + Celloll s wl|72 + Cello]| 5 \Wiﬁ
We rewrite J5 as

J5:/ AQ’Qﬁ(u-Vﬁ)Hd:err/ u-A2"2PVOH dx
R2 R2

:/ AZ’QﬁV~(u0)Hdz+/ u-A>"2PVOH dx.
R2 R2

The first term admits the bound

/ A7V - (ub) H da <C||ub|| 12| A> 2P H|| .
R2

<C||U||L°°||9HL2HHIIL2 HAﬂHHLz

<Cllull > = A% HLz*lII@IILzIIHHLz ||A’3H||L2
<e| A H| 7 +el| AW T2 + Cellluoll 2, 100l 22) 1+ [ H |1 72)-

Similarly,
/R2u A 2Bvelefdgc<c||9|| L2, A% (uH))| 3
<C|8| 7<Ilu|| Lz A7 2’3HIIL2+IIA3 Qﬁul\LzllHllLﬁ>
SCIIGIILﬁ(IIuIILQH Aw IIF“IIHIILz IIABHIILa

=522 o 2 i AB )
Hlullpe AW L ([ H e 7 IIAPH| 2 )
<e|APH |72 +€l| AW 72+ Ce(t, [[uoll 2, |00l 2) (1 + | H][Z2)-
Combining the above estimates yields
Js <€l|APH| 72 +el|A%w]|72 + Ce(t, [luollz2, 160llL2) (14| H]|72).
Inserting the estimates of J; through J;5 in (2.16) and taking ¢ small enough, we obtain
s—(lw®F=+ 1772 + 1 H@)I72) +1A%W]72 + 14751172 + 1A HI 72
<C(t, lluollL2, 100l L2) 1+ l0ll3) A+ [wlFz + 1151172 + I H172)-
By Gronwall’s inequality,
2 2 2 i 2 B 2 B 2
||w(t)||L2+||j(t)HL2+HH(t)HL2+/ ([A%w(T)[[z2 +1A7 (T) || L2 + [[A”H(7)[|22) dT < Co(2).
0
Thanks to (2.15), we have
IVollz2 <[RiH ||z + [RAA*70]| L2 + | Raj| L2 < Co (#)-

This ends the proof of Proposition 2.1. ]
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2.3. Proof of Proposition 2.2.  This subsection presents the proof of Propo-
sition 2.2, which establishes global bounds for ||8(t)|| e, ||Vv(t)||Lr and |[VH(t)| e for
any 2<p<oo. The proof makes use of the previous global bounds and Lemma 2.1.

Proof. (Proof of Proposition 2.2). Multiplying both sides of the #-equation by
|0]P=26 and integrating by parts, we have

1d

5@||9(t)|\’£p <[Ihllze 16117

Therefore,

d
—|10)||» <C||h||Lr
Z10() e <CIRl

<C|H||r +C|IA>7270] 1
Bl
F-1-T

1
P

<C|H | us +CIIA*2°0) 2. 1161, o=

For 2<p, we have p<1. The global bounds on fot |H |25 dr and [|[A2~250) 1> obtained
previously imply the global bound

16(8)| » <C(2),

where C(t) depends on ¢ and the initial data. Since C(t) is independent of p, this global
bound also holds for p=oco.
Recall the second equation of (1.1),

o+ (u-Vv+APv+ V04 (v-V)u=0.
Applying A~! to both sides of the above equation yields
HA T+ APA Ty =—A"(v-Vu) = ATV (uv) — A1V, (2.17)
Applying Lemma 2.1 to (2.17) yields that, for any ; € (0,26 —1) and for any p € [2, 00),
|A2P=1=20|| 1o <C(t,v0) +CIIA™ (v V)| e +C[ATV - (uv) || o +C| AV -0 1o
<CO(t,v0) +C| A (Vou)| 1r +Clluwv|| e +C||0]| Lo,

where we have used the fact that the Calderon-Zygmund operator A~'V is bounded on
L? (1<p< o) (see [6]). The terms on the right can be further bounded as follows. By
the Hardy-Littlewood-Sobolev inequality,

CI|AY(Vou)| e SCHV’UUHL%
<C|Vvlpz||ull e
<C([|hllzz + 70 z2) [ ul
<C(|[H]l >+ IA*72°0] L2 + 5]l L2) l1ul 1

<O(t).

For p> 2/3_%51, we have [|v] = <C|v|;27[|A??~ 1107, and thus

Clluozr <Cllullzr 0]z



272 2D TROPICAL CLIMATE MODEL

1— 11—
<Cllull |7z AP )17,
1 i =
SQIIAM )| e + Cllull 77 vl
1
§§||A25_1_51v||Lp+C(t).

Therefore, for any 1 € (0,25 —1) and for any p € (2, 00),
[AZP=1=1y| o < C(2). (2.18)
In particular, taking e =28 —2 in (2.18) yields
IVol[Lr <C(2).

Taking p > in (2.18) leads to

=
[Vollp= <C(2).

