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Abstract

This paper focuses on a special two-dimensional (2D) Boussinesq system modeling buoyancy driven
fluids. It governs the motion of the velocity and temperature perturbations near the hydrostatic balance.
This is a partially dissipated system with the velocity involving only the vertical dissipation. We are able to
establish the global stability and the large-time behavior of the solutions. In particular, our results reveal that
the buoyancy force actually stabilizes the fluids through the coupling and interaction. Without the coupling,
the 2D Navier-Stokes equation with only vertical dissipation is not known to be stable. Mathematically
the coupling allows us to deduce that both the velocity and the temperature obey degenerate damped wave
equations, which generates the stabilization effect.
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1. Introduction

The goal of this paper is to understand the stability and large-time behavior of solutions to the
following Boussinesq system

o +u-Vu~+ VP =vipu-+0be, xeRz,t>0,
V-u=0, (1.1)
0:0 +u-Vo+u+nd =0,

where u = (u1, us) denotes the velocity field, P the pressure, 6 the temperature, e = (0, 1), and
v > 0 and n > 0 are the viscosity and damping coefficients, respectively. Here we have written 0,
and 9, for the partial derivatives d, and dy,, respectively. The Boussinesq system focused here
is slightly different from the standard ones. The dissipation in the velocity equation is degenerate
and only in the vertical direction. In certain physical regimes and under suitable scaling, some
partial differential equations (PDEs) modeling fluids involve only partial dissipation. A signifi-
cant example is Prandtl’s boundary layer equation. In addition to the standard transport term, the
temperature equation also contains two extra terms. u» is generated from the convection when we
write the equation of the perturbation near the hydrostatic equilibrium 6y, = x>. In fact, when we
treat the temperature as a sum of the equilibrium x, and a perturbation 6, the standard convection
term becomes u - V(x2 + 6), which is u - VO + u>. The last term 16 represents thermal damping.

Due to their physical applications and mathematical significance, the Boussinesq equations
have recently attracted considerable interests. The Boussinesq equations model buoyancy-driven
fluids such as atmospheric and oceanographic flows, and the Rayleigh—Bénard convection (see,
e.g., [13,17,37,40]). The Boussinesq equations are mathematically important. They share many
crucial features with the Navier-Stokes equations. The 2D Boussinesq equations serve as a lower
dimensional model of the 3D hydrodynamics equations. The inviscid 2D Boussinesq equations
can be identified as the Euler equations for the 3D axisymmetric swirling flows [38]. In addition
to the shared features with the Navier-Stokes and the Euler equations, the Boussinesq equations
are also capable of modeling much richer phenomena such as degenerate waves. Furthermore,
the Boussinesq system consists of an integrated and interactive system, and the coupling helps
enhance the regularity and stability of the solutions. As we demonstrate in this paper, the temper-
ature actually stabilizes the velocity field and the solutions to the system exhibit more regularity
and decay property than those of each component equation in the system.

Two fundamental problems, the global (in time) regularity and stability, have been at the
center of mathematical investigations on the Boussinesq equations. Due to the efforts of many
researchers, significant progress has been made on the global regularity of the 2D Boussinesq
equations, especially those with only partial or fractional dissipation or no dissipation at all (see,
e.g., [1-4,6,8-12,14-16,20,21,23-31,33-36,39,41,44,50-58]). The study on the stability prob-
lem is relatively recent and has gained momentum in the last few years. Current investigations
focused on the stability near the hydrostatic equilibrium or near the shear flow. These two steady
states are very special and the stability problem on them are prominent topics in fluid dynamics,
atmospherics and astrophysics. The investigations on the stability problem have so far been very
fruitful ([7,18,19,46,47,49]).

The motivation for studying this particular Boussinesq system in (1.1) is two fold. The first is
to reveal the phenomenon that the coupling and interaction between the velocity and the temper-
ature actually stabilizes the fluid. The 2D Navier-Stokes equations with degenerate dissipation
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(dissipation in only one direction, vertical or horizontal) are not known to be stable near the triv-
ial solution in Sobolev spaces. When there is no dissipation at all, the Navier-Stokes equation
reduces to the 2D Euler equation

oru~+u-Vu+VP =0, xe]Rz,t>O

or, in terms of the vorticity w =V X u,

orw+u-Vo=0. (1.2)

As demonstrated in [32], Vw of (1.2) allows double exponential growth in time. In particular, the
velocity of the 2D Euler equations in the Sobolev space H? is not stable. In contrast, solution of
the 2D Navier-Stokes equations with full dissipation

ou~+u-Vu+ VP =vAu, xe]Rz,t>0

decays algebraically in time, as shown by Schonbek [42,43]. However, it is not clear how the
solution of the Navier-Stokes equations with only vertical dissipation would behave. As we show
in this paper, solution of the Boussinesq system in H? is actually stable in time. The coupling
allows the temperature to stabilize the velocity field.

Our second motivation for this study is to develop efficient tools to extract the stabilization
and regularization effects generated by the interaction of the velocity and temperature. More
generally we would like to create a general framework that can handle the stability and large-
time behavior problem on PDE systems with only partial dissipation. Our first step is to exploit
the hidden structure due to the coupling in (1.1). Applying the Leray projection operator P =
I — VA~V to the velocity equation leads to

o = vopu +PBe) —Pu-Vu), (1.3)

which separates the linear and nonlinear parts. More explicitly, in terms of the velocity compo-
nents 1 and uy, (1.3) can be written as

0rl] = vopu| — 3132A_19 —(u-Vu; — 31A_1V -(u-Vu)),

1.4
Bur =vdur +0 — DHH A0 — (u-Vuy — HATIV - (u- Vu)). (14

Differentiating (1.4) as well as the equation of 6 in ¢ and making several substitutions, we find
(u1,uz,0) satisfies

It + (0 — v20)duy — (vndnuy + Riuy) = Ny,
puz + (7 — v0202)duz — (vndnuz + RiIuz) = Ny, (1.5)
90 + (n — v022),0 — (V326 + RIO) = N3,

where N1, N, and N3 are the nonlinear terms,
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Ni=3102(A) " - VO) — (3 + - Vuy —H AV - (u- Vu)),
No=—3131(A) - VO) — @ +n)(u-Vuy — h A~V - (u- Vu)),
N3 = (dn —3)w-VO) + (u-Vur — hA~'V - (u-Vu)).