By the simple interpolation inequality,

vl <C([vllz2 +[Vvllze) C(1).
We now show that

IVH(t)|Lr <C(2).
Applying A=1 to (2.14) yields
A TTHAAPATH=—A"1Q(Vu, Vu) +A2"2PA~1h
+ATH((APT u-V)0) ATV - (uH). (2.19)

Applying Lemma 2.1 to (2.19) with any e3 € (0,28—1) gives

[A2P=1 = H| pp = |A* 75 A™  H | o
<CO(t,Ho)+C||A1Q(Vu, Vo) | 1r + C||[A2 2P A h| 1o
+CIAY([A*28 u-V)0) || e + C| AV - (uH) | v

By the Hardy-Littlewood-Sobolev inequality, for any p € (2, c0),

CIIAT'Q(Vu, V)| » SCHVUVUHL%

<C|IVull 2| Vo] 1o
<O(1).

It is easy to check that for any pe (3_225,00)

C|[A22P A= AL <C|| A2 20| 1
<Cv]|

LW
<C(||vl|z2 +[vllz=)
<C(t).
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Similarly, we have for any p e (ﬁ, 00)
[ATH(A 20, u-V]0) || <[IATTAZ 722 (u-V0) || Lo +[|A™ (u- VA 200) | 1o

<IATTAZBT (uh) || oo + | ATV (uAZ250) || 1o
<C||A>72P(ub)|| Lo + C||ur>=250]| L

<Cllubll |t +Clull 2o [|A227]| 2

<COllull 2o 0]l 2o +CllullLze]fl] 2
L (B-1)p+1 L (B-1)p+1 L2(B-1)p+1

<C(t).

The last term admits the bound for any p € (max{2, ﬁ}, 00)
CI|AT'V - (uH)||L» <C|[uH]| L
<Cllull e |[|1H ||
1— 1
<Cllullze || H|| 2" A%~ HI|,

<G IN 15 |y 1 O(1),
Putting the above estimates together yields that, for any p > max{ﬁ, 2,87%53}7
A2 H ||, < C(1). (2.20)
In particular, we have by selecting e3 =28—2>0 in (2.20),
[VH| > <C(t)
for any pe (ﬁ, 00). Of course, if one takes p > 25_%53, then
[VH| L= < C(2).

This completes the proof. 0

3. Proof of Theorem 1.1, Part II

This section continues and finishes the proof of Theorem 1.1. The proof depends
crucially on the size of a. The proof for the case when o > % takes a different path from
that for the case when a < % The case when o < % is much more involved.

When a > %, the dissipation in the equation of u, together with the global bounds
obtained in the previous section, allows us to show that

[Vu(t)|[Le <C(2),

where C(t) is a finite quantity depending on ¢ and the initial data only. We further
show that, for any 2 <p< oo,

IVO(t)||» < C(2).

With these preparations at our disposal, the global H*-bound then follows as a conse-
quence.

When a < %, the proof of Theorem 1.1 is quite involved. The difficulty is that the
vorticity equation involves the term

V x (v (’U@’U)),
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but the global bound on v is for ||[Vu(t)||L». Therefore we have to shift one derivative
from this term when we estimate [|w| 1. When a < 3, there is not enough dissipation
to absorb this derivative. The way we handle this difficulty is to write the second-order
derivative V2v in terms of j, H and A>~2#0 and make use of the bounds on j and H.
In order to prove the global bound

[w(®)[[L= <C(2), (3.1)

we first prove a De Giorgi-Nash regularization estimate (see Lemma 3.4). In addition,
we also need to bound [|Vj(t)||rs in terms of ||w(¢)||z». Once (3.1) is shown, the global
H?-bound on (u,v,0) is then within our reach.

Naturally the rest of this section is divided into two subsections. The first subsection
deals with o> % while the second subsection handles the case o < %

3.1. Proof of Theorem 1.1 for o> % Before we can prove Theorem 1.1, we
prove two lemmas first as a preparation.

LEMMA 3.1.  Assume (ug,vo,00) satisfies the conditions stated in Theorem 1.1. If a
and B satisfy

1 3—a
— 1 > 2
2<a< , 8> 5 (3.2)

then any corresponding smooth solution (u,v,0) of (1.1) obeys
[Vu(t)|| 2 < Co(t), (3.3)

where Cy(t) is a finite quantity depending on t and the initial data only.
Proof. The proof makes use of Lemma 2.1. Applying A~' to both sides of the
vorticity equation yields

IANT T WH AN =—ATIV X (V- (v®v)) A7V - (uw). (3.4)

Assume a > % Applying Lemma 2.1 to (3.4) yields, for any €5 € (0,2a— 1) and for any

pe(ﬁ,oo),

[AZe= 120 o =[| A% 722 A7 |
<C(t,up) +CAT'V X (V- (v@V))||r + CIATV - (uw) || 1o
<C(t,ug)+C||lvVo| s +Clluw| Lr
<C(t,uo)+ Cllvll =l Vol Lr +Cllul| o [|w]| Lo
<C(t,u0) +Cllvll L= Vo[l o +Cllull ]| 12 4| A%* w2,

1
<%0+ C (), (8.5)

where we have used the embedding, for p € ( 00),

2
2a0—1—g3?