Here R = 0; (—A)_% denotes the standard Riesz transform (see, e.g., [22,45]). The fractional
Laplacian operator is defined via the Fourier transform,

(CAPfE) = EPP FE).

The corresponding vorticity w = V x u also satisfies

01w + (N — V)0 — (MIw + Riw) = Na, (1.6)

where

Ny=—0;+n)(u-Vw)—01(u-Vo).

(1.6) can be obtained by taking the time derivative of the vorticity equation

0w+ u-Vo=vdpw+ 010

and making several substitutions. Amazingly u1, u», 6 and w satisfy exactly the same damped
and very degenerate wave type equation with different inhomogeneous terms. (1.5) and (1.6)
exhibit much more stabilization and regularization properties than the original system in (1.1)
can provide. By fully exploiting the damping and smoothing effects, we are able to prove the
following stability and large-time behavior result.

Theorem 1.1. Assume (ug, 6p) € H? with V-ug = 0. Then there exists a constant € > 0 such
that, if

Il (o, B0) I g2 < &,
then (1.1) has a unique global solution (u, 0) satisfying, for any t > 0,

t

1@, )17 + / (I1@au, Y132 + Il (w2, B1u2) ()][7,)dT < C &2,
0

where C > 0 is a generic positive constant independent of € and t.

Due to the lack of horizontal dissipation in the velocity equation, direct energy estimates
involving only |[|u|| 2 and [|@]| z2 will not lead to the proof of Theorem 1.1. When we estimate
the L?-norm of the second-order derivatives of u, or equivalently Ve, the immediate difficulty
is how to bound the nonlinear term in the energy equality,
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1d
531 VeOIL: +vlhvol, :—/Va)-Vu~dex+/a)819dx.

We can further write the nonlinear part as

/Vw~Vu-dex

RZ

::falul(81w)2dx+/81u281w82wdx+/8zu-Vwazwdx.
R2 R2 R2

The first two terms resist suitable upper bounds when we do not have |9, Va)||i2 on the left-hand
side. What is really missing here is the control on dju».

The wave structure in (1.5) reveals that we may be able to control ||uz||;2 and ||9ju2]| ;2 if we
design suitable Lyapunov functional. We set the Lyapunov functional to be

L(t) = | (t), 0(0)) 32 + 16, u2) + (010, d1u2),

where the parameter A is to be specified later and (f, g) denotes the L2-inner product. For the

sake of conciseness, we have written || (u(t), 9(t))||§{2 = ||u(t)||i{2 + ||0(t)||%{2. By selecting
suitable A > 0, we are able to show that, for any ¢ > 0,

t

an=HWﬁxwﬁﬂ+2/QM@mnMﬂ+nwumif+wwbmu@awgmr
0

obeys
E(t)gCE(O)—i—CE%(t). (1.7)

Applying the bootstrapping argument (see, e.g., [48]) to (1.7), we find that, if £(0) is sufficiently
small, namely

E©)<&> or [(uo.60)|y<¢
for some suitable ¢ > 0, then for a constant C > 0 and for all time ¢ > 0,
E(t) < C&>.
More details are provided in Section 2.
We are also able to establish certain large-time behavior on the solutions obtained in Theo-
rem |.1. More precisely, the following theorem on the large-time behavior holds.
Theorem 1.2. Assume the initial data (uo, 60) € H?, 322Vug € L> satisfies V - ug = 0 and
(o, O0)ll g2 < €
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for some sufficiently small ¢ > 0. Let (u,0) be the corresponding solution of (1.1) obtained in
Theorem 1.1. Then (u, 0) obeys the following large-time behavior.

(a) Ast — oo,

lua@lz2 =0, 12Vu@®lig2 =0, [o:u@®)llg2 — 0
6@z =0, V6@l —0, 119,61 — .

(b) For some constant C > 0,
IVu@)ll2 <CA+077, [[VO@)|2 < C+1)2.

In order to prove Part (a) in Theorem 1.2, we first refine the Lemma 3.1 of [19] and then
combine it with suitable energy estimates. The explicit decay rates provided in Part (b) are shown
by obtaining a self-contained estimate for ||a)||i2 +||Vo ||iz.

Efforts are also devoted to exploiting the full regularization and stabilization effects that the
wave structure can bring. First, we solve the linearized system

deut1 + (n — v32)duy — (Vndxnus + Riup) =0,
Itz + (1 — v322)duz — (VNdnuz + Riuz) =0, (1.8)
90 4+ (n — 102280 — (V3220 + R30) =0

via the method of operator splitting. We analyze the large-time behavior by performing the L2
estimates on the explicit representation. Second, we combine two energy inequalities obtained
from (1.8) to induce precise decay rates on several quantities of the solution. Finally we establish
that any frequency away from the origin decays exponentially in time. These findings are stated
in the following theorems.

Theorem 1.3. Consider (1.8) with the initial data (ug, 6p). The solution of (1.8) can be explicitly
represented in terms of uy and 6y as

1
u=G (6’062 — VA ' 9,00 + 3 (n+vdx0) Mo) + Gauo,

1
0 =G (—uzo 3 (n+vdn) 6’0) + G2bp,

where G1 and G, are Fourier multiplier operators,

Aot At 1

Gen="—— GEn=

: (M1 + &) (19
1

[\S)

with A1 and Ay being the roots of the characteristic equation

52
e (n+vs§))\+ (uns§+ ﬁ) —0
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or
2
| ) 4<vn§22+é$>
Xl=—§<n+1)€2) 1+ I—W s
2
o (it + )
e (O e e

As a consequence, if (ug, 6p) € L'NL2? with Vv - ug =0, then (u, 0) satisfies, for any 0 <a < 1,

1, 02 < C@) (1 +1)72 [[(uo. 00)ll L1124
where C = C(a) is a constant depending on a.

The decay rate for the first component u| appears to be optimal and can not be improved to
be (1 + t)_%. The decay rates for u, and 6 can actually be improved to (1 + t)_% .

Theorem 1.4. Let the initial data (uo,0o) € L%, 800 € L? and V - ug = 0. Let (u,6) be the
corresponding solution of (1.8). Then (u3, 0) satisfies,

_1 _1
w2, )l 2 < Cluo, o) (1 +072, 3,62 < Cluo, B0) (1 +177,
where C are constants depending on the initial data only.
When the Fourier frequency is away from the origin, the solution actually decays exponen-

tially in time. To precisely state our result, we define X (£) to be the following cutoff function in
the frequency space

R 0, if £eD,
X&) = _
1, if £eDC,
where D is given by
D= {g €R2: |¢| <oand |&] > |gl|] with o > 0 being fixed. (1.10)
Then
X FE) =% F&). (1.11)
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Theorem 1.5. Assume the initial data (ug, 6y) satisfies
Voug=0, x*uo, x*00, x *dmo, x *d200, x *dnuo e L.