_ 1 1 2a—-1-¢
1 a—1— 2
follim SCllEIA= 20l ja-a+e(5- 22572 )~

Equation (3.5) implies that, for any 5 € (0,2a—1) and for any p€ (5 00)

a—l—Ez ?

|AZo =220 L < C(1).
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As a special consequence, for p € ( 00),

2
2a0—1—¢e3?
[Vl e <OVl 2+ [[ A% %20]| 10) < O(1).

This ends the proof of Lemma 3.1. ]

To facilitate the proof of Theorem 1.1, we need one more global bound, namely a
global bound on ||V r» for any g€ [2,00). Once this global bound is at our disposal,
we are ready to prove Theorem 1.1.

LEMMA 3.2. Assume (ug,vo,00) satisfies the conditions stated in Theorem 1.1. If a
and B satisfy (3.2), then any corresponding smooth solution (u,v,0) of (1.1) obeys, for
any q € [2,00] and any given T >0 and any t€[0,T],

IVO(t)|[ e < Co(t),

where Cy(t) is a finite quantity depending only on t and the initial data.
Proof.  'We multiply the equation of § by |V#|9~2V6 to obtain

1d -
5@||V9(t)llqm <O|Vull1=|IVOI L, +ClIVR] Ll VO] T,
<O|IVull = VOl T, +CIVH|| Lo + [ A>~2V0)|a) [ VOl T,

or

d _

V0@ e <CIVull o [VO] Lo+ CIVH | o + [A*7* V0] o).
For 8> 1, as in the proof of Lemma 2.3,

[A272550] o <[ AL A? 2PV Lo + > [|A;A*2PV0)| 1o
j=>0

<CIA LA o +C D 22TV
j>0
<C+C|VO||La.

Therefore,
d
VI < CA+[Vulpe)[VOl| o+ CIVH Lo
Gronwall’s inequality, (2.4) and (3.3) imply that, for any ¢ €[2, oo},
IVO(t)|[La < C.
This completes the proof of Lemma 3.2. O

We are ready to finish the proof of Theorem 1.1 for the case when o > %

Proof. (Proof of Theorem 1.1.) Applying A® to (1.1) and then taking the
L2-inner product with (A%u,ASv,A*0) yield

1d

5 g7 N UL + 1A% @72 +IA0@)[12) + 1A ull Lz + AP0l 72
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:—/ (ASV'(U®U)-ASU+AS(U'VU)'ASU)CZI—/ A (u-V0)-A°0dx
R2

R2

f/ As(u~Vv)~Asvd:17—/ A°(u-Vu) -Audz
R2

R2

Z=H1+H2+H3+H4. (36)

Using the commutator and bilinear estimates (see, e.g., [22-24]),
1A%, flglle SCUIV fllzes A" gll e +[|A° fllzeallg] 2es )
[A*(fllLe SCUfllLes [A°gll o2 + A% fllLes l|gl Les)
with s >0 and ps,p3 € (1,00), p1,ps €[1,00] satisfying %: p%—’_p% = p%—i—p%, we have
Hy <OA°V - (v@v)||2]|A%u]| 2 + O A (0 V) || 2 | A0 2
<Clloll= | A ol 2| L2 + Cl V| 2 AT 0]l 2 A ol| 2
<Cl[v]| o ([v]| 2 + AP0l 12) [A%ul| 12
+ClIVull | 2 ([vllze + [ A% L) [A*F o] 2

1
<IN PollTe + CIlIZe + ol =) 1A% ul 22 + ClIVull? = (lolZ2]1Av]72),

T—

Hy <C|[A”u-V]0] 2| A°0] .-

<C(IVull = |A%0] 2 + VO] 2 [A%ul] 2 )[A°0]] L2
<C(IVull L= |A*0] L2 +[IVO] 2 [A™ul|2)[|A*0] L2

1, sta s
<A u|[F2 + C([ V] o + [ VO] 2 ) [[A]]7,
8 L

Hy <C[|A*(u- Vo) 2[[A%]| 2
<C([lull = |A* ol 2 + VoIl 2 [A%ull, 2 )IA] 22
<C([[ull Lo |A 0l 2 + [l oo ([0l 22 + [Vl 2 A% ul| 22) [ A% e
SéHASMU\Iiz+é||As+ﬂvHiz+C(HUII%m HlolZe +1Voll? 2 ) (1 +[[A%0]|72)
and
Hy SC/R? [[A%,u-V]u-Au|de < C||Au|| p2||[A® u- V]ul| 12
<C||Vull g [|A*ul[Z-.

Substituting all the preceding estimates into (3.6), we obtain
%(IIASU(t)II%z+|\Asv(t)lliz+||AS9(15)||%2)+IIASMUII%#IIA”BUII%
<CGWO([A%ulfe + A% ]2 + | A%0]172),

where

G(t) =1+ [l®lZ> + @)l +[Vu®I? = +IVu@®)lz= + VORI, 2 +[Vo(t)

e 22

a
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The global bounds we have obtained previously imply that

t
/ G(r)dr <o0.
0
Gronwall’s inequality then yields
[A%u(t) |22 +I[A%0(t)]|72 + | A°0(t)|| 72

t
+/ (1A u(r) |7 + AP o(7)||72) dr < oo,

0

which provides the desired global bound in Theorem 1.1. This completes the proof of
Theorem 1.1 for the case when a > % ]

3.2. Proof of Theorem 1.1 for the case when a< % As aforementioned,
the proof for this case is not straightforward. The core is to prove the bound

[w(®)]|L <C(t).