Then the corresponding solution (u, 0) of (1.8) obeys the following exponential decay estimates,
for two constants C = C(ug, 6y, 0) > 0and c =c(v,n,0) >0,

G % uy x %O g2y 1Ox % Doy x % 320 12, 1(x % dpau, x % 3,0) |2 < C e Q)

The rest of this paper is devoted to the proofs of the results described above. Section 2 proves
Theorem 1.1 and Theorem 1.2. Section 3 solves the linearized system in (1.8) and proves Theo-
rem 1.3. The last section proves both Theorem 1.4 and Theorem 1.5.

2. Proofs the Theorem 1.1 and Theorem 1.2

This section proves Theorem 1.1 and Theorem 1.2. As we have explained in the introduc-
tion, due to the lack of horizontal dissipation, the stability result stated in Theorem 1.1 can not
be shown by classical energy estimates. The approach here is to construct a suitable Lyapunov
functional by taking into account of the wave structure in (1.5). This Lyapunov functional recov-
ers the damping and the horizontal dissipative effect on u,. We can then close the estimates and
obtain the desired inequality in (1.7). The bootstrapping argument then allows us to conclude the
desired stability.

Theorem 1.2 contains two types of large-time behavior results. Part (a) assesses that six quan-
tities including [lu2(0) |12, 192Vu(®)|l 12, [13(®)ll 2, 10 12, V20)]l 12 and [13,0(1) | g1 ap-
proach zero as t — o0o. Part (b) states that ||Vu(¢)||;2 and ||[VO(2)|| ;2 decays at the rate (1 + l)’%.
To prove Part (a), we first refine Lemma 3.1 of [19] and then apply it to suitable bounds involving
the six quantities. The explicit decay rates for || Vu(¢)| ;2 and ||[VO(¢)|| ;2 are obtained by apply-
ing a simple fact (see Lemma 2.5 below) to suitable upper bounds for ||Vu(¢) ||i2 + IVO(¢) ||i2

We use several anisotropic inequalities extensively. They are given in the following two lem-
mas. Lemma 2.1 can be found in [5] while Lemma 2.2 contains several classical anisotropic
inequalities, which can be shown by making use of the following basic one-dimensional inequal-

ity,
lgll L) < V2 ||g||L2(R)||g ||L2(R)

Lemma 2.1. Assume f, g, h, 02g and d1h are all in L2(R2). Then, for a pure constant C,

1 1
/ |fghldx <C ||f||L2(R2)”g”zz(Rz)”aZg”Lz Rz)”hniz(Rz)”alh“Lz (R2)

Lemma 2.2. The following estimates hold when the right-hand sides are all bounded.

1 1
L ooy < CILF g 1911 g 1921 gy 191211 3 g
Consequently,
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1

1 1

£l < NNl f s
1 1

Ifllzoe < ClULF I ll92 f 1l -

The following lemma is a refined version of Lemma 3.1 in [19], which is more suitable for
the purpose of applications.

Lemma 2.3. Let f = f(t) with t € [0, 00) be nonnegative continuous function. Assume f is

integrable on [0, 00),

/f(t)dt < 00. 2.1
0

Assume that for any 8 > 0, there is p > 0 such that, for any 0 <t < t) withty —t; < p,
either f() < f(t1) or  f(t2) = f(t1) and f(12) — f(11) <36.
Then
ft)—0 ast— oo.

Proof. Let ¢ > 0 be a given small number. By the assumption of this lemma, for § = £/2, there
is p > O such that, forany 0 <t — 11 < p,

either f(12) < f(r1) or  f(©2) = f(n) and f(r2) — f(t1) <8. 2.2)

It follows from (2.1) that there exists My > 0 such that

/f(t)dt < %. (2.3)

M,

We can then conclude that, for any t > M := M| + p,

f@) <e. 2.4)

To show (2.4), we consider the interval [t — p, t]. Since t — p > M1, (2.3) implies
¢
/ f(r)dr < %p. (2.5)
t—p

Then there must be at least one point 71 € [t — p, t] such that f(#]) < % Otherwise, (2.5) would
be false. By (2.2),

either f(¢) < f(t1) or  f(1)= f(t1) and f(2) — f(t1) < 6.
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Either case would lead to (2.4). This completes the proof of Lemma 2.3. O

A special consequence of Lemma 2.3 is the following large-time behavior result for functions
in W1 ([0, 00)).

Lemma 2.4. Assume f € WH1([0, 00)), namely

/|f(t)|dt<oo and /|f’(r)|dt<oo.
0 0

Then f(t) - 0 ast — oo.

Another useful fact to be used frequently is about the decay rate of an integrable function.
Lemma 2.5. Let f = f(t) be a nonnegative function satisfying, for two constants Co > 0 and
C; >0,

/f(r)dr§C0<oo and f(t)<Ci f(s) foranyO<s <t. (2.6)
0

Then, for Cy, = max{2C1 f(0),4CoC1} and for any t > 0,

f<C(1+n7" Q2.7)

Lemma 2.5 remains valid even if (2.6) only holds for large s < ¢. The proof of Lemma 2.5 is
really simple, but we provide it for the convenience of readers.

Proof. For any 0 <t < 1, we have by (2.6),
f(®) <Cy f(0). (2.8)

By (2.6), for any t > 1,

t t
Co= f Fo)de = f W=l f0
: :

or
ft)<2CCrt " 2.9)

(2.8) and (2.9) then imply (2.7) for Ca = max{2C f(0),4CoC1}. This completes the proof of
Lemma 2.5. O

We are now ready to prove Theorem 1.1.
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Proof of Theorem 1.1. We work with the Lyapunov functional

L(t) = [[@(), 0(0) 32 + A0, u2) + A(316, d1u2)

and shows that, for suitably chosen A¢ > 0 (specified in (2.20)) and for any ¢ > 0,

E@) :=l(u,0)D[3

t

+2 f (132132 + nllO@) 132 + Aol (w2, d1u2) (D) |7,)dT
0

obeys
E(t)<CE®0)+CE3(1). (2.10)

We start with the L bound. Dotting (1.1) by (u, ) in L?, integrating by parts and using V-u = 0,
we obtain

1d 2 2 2
=, 2 T VUl 2 TN 2 =V .
2dt”( 72+ vlidaully, +nll0ll;. =0 (2.11)
To estimate the H 2_norm, we resort to the vorticity equation

drw~+u-Vo=vdpw-+ 0;0. (2.12)

Applying V to (2.12), dotting with Vw, and applying A to the 6-equation in (1.1) and multiplying
by A6, we find

L Vo, 20) 2, + BV wl2, + 112012

2 dt ’ LZ 2 @ L2 77 L2
=—/Va)-Vu~dex—/A(u-V9)A6dx. (2.13)

According to (1.4), the equation of u> can be written as, after eliminating the pressure term,

s +u-Vurs—HATIV V. (u@®u) =vonur + A19),6. (2.14)

Combining with the 6-equation of (1.1), we obtain

d
501 +luallfy == - V0,u2) =0 (0, u2) = (0,1 Vuo)
d (2.15)

+ (9, HATIV V. @ u)) + (0. viuy) + (9, A—laue) .

Similarly,
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d 2
5(319, d1uz) + [191u2ll7»
=—(01(u-V0), d1uz) —n (010, d1uz) — (0160, 91 (u - Vuz))
+ (ale, ATV .V u® u)) + (010, vainua) + (319, A*lame) . @16)

For a constant A > 0, (2.11)+(2.13)+ A(2.15)+A(2.16) yields

1d
2dr (”(u’ )32 + 2000, u2) + 21316, 31u2)) + vl aull,

6
10112 + Mluall7s + Aldwuzl7, =1+ T+ K., (2.17)
i=1

where
I=—/Va)~Vroa)dx,

J= —/A(u - VO)Addx,

Ki=—Au-VO,up) —A01(u-V0),01uy),

Ky =—n(0,uz) — An (016, d1u2),

K3=—A(0,u-Vuy) —Ar (010, 01(u - Vuy)),

Ke=1(0,007'V -V @@uw) +4(816,0287'V- V- @ew),
Ks =X (0, vdnuz) + A (010, vdinnuz),

Ke=»A (9, A_18119) + A (319, A_131119) .

Thanks to Lemma 2.1 and by Holder’s inequality, Sobolev’s embedding and Young’s inequality,
I:—/Vw-Vu~dex
= —2/ 0rjwupdwdx — / 01w u20ywdx
— f drwdru0ywdx — / 0wy drwdx

1 1 1 1
< Cllanoll 2 llual 2, 1812 2, 9101, 321011

1 1 1 1
+ Clldroll 21191u2]) 2 10121211, |20 2, 32101 2,
+ Clldaull o2l 2 (1910l 12 + 18200l 12)
< Cllull g2 (181u2ll3 > + 132u3,2).-

Similarly, due to Lemma 2.2,
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J= —/(Au -V0) Afdx — 2/ (Vu - v6) A

1 1 1 1
< ClIAON20IVON 101 VOI 2, I Aulll 2 102 Aulll 2, + ClIVull <1617,

1 1 1 1
2 2 2 2 2 2
< Cllull 101152 102ull 1p + CIVull 102Vl 1y 10172

< C(llull g2 + 101 52) (10152 + 1B2013,2).
To bound K, we again apply Lemma 2.1 to get
K1 =—k/(u-V9)u2dx —A/(u~V819) d1urdx —Af(31u~V9) d1urdx
= Chllullz=lluzll2IVOll 2 + C A llulle I V0101 2110112l 12

1 1 1 1
+ C A lldruzll 2 1Bvull 2, 1912u |2, 11VO 2, 181 VO 2,
< Ca(llull gz + 101 g2) (luz )22 + 10132 + 81u21l3).

By Hoélder’s inequality,
n 2 2 2 2
Ko < Anll@ll g2 (luzll 2 + 191u2ll2) < §||9||H2 + 2270 (luzlly 2 + 101u2ll7 ).
By Holder’s and Sobolev’s inequalities,
K3 < CallullzollOl g2 Vuall 2 < C xllull g2 (1013, + 101ual7 > + 192ull3,5).

Recalling that the singular integral operators R;; = 0;0; (—=A)~! with i, j = 1, 2 are bounded on
L? for 1 < p < oo (see [45]), namely

IRij flliLr <Cll fllLe, 1< p<oo, (2.18)

we have

K4 < CA0N g2 lull g2 182ull g2 < C Allull g2 (110132 + 1102113,
By Holder’s inequality,
2202
n

n
Ks < Ml|0] g2l 2ull 2 < §||9||3,z+ (B8
By (2.18), K¢ is bounded by
2
Ke < corll0117;2-

Collecting the bounds for 7, J and K through K¢ and inserting them in (2.17), we obtain
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d 2222

1
5 37 (16 )13 + 226, 12) + 2416, D1u)) + (v -

S

3
+ (7’7 —com) 1013, + (A = 2220) (luzll2, + 1d11211%,)

<CA+M(lullgz + 101 2) (10152 + lluzll32 + [01u2ll72 + 82ull3).  (2.19)

We now specify A and require that

11 1
O<i<ip=minj-, - /2 1 1 (2.20)
22V v 4cy 4n

When (2.20) is satisfied, we have

2222
n

>1 3 k>1 A =222 >1A
—v, L _¢ —n, — Z
Z5 4 oA = 2n n= 5

and
e, O)113,2 + 216, u2) +22(316, d1u2)
> 1, )3, — A 013, + lluzll3) > %nun;z + %nen?ﬂ.
Choosing A = Ao and integrating (2.19) in ¢, we obtain
t

sup [ (u, 0132 +2/ (vlId2ull 7z + nlO13,2 + ol (w2, d1u2) |7, )dr

0<t<t
0

t

< Cll(uo, 00)11%2 + C sup [ (u, 0|2 / (vldaull 2 + nllO13,2 + Kol (w2, diu2)ll7 2 )dr,

0<t<t
0
which implies (2.10), namely

E(t) < C3E(0) + C4 E> (1), 2.21)

The bootstrapping argument then allows us to establish the stability of Theorem 1.1 if the initial
data is sufficiently small,