We need two lemmas. The first lemma bounds ||Vj||z« in terms of |w| . for any
2<g<oo. The second lemma is a De Giorgi-Nash regularization estimate.

LEMMA 3.3.  Assume (ug,v0,00) satisfies the conditions stated in Theorem 1.1. If a
and B satisfy

3_
O<a<l, 62453

then any corresponding smooth solution (u,v,0) of (1.1) obeys, for q €[2, 0] and for any
given T >0 and any t€[0,T],

IVi@®)l[r <C#)+C@)llw] v, (3.7)

where C(t) is a finite quantity depending only on t and the initial data.
Proof. Applying A=! to the second equation of (2.13) gives

HATFHAPA T = A (u- V) = A (v Vw) — A7 (hw). (3.8)
Applying Lemma 2.1 to (3.8) yields, for any &4 € (0,256 —1),

A0 7720 o =[| AP AT | o
<C(t,jo) +CIAT (u- Vi)l +CIAT (hw) ][ Lr + CIAT (v- V) o

By the boundedness of Riesz transforms on LP with 1 <p < oo,

ClIIA™ (u- V)| r <CIATV (uf) | Lo
<Cllujlz»
<Cllull el
<Cllull oIl A5 512

1 ey .
<3821 1 O ()
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where we have used Sobolev’s inequality with some A€ (0,1).
-1
ClIA™ (h)l[Le <C|[hw]| | 2p,
<Clwllrz[| Vo]l e
<C(t).
The last term can be bounded by
CIA™ (v-Vw) | pr <CAT 'V (vw) | r + C|A™H(Vow)|| e
<Cllvw| e +C||Vow| 20
Lp+2
<ClJv[|zoe [wllze + Vol Lo [[w]l 2
<C@t)+C@)||wl e
Putting all the above estimates together yields that for any p € (ﬁ, 00)

AP e <O +C ()|l 2o
which yields (3.7) if e, =28 —2. This completes the proof of Lemma 3.3. d

The following De Giorgi-Nash estimate plays a very important role in showing that
the vorticity is bounded.

LEMMA 3.4.  Assume u is smooth. Consider the linear transport-diffusion equation
with fractional dissipation

Oeb+ (u-V)b+ A b=A%f,
Vou=0, (3.9)
b(z,0)=bg(z),

where 0<285 <61 <2, bg € L™ and f€ LLLINL2L? with

2

)
T>0, 2<p<oo, <g< o0, §1+5<61—52. (3.10)

51— 02
Then there exists a constant C'=C(01,02,p,q, ||fHL%L2) such that for any 0<t<T

- .01 2
16(8) [ <Cllbol = +CAU+TH === =) | 5, 1,

where 0 =0(01,02,q) €(0,1).

Proof.  Since the equation in (3.9) is linear, we write b into two parts with each
one of them satisfying

Db+ (u-V)b+A%1b=0,
V-u=0, (3.11)
b(x,0) =bg(x)
and
Oeb+ (u-V)b+A1b=A%f,
V- -u=0, (3.12)
b(x,0)=0.
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Thanks to the maximum principle, the solution of (3.11) satisfies (see [13, Corollary
2.6])

[15() ]| < [bol Lo
Therefore it suffices to prove the following bound for the solution of (3.12),
o [P R N
Ibllg e <CA+TEO =257 £, 1.

To obtain this bound, we make use of the De Giorgi-Nash argument. We first prove
that, for 7€ (0, 1],

1Bl 2 < Iy o (3.13)

where 0 =0(01,02,9) €(0,1). Let M be a positive number to be fixed later. Set My :=
M(1—27%=1) for keN. It follows from the pointwise-positive property for fractional
operators that for any convex function ¢ (see [11,21])

¢/ (DA b> A% (D).
As a result, we have
Lo a A0 > A% (b— My) 4,

where x; =max{z,0} and 1>z, ) is the characteristic function. It then follows from
(3.12) that

Oy (b— M)+ (u- V) (b— M) + A% (b— M) = A% f.
We obtain by multiplying it by (b— My) that

1d
5 0= MO [+ 1030 <] [ AP0 Mo
2 dt H>2 R2

<O Loz a3 -5l (0= Mi) 4[] grsss, -

Denoting

_ o 2 o 2
A= 06= M) e o416 = M) 2, oy

we have

T
A, <2 / LF O st e | (b= M) v .
0

The aim is to prove that the right-hand side of the above inequality can be bounded
A}, with v>1. By an interpolation inequality, for any 0 <5< %,

10— M)+ s, <CAg.