E(0) < (2.22)

or |[(uo,00)llg2 <e

1
< —.
16C5C3 T 4J/C3C,

In fact, if we make the ansatz that, for 0 < T < oo,

1
E(T) < —,
()—463

777



S. Lai, J. Wu and Y. Zhong Journal of Differential Equations 271 (2021) 764-796
then (2.21) implies
3 1 1
E(T)<C3E0)+C4 E2(T) < C3E(0) + Cy Yo E(T) or EE(T) < C3E(0),
4
which, according to the smallness assumption on the initial data (2.22), leads to

1
E(T) =2C3E0) = —5. (2.23)
8C3

The bootstrapping argument then concludes that 7 = oo and (2.23) holds for all time,

o
sup 1w, 0132 +2/ (vdaull,2 4+ nllO 13,2 + Aoll(uz, dru2)||7,)dr < 2C36.
0<t<o00 o

This finishes the proof for the global stability. It is very easy to check that any two solutions
@D, P oMy and @, P@,0@) of (1.1) with one of them in the regularity class, say
@M, 9My) e L0, T; H?) must coincide. In fact, the difference between the two solutions
(, P,0) with

T=u® g Pop@_pl)  G_pg@ _g0

satisfies
3 +u? Vi+u-Vu'V + VP = vt + Oer,
30 +u® . vo+u-voD 4+ + 10 =0,
V-u=0,
u(x,0)=0, 6(x,0)=0.

(2.24)

Taking the L?-inner product of (2.24) with (i, 8), by Lemma 2.1, Young’s inequality and the
uniformly global bounds for [|[(01, uD)]| 2, We have

| e

G, 0132 + vildaml; 2 + nll0]7

N =
o

1
=—/E~Vu(l) ~ﬁdx—/ﬁ~V9(l)§dx
_ 1 1 ) 1 ) 1
<Clall 27 25 1921 25 [V 2, 191 V) 2,
T | Wk Wy h
+ CIBI TN a7l VO™ Ve 2,
31 I S B
<Clla 2,181 2, + Cllwl 2, 1921 2 1811 .2

<2l00l12, + Cll@. )12
_5” hully, + Cll @, )l
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Gronwall’s inequality then yields the desired uniqueness.
I3, = 18117, = 0.
This completes the proof of Theorem 1.1. O
Next we turn to the proof of Theorem 1.2.

Proof of Theorem 1.2. This proof assesses the large time behavior of the solution (u, 8) to (1.1).
The solution (u, 6) satisfies

o0
o 1, )13, +2 / (vlld2ull + nlO13, + Aoll(uz, Buz) |12, )dr < 2C362. (2.25)
<T<00
- 0

We now prove the decay results and start by showing that, as t — oo,

lu2()ll 2 — 0.

This is shown by applying Lemma 2.3. We verify the conditions of Lemma 2.3. Due to (2.25),

o
f luz(0)]17, dt < oo.
0

We perform the energy estimates to verify the uniform continuity in Lemma 2.3. Taking the inner
product of (2.14) with u», integrating by parts and invoking (2.18), we obtain

d
Sl + 20t =2 [ A onousdy ~2 [ A7V V- @@ w)uade

2
< ClOl 2 lluzll 2 4+ Clldauz | 2l

< C10ll2llull 2 + Cllull3,..-

For any 0 <s <t < oo, we integrate the inequality above in time and use the upper bound in
(2.25) to obtain

lua @12, = luz@)12, = € (e2+&%) ¢ = 5).
Applying Lemma 2.3 leads to

luzll;2 —0 as t— oo.

We now turn to the proof that |||z — 0 as ¢+ — oo. The idea is still to apply Lemma 2.3.
(2.25) provides the time integrability,
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f 100113, df < oo. (2.26)

The verification of the uniform continuity condition in Lemma 2.3 relies on the energy estimate
on [|0(t)|| 2. Taking the H?-inner product of the f-equation in (1.1) with #, making use of
Lemma 2.1, Lemma 2.2 and Young’s inequality, we obtain

55”9”# + 000172 =— [ u20dx — | AuzABdx
—2f (w.vze) Afdx —/(Au-V@)Ade
1 1 )
< lluall g2 1101 g2 + C||VM||;11 ||32VM||?{1 1AO]]; -
1 1 1 1
+ CIAO I 2 Aull % 3 Aull 2, V61 L 1,76 2,

=

1613,2 + Clld2ul 2,2 101152 + Cllull3,. (101152 + 1.

N

That is,

d
aueni,z + 0010132 < Clldaull3, 1013, + Cllull, (10115, + 1).

Ignoring the term n||6 ||§1,2 and combining the first term and the third term, we find that

t
At) :==exp{—C / 121 ]l3,2d7 ¢ 1101172
0
satisfies
t
EA(t><Cex —C [ 132ul?pdT ¢ Nul?, (1613, 4+ 1)
dt — p 2” H2 T u HZ H2 .
0

Integrating in time and using (2.25), we obtain, for any 0 <s <t¥,
A() — A(s) <Ce2 (2 + 1Dt —s).

(2.26) also implies

o0

/A(‘L') dr < oo.

0

By Lemma 2.3, A(t) — 0 as t — oo. Therefore,
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t

2

16113, =exp{ C / lB2ull3dT P A®t) < e A(t) > 0.
0

We now prove the decay rate
1
(@ (®), VOO 2 =CA+1)2.

It follows from the equation of w in (2.12) and the equation of 6 that

1d
53 1@ YOOI +nlIVOIz, + vlidelz,
=—fV6~Vu~V9dx

1 1 1 1
< CIVOI 2 1IVul 2, 13V ul 2, 11VO11 2,110, VOl 2,
< Cllull g2 + 101 2) (1VO172 + 182001172)
<c1e(IVO)3, + 102017,).

where we have invoked the bound in (2.25). Therefore,

d .
3 (0O + IVO®I72) +2(min{n, v} = c1) (I VO3 + 19201l72) <0,

where ¢ is taken to be sufficiently small such that min{n, v} — c1¢ > 0. Therefore, Y (¢) :=
||a)(t)||i2 + ||V9(t)||%2 is a non-increasing function for ¢ € [0, 00). (2.25) also implies that

1613, 19217 , and [|yu2]|? , are all time integrable. That is

e @]

/Y(t)dt<oo.

0

By Lemma 2.5,
@, VOl 2 < C(L+D72 as 1 oo,
Next we show that, as t — 00,
[0z =0, Ndu@®ll2—0 and [|3,6(t)| 51 — 0.