52+3 71546
L7277 H5+%2

By Hoélder’s inequality and the Hardy-Littlewood-Sobolev inequality,

A <CIfF O oz nay | s (b= M)l s
L L

31—d2—5 p 52+5 7546
T H T H3+62

-5
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<Cft) 1>l
L

or

AkSCHf(t)l{szk}H25+ y
1—92 :

From now on, we choose s= ‘slfTM?. By (3.10),

0 2 . <
Si—0a—5 P 135565, 01

The Holder inequality allows us to show

A <Clf O Lo ||1{b>Mk}||

QLW
T EYECEr e
§C||f(t)||%;m </0 (/{b>M }dx) dt)
= k
p—2
2 T (+s)q 2 p P
SCHf(t)”L;Lq |{b>Mk:}| =2t . (3.14)

We note that if b> Mj,, then we have
b—Mj_1> M, —M,_1=2"""1M.
This implies that, for any 6 >1,

{b> My }| <‘/{b>M , b27]1l{k1_]\i[)+’)6dx‘
(2k+1
M

) b= M)l

Therefore,

pP—2

) 9k+1 7(1+5q)‘1*25 T (1+s)q 2 2 P
AkSCHf(t)HL;Lq(W) /O”(b_Mkfl)JrHLé dt -(3.15)

By an interpolation inequality, for any (m,l) satisfying

4 0 2
2<m< —+—2>1,
m_2 (51 l+

we have
10— Mi—1)+[I7¢ m < C A1
Now we take § € [2, 5= 5 | satisfying

7q 5>27 (1+3)g—2 »p s g
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That is, 6 should obey

max{%él pl(1+5)g—2] }<}<} 1_(0+5)g=2
4 7 2p[(1+38)g—2]+01(p—2)g) “6 72" 4 2¢

It can be checked that such § exists if

51 2

= +-< 51 — 52.

p q
For such ¢, we deduce from (3.15) that

Qk+1y 2y
Ay §C1||f(f)\|%§m (7) Ajys (3.16)

where v = (1"'?7;1_26 > 1. Multiplying (3.12) by b and integrating over R? yields

Ld

5 DO + 1812 5 <IAB] 12

1_ 202 259

<Cllbllza ™ 6] s 111122
H™2
1
<SIBIP 5y +CIBIIZ +ClF N7
Thanks to 202 <41 and || f[|z2 2 < oo, we have

16| zge L2 < C(T [ fllp2.22) < Co.
Noticing the fact

2302 < (B e <3 ()

and making use of (3.14), we obtain

2

A< Csllf @Iy (7) - (3.17)

We take M satisfying

1

2\2v\ I __~
=(01||f(t)||i;Lq(M) ) 4

CallFO g ()

or
M=Call F0)155 10

where Cy=C4(61,02,p,¢,[|fll 22 12) and 0 =0(61,62,9) € (0,1). Applying Lemma 4.2 to
(3.16) and (3.17) leads to

lim Ak :07

k—o0

or

1(b— M)+ Lger2=0.
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Consequently,
b(t,x) <M, (t,z)€[0,T]xR%
Applying the same argument to —b, we also deduce
b(t,x)>—M, (t,x)€[0,T]xR?.

Thus we have proven (3.13). Next we shall use a scaling argument to prove the case when
T >1. To this end, for all (¢t,2)€[0,7] xR? and A>0, we denote 7=A"%1¢,y=A"'z
and define b(r,y) =b(A"7, \y) =b(t,z). One may show that b(r,y) also satisfies the
transport-diffusion equation with the scaled divergence-free vector field u

Db+ (U-V)b+ATb=A%f,
where f(7,1)=A%"% f(A% 1, \y). Now if we take )\:Tﬁ, then (7,y) €[0,7] x R2. Us-
ing (3.13), we have for all T>1

~ e o (§ 501 _2
1B() |5 e = [B(T) | g poe SCNFIGppa SCA+THEO =257 £, .

This concludes the proof of Lemma 3.4. 0

With the preparations of the above two lemmas, we are ready to prove the global
bound for the vorticity.

PROPOSITION 3.1.  Assume (ug,vo,00) satisfies the conditions stated in Theorem 1.1.
If > 3770‘ with 0 < a < %, then any corresponding smooth solution (u,v,0) of (1.1) obeys

[wl[Lge Lo < Co(T), (3.18)
where Cy is a constant depending only on T and the initial data.

Proof. Recall the vorticity equation

0w+ (u-V)w+A*w+ (v-V)j+2hj — (v10h —v201h) =0,  w(0) =wp.

Using
H=h—-A\?"2P¢,
we have
Orw+ (u-V)w+A?"w Zf],
where

Ji=—(v-V)j, fo=—2(H+A>"?°0)j, fs=—(v10:H — 20, H),

f4 == [31A2726,’U2]9 - [82A2726,’U1]0, f5 162A272B (010) 761]\2725 (’020).