In order to obtain the large time behavior of ||0>w||; 2, we make use of the wave equation in (1.6),
namely

A+ (= v30) 3w — (0w + Riw) = Na. (2.27)

Taking the L2-inner product of (2.27) with d;w, integrating by parts, and bounding the nonlinear
terms by Lemma 2.1, Sobolev’s embedding and Young’s inequality, we have
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14 o) hol?, + |Rio|? do|? 0|
25 (18132 + nvlBa0l}: + IR1013) + ol + vl

=— / 01(u - VO)0;wdx — r}/(u -Vw)d,wdx — / 0;(u - Vw)orwdx
=— / o1u - VOorwdx —/u -V0100;wdx —n [ u - Vworwdx
— / oru - Vworwdx
1 1 1 1
< Cllull 2 IV011 2,191 V012, 13,012, 920,011 2,
1 1 1 1
+ ClaVOll 2llul 2, 181 2, 13l 2, 828,012
1 1 1 1
+ Cnlldoll 2 lul L 181l L Vol 2, 182 Vol
1 1 1 1
+ Cllaol 213l 1010l Vol 2, 182Vl
v 2 n 2
< Slndel + J1gol}:
+ C (el + el 2 0l 72) (10172 + 1920l 30 + 19172)-

Therefore,

d
E(na,wniz +lldol7, + IR10l72) + nlldwl;, + vIddwl?, (2.28)

< C(lully + lul3 18:03:) (1013, + I82ul?,, + l181ull?,).
Next we establish a bound for ||9;u[ 00 (9 o0: 1.2)- According to (1.3),
o +P(u-Vu) =vopu+PBer),

where P = I — VA~!V. denotes the Leray projection onto divergence-free vector fields. By the
fact that || fll 2 < || fll 2,

9rull 2 < 1P (u - V)|l 2 + vllooull g2 + [P (Oe2) 2

(2.29)
= Clullg2lloll2 + Clld2wll 2 + 1101 2.
The global uniform bound in (2.25) implies
du € L=(0, 00; L?). (2.30)

Integrating (2.28) from 0 to T and invoking the uniform bounds in (2.25) and (2.30), we have
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T T
3:wl72 + vl + [Riwll, + 1 / I3wl7,dT +v / 828,117 ,dT
0 0

2 2 2
<llgrwolly 2 + nvlld2woll;s + Riwoll; 2

T
+C sup (||u||";,z+||u||§,z||a,u||iz)/(||9||§,2+||azu||§,z+||am||iz)dr.
0<t<T
- 0

Asa consequence,

o0 o0
/ ld;w]3,dr <oco and f 828,17 ,d7 < o0o.
0 0

It then follows from Lemma 2.4 that
loow()||;2—0 as t— oo.
Since ||@||;2 — 0, |[|[82w]|l;2 — 0 and [|6] ;2 — 0, (2.29) yields
|o;ull;2—0 as t— oo.
Similarly, the equation of 8 implies

19:01l g1 < llu- VO g1 + lluzll g1 + 01l g1

< llull g2 101 g2 4 Nz ll g1 40161 g1
and thus

06|yt =0 as t— oo.
This completes the proof of Theorem 1.2. O
3. Proof of Theorem 1.3

This section presents the proof of Theorem 1.3. It relies on two crucial lemmas. The first

lemma represents the solution of a degenerate wave equation. The second lemma provides upper

bounds for the Fourier multiplier operators G| and G, defined in (1.9).

Lemma 3.1. Assume that g satisfies the degenerate wave type equation

Bug + (n — vin)dg — (vdng +R}g) =0,
g(x,0)=go(x), 9:g(x,0) =g1(x).

Then g can be explicitly represented as
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1
g§=0G, (81+5(U—U322)g0) + G280, 3.1

where G| and G, are defined as in (1.9), namely

e)hzt At 1

——, Gt =

G, )= ———
16, 1) e

(M + €M) (3.2)

\S)

with A1 and ), being the roots of the characteristic equation

2
k2+(n+v§22>k+<vn§22+ Si )=0

€12
or
2
PO BRI CERT )
XIZ_E(U‘FV%) 1+ I—W ) (3.3)
2
| 4<vn§§+éﬁ>
\ v

When L1 = Ay, (3.1) remains valid if we replace 6\1 and é\z in (3.2) by their corresponding limit
form, namely

ekzt _ oAt

— 1
Gi= lim ———— —=te™, Gy, 1) = lim = (M + M) =M1,
: =i A2 — A 2.1 A2—>Aq 2( )

Proof. To obtain the solution representation, we split the wave operator and write

1 1
<3z +5 (= vin) — 5\/(77 +vd)” + 473%)

1 1
~ <3r +5 (= vdn) + 5\/(71 + i) + 473%) §=0.
It is then clear that we can rewrite the wave equation into two different systems,

(& —Tg=h, (3.5)
(0, —T2)h =0, (3.6)

and
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0 —T2)g=1, (3.7
(0 =T f=0, (3.8)

where

1 1
r= ) (n—vadp)— 5\/(77 +vdp2)? +4R3,

Ib=—lW—U%D+EJW+WMV+4R2
2 2 1‘
Taking the difference of (3.7) and (3.5), we obtain
g, )= T2 =T (h(x,1) — f(x,1)). (3.9
(3.6) and (3.8) yield
f,t)=e" f(x,0), h(x,t)=e"h(x,0). (3.10)
The initial data f(x, 0) and A (x, 0) can be obtained by (3.5) and (3.7), respectively, that is
f(x,00=g1—T280, h(x,0)=g1—T1go. (3.11)
Plugging (3.10), (3.11) into (3.9) yields (3.1). This completes the proof of Lemma 3.1. O
We now analyze the behavior of (/}\1(5 ,t) and 62(?5 1), whi/c\h clearly re/li\es on the Fourier
frequencies &. The following lemma provides upper bounds for G (&, t) and G2 (&, ¢) in different
subdomains of the frequency space. The notation Re p denotes the real part of a complex number
0.

Lemma 3.2. Let S1, S», S3 and A be the following subsets of R?,

vné )
S :={&eR?: 1—u !

< —

(n+ved) 4
2. (‘”752 élz) 1 c
EeR”: (+§) >Z and £e€ A},
nTvs,
)
EeR”: (+§) >4—1 and £€Aqp,
Vs,
2. 775(1) 2 né(r)
SER i < ETASIL R ch(t)}
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where A€ denotes the complement of A and 0 < §(t) < min {n, %} is specified in (3.15). Then

6\1 (&,t) and é\z(é , t) admit the following upper bounds:
(a) For any & € Sy,

1 2 1 2
Reklf—z(ﬂ‘l-véz), Rekzi—z(ﬁ+vé2),
IG1(E. )] <tet M) 1Go(E, )] < Cem 7 HED!
(b) For any & € S»,

<> (n + vé%) P 1(3}

N

IG1(5,1)| <

5 (7 +e0)1Ga = € (¢TI 470,
+v&;

(c) For any & € S3,

?»15—%(714-1)522), A2 <0,

~

IG1(&, 1) < (i +1), G ni=c(ein+1).

N+ vEF

Proof. (a) For & € S, the upper bounds for the real parts of A1 and A;, and for @(s, t) fol-

low directly from (3.3), (3.4), (3.2) and the definition of S;. The upper bound for G{(§,1) is a
consequence of the mean-value theorem. To be completely clear, we consider two cases:

2 2
s(med + ) s(med + )
—— >0 and 1—-—— 5% <0

1- 2 N2
(n+v&3) (n+v&3)

Both A; and A, are real in the first case. It then follows from the mean-value theorem that there
is ¢ € (A1, A2) such that

G, 1) = et < e i 0rHvED)

In the second case A1 and A, are a pair of complex conjugates and

At At

2
4 (vné‘% + éﬁ)

(n+ved)*

— e

|
G=2—¢ :e—awsg)tw,

- - . 2
P 0 Q= (n+vE})

which clearly implies |G| < te—2(nHve)r
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(b) For & € S,, the bound for A is obvious. To estimate Ao, we rewrite A; as

<"’7‘§2 élﬁ)

(n+vE3)’°

1 (‘”752 |$|2>

2
(77+v§22)+\/(n+v522) —4<vn$2 mz)

1 2
ra=—3 (n+ved) [1-

&
g+ |a51|2

77+V€2

where we have used & € A€ in the last inequality. The upper bound for C/}\z(é , 1) follows directly
from the bounds for A; and A;. Noticing that the lower bound

(”’752 sz>
1= " 7

(n+vE3)°

2 1 2
ra = = (n+v&}) > (n+083),

we easily obtain the upper bound for G, &,1).
(c) For & € S3, the upper bounds for A 1/\and Ao follgv\vs directly from (3.3) and (3.4). These
upper bounds yield the desired bounds for G (&, t) and G» (&, t). The proof is then complete. O

Lemma 3.1 and Lemma 3.2 allow us to prove Theorem 1.3.
Proof of Theorem 1.3. Applying Lemma 3.1 to (1.8) leads to
1
u=Gr| Qu)(x,0) + 5 (1= vin)uo | + Gauo. (3.12)
1
0 =G, ((8,9)(x, 0) + 3 (n—vdxp) 90) + G26p. (3.13)
Setting t = 0 in the linearized system
du=vonu—+ (I — VATV (Oer), 360 4+ur+n=0
and inserting them in (3.12) and (3.13), we obtain
u=G (9062 — VA~ 3290 + = (77 +v022) uo) + Gouy,
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1
0 =G (—uzo 3 (n+vdn) 90) + G2bp.

To estimate the L2-norm of u, we consider the Fourier transform of u, which satisfies

_&&

1 P N P
En=3(—8)GiEnn+| | |GiE0h+GE0m.
Si

&2
Therefore, by Plancherel’s Theorem,

2 — ~
iz ¢ [ r-v&3[ G merda+c [|Gienf e s

+C/|C/?\2(E,t)}2|@(§)l2d§ =M+ My + M. (3.14)

To bound M1, we estimate it on the subdomains S, $> and S3 and use the upper bounds obtained
in Lemma 3.2. We also use the simple fact that x" ¢~ < C(n) for any n > 0 and x > 0 repeatedly.

2 2
My = f n—ve3| 1Gi e 0] 1 (@) P e + f In—ve3| |G, 0 1a®)1 e
£ EeS

2~
+ [ =gl 16l mera

§€83

2
< [|n-va[ et me o
2
e

(727 4+ 720 g (6)1 g
e
A

=C / (n+ vé%)zfze’%(”*“%z)f | (6)1* g

e / (737 420 ) @) P g + C / @) de
A

n—vE;
n+ vé;

2

)
DV (e ) i) P

N+ vé;

<C / e M iy ()17 dg + C / e 2O |i75(8)2 ds + C / |0 (£)|* d&
A

Cné(t
e (e—cm +e—25(r)z) ||u0||iz " nd(t)

i e A 2
sy ol

Similarly,
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1

My<C / e300 |Gy ) dg + € / (6737 4+ 7201 B e) | a

212
€S £eSy [+ v&;3]
1 ~
te [ e el
£ess 2

gc/ﬁa%m@@nﬂg+c/(f%tHerN%@n%g+cfW&@F@

A

< C/e_cm 160(&)| d + c/e—zf“'” |6o®)]” d& + c/ 16o®)|” de
A

Cns(t)

— 7 16olI%,.
a1

< C (7O 4 e7201) gy, +

The estimates for M3 are similar to those for M, and the bound is

Cns@t)

—Cnt | ,—28(n)t 2 2
MSSC(e "+te )“%”m‘i‘m”uouy-
Inserting the bounds for M, M> and M3 in (3.14) yields
_ _ Cné(1)
lul?, < C (e Cnt 4 g 2W) Il (uo. B0) 117> + mnwo,eo)nil.

Since the attention is focused on the large time behavior, we can assume, without loss of gener-
ality, that ¢ > 1. Now we choose, for any ¢ > 1,

80)=nm4n,%}a+wrﬂ, 0<a<l. (3.15)

The selection of this special form of § is to balance the two parts in the upper bound. Clearly,

_2min{n‘ %}t _mjn[ l](l—l—t)]_“
e W T < e T <C(+1~*? forany >0
and
nd(t) - n (1+1)a
v —v8(t) ~ vl — (1 +1)"9) '
Therefore,

()12 < C@) (1+ 0 [ ao, 01121, -
The bound for [|6(¢) ||i2 is similar. The proof of Theorem 1.3 is now complete. O
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4. Proofs of Theorem 1.4 and Theorem 1.5

This section proves Theorem 1.4 and Theorem 1.5. The proofs make use of the special wave
structure in the linearized system (1.8).