We write w as

5
w=w+ E wj,
i=1
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where w and w; satisfy the equations
00+ (u- V)@ +A*w=0, @(0)=wo,
Ow; + (u-V)w; + A**w; = fj,  w;(0)=0.
By the maximum principle (see [13, Corollary 2.6]),
@) Lo < llwollro--
By (2.5) and (3.7), we have
1f1llzrra <Co(t) +C(t)|wllppre, V2<p,q<oo.
By Lemma 3.4,

lwi ()| <Co(t) +C(T)| f1ll 2. 14
<Co(T)+C(T)||wll Lz L4

1—2 2
<Co(T) +C(D)[|wll pgspoe ] * 2
LTq L2

<Co(T)+ gl oz o
The global bounds in Propositions 2.1 and 2.2 yield
Ifallze pa <oo, | f3llzepa <oo, V2<p,q<oo.
Applying Lemma 3.4 yields
lwa(B)[|Loe <Co(t),  flws(t)][e < Co(t).
Thanks to [37, Lemma 2.1],

I fallze <CI[VA*2 0]6)] s
<C||[VA**2 0] 5,
<C(IVollze 10l grrz-2e + [0l 216] £2)
<C,

where 0 <v <28 —2. Consequently, we obtain
[ fallzz Lo <00, V2<p,q<oo,
which along with Lemma 3.4 yields
lwa ()]l Lo < Co(2)-
We rewrite f5 as
fs =A3"2P Ry (010) — A3~2R (10260) := N3~ f;.
It is obvious that

Ifsllrare <00, [Ifsllpore<oo, ¥2<p,g<oo.
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Lemma 3.4 leads to
[[ws ()] Lo < Co(T).

Summing up all the estimates, we have

5

o[l g Lo <llwollzoe + D llwsl|ge roe
=1

1
<Co(T)+ §||w||L;°L°°,
or

|l Lse Lo < Co(T).
This ends the proof of Proposition 3.1. ]

With the global bound in Proposition 3.1, we are now ready to prove Theorem 1.1
for the case o < %

Proof. (Proof of Theorem 1.1 for the case a<3.) First, it follows from the
f-equation that

d
i IVI@ Iz <ClVull 2= [Vl + ClVA] L

<C|[Vull L= [IVOl| L + C|VH | o + C[[ VA0 1
<C|Vul L= [[VO] L +C +C[| VO] Lo
SCAA+[IVul| o) (1+[[VO| L) (3.19)

We now recall the following logarithmic-type Sobolev inequality
1971 <C(1+1f 122 + 19 % fllzw In(e+ 1A% ] 12) (3.20)

where V- f=0 and s>2. By applying (3.20) to (3.19), we have

1+ VO(#)|| L
<+ VOT) =)o [C | (1+Vu(r) 1) dr ]
<Cexp|C i (1+ fu() 22 + (D)l e+ A u(r)] 2 ) dr

<cexp| | (14l ) ds]exp o /| o) dr ) (e + X (1)
< Cexp [co (/Tt ()| poe dT) In (e+X(t))] , YTy <t<T, (3.21)

where Cp >0 is an absolute constant whose value is independent of T" or Ty. According
to (3.18), one concludes that for any small constant € >0 to be fixed hereafter, there
exists Tp=Tp(€) € (0,T) such that

T
co/ ()] oo dr <.
To
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For any T, <t <T, we denote

X(t):= max ([A%u(r) 72 + 1A% (r)I[72 + A0 (T)I72),

where s>2. Clearly, X(¢) is a monotonically nondecreasing function. Our next target
is to show

lim X(t) < C(Uo, 0, 00, T, X(To)) <00

t—T~
As a result, it follows from (3.21) that
IVO() | <Cle+ X (t)¢ for any To<t<T. (3.22)

In order to form a closed inequality in (3.22), we estimate H*-bound of (u,v,6).
To this end, applying A® with s>2 to (1.1) and taking the L? inner product with
(A®u,A®v,A%0), we obtain

—_

2dt(IIAS u()l|F: + A0 (@)I72 + 1AO@)172) + A ullFs + | AP0 2,

:—/ (ASV-(U®v)-Asu+As(v-Vu)-Asv)dac—/ A (u-V0)-A°0dx
R? R?

A (u-Vv)-Novde— | A°(u-Vu) Audx
R2 R2

=H1+Hy+H3;+ Hy,. (323)
The terms on the right can be bounded as follows.
Hy <CA*V - (v@0)|2]|A%u]| 2 + O A (0 V) [ 2 | A o] 2
<Clollze A oll 2 | Al 2 + C[Vull | 2 A 0] 2 AT ] e
<Cllvl iz ([vll 2 + 1A Pol| 12) | Aul| L2
+CVull | 2 (vllze + [A%0]|2) A o] 2
1 S S (o7 S
<gllA )R +C (ol 72 + [0l 7 ) |A Ul Z2 + Ol AW F2 ([0]|72 + [ A%0]|72)
1 S (o7 S S
<gla T0|Fe +C (L4 AW 22) (L+[[Aul|Z2 + [[A%0]|72),
Hy <C|[A%,u- V10| 12([A°0]| .2
<C([Vull L= [0l L2 + [[VO]| Los | A%l L2) [ A*0]] L2
<C(IIVUIIL°°IIASQIILzJrIIWIILooIIUHS+ ”“)IIASQIILz

2(s+a)

<IN Ul 4 OVl %03 + VO %] 575

H; SC/ [[A%,u-V]v-Av|dx
R2
<C([IVullpe= [A*0] L2 +[[ V]| oo [[A%u]| L2) [ A*0]] 2
<C(IVullL= +Voll L) (IA"u]|Z2 + | A%v][72)
<CA+|Vullz=) (IA"u]|Z2 + | A%0][72)
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and
Hy §C’/2 I[A%,u-V]u-Au|dz
R
<C[A%u| 2 [[A” - V]u| L2
<C|IVullze [A*ulZ-.