Proof of Theorem 1.4. Taking the inner product of the 6-equation in (1.8) with 9,6, we obtain

1d

S (100132 +vnlo012: + IR1012.) +nlai61: + va:8,613: =0. @1)

Taking the inner product of the 8-equation with 8, we have

1d

Sq (nneniz +v]3:017, +2<a,e,9>) +onl|0]7, + IR16117, — 8,017, =0. (4.2)

For a constant u to be specified later, (4.1)+u1(4.2) yields

1d
55(||319lliz + unllOll72 + IR1O172 + (v + uv) 1020117 + 23,0, 9))

+ = w3017, + 8280117, + ponlld2fl7, + wlR1ON7, =0.  (4.3)
For 0 <s <t < 0o, we integrate (4.3) over [s, ] to obtain

t

F()+2 / (= 013 + V028,612, + pvnl 26113, + I R1613, ) de = (),

s

where we have set
F@t):= 0017, + unll0]72 + IR161172 + (on+ ) 10201172 + 214(3,0,0).
If we take u < 7, then
F(t) < F(s). (4.4)
Now we take yu = %. By the Cauchy-Schwartz inequality
L10012, + SPI012, < 19612, + unl6)2, + 2136, 6)
S 101Gl g2 877 12 = 10tV 2 = UNvl; 2 106, 0),
we obtain a lower bound for F(t),
%natemniz + é’?2||9(t)||iz +IRODI7, + %anlazé’(t)lliz < F(@). (4.5)
Clearly, F(s) admits the following upper bound
F(s) < %nam(s)niz + %rﬂue(s)niz +IRIO@®)72 + %V77||329(S)||iz (4.6)
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It then follows from (4.4), (4.5) and (4.6) that, for any 0 <s < ¢,
l||89<t)||2 41 21012, + IR0 i3 HOD)3
2 1 L2 877 L2 1 ( ”LZ 4V77|| 2 ( ”LZ
<§||a 0(s)I1? 43 210112, + IR16()II 42 11826 (5)11%
) s L2 8’7 L2 1008 L2 4\”7 (S L2
1 1 5
<3 (Enase(s)niz + §n2||9(s>||iz + RO, + Zvnnaze(s)uiz) (4.7)

We intend to apply Lemma 2.5. (4.7) fulfills the decrease condition. We need to verify the time
integrability condition. For yu = %, we have

o0 o0 o0
/ 13612 < oo, / 1026112 dr < oo, / IR1612,dt < oo.
0 0 0

In addition, the L2-estimate

t t
1, 6) 12 + 20 / 30ull2adz + 2 f 10122dt = Il uo. 60 12
0 0

ensures that

o0
/||9||izdt < 00.
0

It then follows from Lemma 2.5 that
180175, 10172, 120017, <CA+07"
As a consequence, using the linearized temperature equation, we have
_1
luzllg2 < 10,012 + 06l 2 < CA+1)"2.
This finishes the proof of Theorem 1.4. O
We now turn to the proof of Theorem 1.5.

Proof of Theorem 1.5. Let x be the Fourier cutoff operator defined in (1.11). Taking the con-
volution of x with the velocity equation in (1.8) leads to

Bur (X 1) + (7 — v32) 0 (x * 1) — (VI (x * ) + Ri(x *u)) =0. (4.8)
Taking the L?-inner product of (4.8) with d;(x * u) and integrating by parts yield
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d
= (1O + 18200k + IR Gk )

21010, O )12 + 2011820, (x % w) 125 = 0. 4.9)
Similarly, taking the L2-inner product of (4.8) with x % u, we have
d 2 2
= (mls g + V02600132 +2@(cx ) xkw)
+ 20102 )12 + 20RO )11 — 2010, (% w) 125 = 0. (4.10)

Next we show that we can bound || Rz (x * 14)||i2 in terms of [|d2(x * u)||i2 and ||R1(x * u)lli2
Let D be defined as in (1.10) and D¢ be its complement. We further divide D¢ into two regions

01={seR: 1z0). Qr={ecR?: 151 <0 and |2 <ls11}.

Then

/|s|2' 'd“/w'x”'zdé

&
&1

IR2(x *wll3, = ’ AL

<07 [ izt +
0 0>
<o 202 xwl72 + IIR1(x * w17 (4.11)

=2
SU g

For a constant ¥ > 0, (4.9)4« (4.1 0)+x2(4.11) yields

d
a(nat(x *u)[|75 + nkllx * ull7, + v+ )20 x w7,

IR O )15 4 26 (3 (¢ * ), x *u)) + Q2 =213 (x * w7

+ vk — o 2k 102 (x * I3 + 2k — 26D R1(x * w17, + &2 x *ull3
+ 201028, (x * w)|7, <O. (4.12)

If we take
. I n 2
< I
K _111111{2, 7’ nve },
(4.12) then implies

d
3 OO +nlld G W72+ vkl d2(x * w17,

| Ri(x * w17, + 2 llx *ull3, <0, (4.13)
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where, for notational convenience, we have set

G(t) =13 (x * w172 + ncllx * ull?> + v + ) [[02(x x w7,
HIRL O # w132 + 26 (B (x 1), x *u).

We invoke the basic inequality,
26 (B (1), X xw) < k|0 (x w172+ kllx #ull?,. (4.14)
“. 13)+K2(4. 14) implies

d

G A PG+ = = o O kw17 + (v = 2o +10) [026x w1

+ (k=) IR OCr 0132 + 3 (1= e =)l 5l 0. (*.15)

If we take « to be sufficiently small, say

1 24y —
c<min] =, D pug?, — YT rtan=nl 4.16)
22 n+1 2

then (4.15) implies

d
aG+K2G§0 or G(1) < G(0)e ™ ",

Using the simple inequality
2k (95 ( ! 2 422 2
zx*u),x*u)lelat(x wu)|l72 + 267 x xully 2,
we have
D13 #1122+ Sl ullZs +vn 0200 #0125 + 1R1 (% w2 < G (o)
S 19 G il + Sl ullz + v+l (¢ * )72 1(x x> < G@).
Therefore, for « satisfying (4.16),

I * ull3, 13 G % w)ll72, 132(x % w)l|3, < Ce™ <!

with
2
Loy 1 Vn?+4n—n
C(”la‘))z mln{_,_ﬂ’va2» 5 } .
2 4 n+1 2

The estimates for 6 are very similar. This finishes the proof of Theorem 1.5. O
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