Substituting all the preceding estimates into (3.23) yields

d S S S ST S
(AL + A0 @) 72+ IAO@)72) + A ul| e + A Pol|Ze
<CA+ AT +IVu®)ll=) (1 + A%l + [ A%0]|72 + | A%6]]72)

2(s+a) 2(a+a)

+C|VO L2 [|A0] 57
<O+ |A%w(t )\|L2+|Iw( )Ile)ln(eJrHASUH%z+||Asvlli2+||/\s9lliz)

2(s+a)

5 (3.24)

2sta
x (L+[|A%u]| 22 + [ A%v][T2 + [ A°0]Z2) + CII V| . T A%

Now we integrate (3.24) over the interval (7p,t) and use the monotonicity of X (¢) as
well as (3.22) to conclude

t

6+X(t)*(€+X(To))+/ (1A u(r) |72 + | Po(7)|[72) dr

To

<C [ (14 [IA(7)[|72 +[lw(T)[| o)

To
xIn(e+ [[A%u(r)[[22 + [ A%0(7)]|72 +[|A%0(7)[172)
X (L[| A%u(T) |72 + HASU(T 72+ 1A°6(7)]|72) dr

t 2(s+a)
+0 [ 9o o) 5 ar
To

<C ; (14| A% () |22 + |w(7) ||z ) In (e + X (7)) (e + X (7)) dr
t 2e(sta)

v0 [ e X0) S (e xX0r)

To

Consequently, we have

6+X(t)—(€+X(To))+/T(IIA”"U(T)H%Q+||As+’3v(7)\liz)d7

<C [ (1+]A%(7)]|32 + |w(T)]| £ )In (e+X(T)) (e—|—X(7‘)) dr

To
t (2e4+1)(s+a)
+C (eJrX(T)) st2e dr,
To
By taking 0 <e< PIeEy) T i it yields

t
e+ X(1) +/ (IAT*u(r) |72 + 1A o(r)[Z2) dr

To
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t
<e+X(To)+C | (1+ || A%(T) |22 + [|w(T)] Lo ) In (e+X (7)) (e+X(7))dr.
To
Applying the classical differential-type Gronwall inequality leads to the fact that X (¢)
remains bounded for any ¢t €[0,7]. Consequently,

sup ([|Au(t)||72 + | A% (8)[|72 + [ A°0(1)]72)
0<t<T
T
+/ (1A= u(r) |72 + AP (1) ||72) dr < o0,
0

This completes the proof of Theorem 1.1 for the case when a < % 0
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Appendix. This appendix recalls the Littlewood-Paley decomposition, Besov
spaces and related tools. Materials presented here can be found in many books (see,
e.g., [2,3,31,33]). Let (x,¢) be a pair of smooth functions with values in [0,1] such that
X € C5°(R™) is supported in the ball B:={£€R",|£|< %}, p € C5°(R™) is supported in
the annulus C:={{€R",2 <|¢|< 2} and (x, ) satisfies

XEO+D @79 =1, VeeR™ Y p(279¢)=1, VeeR"\{0}.

jEN JEZ

For every ue 8" (tempered distributions), the non-homogeneous Fourier restriction op-
erators are defined as follows,

Aju=0, j<-2; A_qju=x(D)u; Aju=p(2~/D)u, VjeN.
‘We shall also denote

Sju:: Z Aku, ﬁju:: Aj_1u+Aju+Aj+1u.
—1<k<j—-1

Several simple facts concerning these operators A; have been used frequently. For
jakal:_1a07"'a

AjAu=0, [j—11>2 and Ap(SiulAw)=0 |k—I|>5.

for any u and v. Moreover, it is easy to check that

1 . 10 .
supp}'(Sj,luAjv) = {5 | 523 << 329 },

supp F (A juljv) C {g |1€] <8 x 23},
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where F denotes the Fourier transform.
We now recall the definition of the inhomogeneous Besov spaces in terms of the
Littlewood-Paley decomposition.

DEFINITION 4.1.  Let s€R, (p,r) €[1,400]?. The inhomogeneous Besov space By . is
given by

By ={feS'R"),|f|

Bf;m < OO},

where
) 1
(2 2 aiflln.) s ifr<oo,
1flB;, =4 7271

sup 27°||A; fllze, if 7=o0.
j=z-1

Many frequently used function spaces are special cases of Besov spaces. For seR, (p,r) €
[1,+00]2, we have the following fact

/]

By, X[l ae-
For any seR and 1< g< o0,

s s,q s
qumin{q,2} W= Bq,max{ql}'

Bernstein inequalities are among the most useful tools in dealing with the Fourier
restriction operators, which allow us to trade integrability for derivatives.

LEMMA 4.1 (see [2]). Let ke NU{0},1<a<b<oo. Assume k=|a|, then there exist
positive constants C; and Co such that

suppf C{€ER™: [€] $27} = (|0° f|| p» < C1 27877 G =8| f]| o

suppf C{EER™: €| 27} = CL 27| fll 1o < 0% fll 1o < C227F TG =0) | £ Lo

Here A< B denotes A< CB for some positive constant C'.

Finally, we list the following simple lemma concerning an iterative sequence, which
has been previously used.

LEMMA 4.2. Let a>0, b>1 and v>0. Assume the nonnegative sequence Ay (k€N)
satisfies the following recurrence relation

Apyr <ab At (4.1)

If Ay satisfies

then
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Proof.  Although the result is well-known to us, we are not able to locate the proof
in the literatures. For the sake of completeness, we present an elementary proof. We
may assume Ay >0 for any given k€N, otherwise if Ay, =0, then by (4.1), we have
Ay =0 for all k> kg. Then, the desired result follows immediately. Therefore, it suffices
to consider the case Ay >0 for any given k€ N. In this case, it follows from (4.1) that

InAg <lna+(k—1)Inb+ (1+v)InAy_1,
InAi_1<lna+(k—2)Inb+ (1+v)IlnA;_s,
InA,_><Ina-+ (k —3)1nb+ (1 +l/) InAg_3,

InA; <lna+ (k—k)Inb+ (1+v)ln Ay.
This implies
InAr <lna+(k—1)lnb+(14+v)InA_1,
(14+v)InAg_1 <(1+v)Ina+ (k—2)(1+v)Inb+ (1 +v)*In A4y _o,
(14+2v)? A o <(1+v)*Ina+ (k—3)(14+v)?Inb+(1+v)3InAy_3,

A+v)* 1 InA; <(1+v)* 'na+ (k—k)(1+2)  nb+ (1+v)*In A,.

Iterating the above inequalities yields

k—1 k—1
InA; < Z(l +v) lna—i—Zl(l + )" b+ (14 ) In Ay, (4.2)
1=0 1=0

Invoking the sum formula for geometric sequences, we deduce by direct computations

k—1

Z(l—l—u)llna:ln—a(l—l—y)k—ln—a, (4.3)
14 v
=0
k—1 k-1
D+ b= (14+0)* ) T1(14v) " nb
=0 =0

k—1
=14+ 11 +v) " nb

=1

= (14v)F <(1+’/)((1+V)’”—1) k_1k1> b

v2(1+v)k-1 Cu(1+v)
Ind . (1+v)lnb (kE—1)lnbd
:?(14_1/) - 1/2 - v ) (44)
where we have used the following equation
k—1 k-1
14 1 -1 k-1
S itr) = (1+2) (1+2) _ ) _— (4.5)
v2(14v)k-1 v(l+v)k-1

=1
The proof of (4.5) is provided at the end. Putting (4.3) and (4.4) into (4.2), we have

Ina Inb

1 1 Inb+v(k—1)lnb
InAg < 1nA0++2> (1+,/)kf’/na+( +v)Inb+v( )In ’
14 14

2

14
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which gives

Ay, gexp{ (lnAo—l—lna—i-lnb) (1—|—U)k} Xexp{_ulna+(1—|—y)lnb+y(k;—1)1nb}.

2
(4.6)
Due to Ag < a_ﬁb_u%, we obtain
1 |
In Ao+ ﬂ + ib <.
We thus get from (4.6) that
0< 4, SeXp{_ylna—l—(l—&—y)anb—i—y(k— l)lnb} .
v
According to v >0 and b> 1, one gets
1 1 Inb k—1)Inbd
0< lim Ak<hm exp{ vinat(1+v) n2 +u )In }:
k—o0 14
It thus gives the desired estimate, namely,
kILIEOAkZO'
Finally, we give a direct proof of (4.5). To do so, we denote
k—1 k—1
Sy = Z (1+v)~ L=
=1 1:1
Then, we conclude that
1 =1 k—1 1
Sp——38 —
FIR ; 1+v)! lzzjl (1+v)
0+ Sy
_’“i ! _’“i -1 k-1
&= (4r) & (1)t (L)
_’“i 1 k—1
= () (L)
?11/{1_ (1+y1)k—1} k—1
= T — o (4.7)

where in the last line we have used the sum formula for geometric sequences. We get
from (4.7) that

v oo ([A+v)kt-1 k-1

1+ DA+ (A+v)k
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which leads to the desired (4.5), namely,

(1+v) (A4 -1) k-1
v2(14v)k-1 B v(l+v)k-1"

Sp=

We point out that we can prove (4.5) via another approach. More precisely, we
define the power series

k—1
S(z):= lel.
=1

Then we have

k-1 k=1 0\ EN/ k-1 kE_ Lk
—z 1k 4+ k2" —2
S(z):zg (Y == E 2 :z< ) =z .
— — 1—=2 (1-2)2

Taking z= 1_%,/, one obtains by direct computations

1
Sk_S(l—!—V)

k k 1

_ 1 I mmre taor - @
= =

14+v e
C(+y) (4t -1) k—1

v2(1+4v)k-t v(l+v)k-1"
This ends the proof of the lemma. ]
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