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Abstract. This paper studies the global well-posedness of the incompressible magnetohydrody-
namic (MHD) system with a velocity damping term. We establish the global existence and unique-
ness of smooth solutions when the initial data is close to an equilibrium state. In addition, explicit
large-time decay rates for various Sobolev norms of the solutions are also given.
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1. Introduction. This paper examines the global (in time) existence and unique-

ness of solutions to the two-dimensional (2D) magnetohydrodynamic (MHD) system
with a velocity damping term, namely

Qi+ @ Vit i+ VP=-V (Voo Ve), (t z, y)cRy xRxR,
Op+1u-Vo=0,

V.i=0,

tli=1 = Uo(7, y), Pli=1 = ¢o(=, y),

(1.1)

where @ = (u, v) represents the 2D velocity field, P the pressure and ¢ the magnetic
stream function, and V¢®@ V¢ denotes the tensor product. (1.1) is formally equivalent
to the 2D MHD equations given by

Qi+ - Vi +id+ VP =—1V(b]?) +b- Vb,
(1.2) Ob+i-Vb="b-Vi,
Vb=V -i=

In fact, V- b = 0 implies that b = V+t¢ = (0y¢, —02¢) for a scalar function ¢
and, with this substitution, (1.2) is reduced to (1.1). The MHD equations, modeling
electrically conducting fluid in the presence of a magnetic field, consist essentially of
the interaction between the fluid velocity and the magnetic field. Electric currents
induced in the fluid as a result of its motion modify the field; at the same time
their flow in the magnetic field leads to mechanical forces which modify the motion.
The MHD equations underlie many phenomena, such as the geomagnetic dynamo in
geophysics, and solar winds and solar flares in astrophysics (see, e.g., [2, 9, 20]).
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Mathematically, the MHD equations can be extremely difficult to analyze due to
the nonlinear coupling between the forced Navier—Stokes equations and the induction
equation. In fact, it remains an outstanding open problem whether solutions to the
2D MHD equations

Oyl + - Vi + VP = —3V([b]?) +b- Vb,
(1.3) Ob+i-Vb=b-Vi,
V-b=V-i=0

exist for all time or blow up in a finite time. One main difficulty is the lack of global
(in time) bounds for the Sobolev norms of the solutions. Adding a velocity damping
term does not appear to be sufficient to overcome this difficulty and our aim here
is for small global smooth solutions. Since the equation of ¢ in (1.1) is a transport
equation without any damping or dissipation, it is a very involved problem to establish
the global well-posedness of (1.1) even under the assumption that the initial data is
small.

The global regularity problem on the 2D MHD equations with partial dissipa-
tion or partial damping has attracted considerable interest in the past few years and
progress has been made in some cases. The anisotropic 2D MHD equations with hori-
zontal dissipation and vertical magnetic diffusion were recently examined by Cao and
Wu and were shown to possess global classical solutions for any sufficiently smooth
data [5]. Advances have also been made for the case where the dissipation and the
magnetic diffusion are both in the horizontal direction [3, 4]. Lin, Xu, and Zhang
recently studied the MHD equations with the Laplacian dissipation in the velocity
equation but without magnetic diffusion and, remarkably, they were able to establish
the global existence of small solutions after translating the magnetic field by a constant
vector ([18, 19, 27]). Their approach reformulates the system in Lagrangian coordi-
nates and estimates the Lagrangian velocity through the anisotropic Littlewood—Paley
theory and anisotropic Besov space techniques. The partial dissipation case, where
only the magnetic diffusion is present, has also been examined and global H' weak
solutions have been established (see, e.g., [5, 16]). In addition, if we increase the
magnetic diffusion from the Laplacian operator to the fractional Laplacian operator
(—A)? with 8 > 1, then the resulting MHD equations do have global regular solutions
[6, 15]. Many more recent results on the MHD equations with partial or fractional
dissipation can be found in [7, 8, 11, 12, 14, 22, 23, 24, 25, 26, 28, 29, 30].

The contribution of this paper is the global existence and uniqueness of solutions
of (1.1) with sufficiently smooth initial data (ug, o) close to the equilibrium state
(0,y). This work is partially inspired by [18]. Our approach here exploits the time
decay properties of the solution kernels to a linear differential equation which, with
suitable nonlinear forcing terms, governs the translated version of (1.1). We now give
a more precise account of our ideas. Setting

d=v+y

converts (1.1) into the following equivalent system of equations for (u, v, ),

Opu + 1 0w + vOyu + u + 9,P = — A0,

O + uOpv + VIV + v + 0y P = — At — Ay,
Oeh + udpth + vy +v =0,

Ozu + Oyv =0,

(1.4)
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where P = P + %|V¢|Q. Applying V - @ = 0 to eliminate the pressure term yields

(15) atu—l—u—@zyw :Hl,

. Opv + v+02% = I,
(1.7) Op) + w0zt + vOy + v =0,
where

(1.8) I = - Vu+ 0, A7V - (7 - Vi) — Atp Dptp + 0, ATV - (Aep Vi),
(1.9) Iy = —ii- Vv + 9yA™'V - (@ - Vi) — AY Oyth + 0,A'V - (AY V).

Taking the time derivative on (1.5)—(1.7), we obtain

O+ Oput — Orpu = F1,
04tV + 040 — Oz = Ih,
(1.10) Oty + O — Opath = Fo,
Ule=1 = to(z, y), Utl=1 = tur(z, y),

w|t:l = 1#0(% y)7 wt'tzl = 1#1(% y)7
where 17:1 = (ul(xa y)7 Ul(xa y))a "/JO = ¢0 - v, and

uy = (—U + amy’(/] + Hl)'t:h
v = (—’U - awxz/} + H2)|t:17
Y1 = (—ubet) — 00y — v)e=1,

and

(1.11) Foy =~ Vi) — 0y(ii - Vip)—1la,
(1.12) Fy = 0ylly — Oyy (4 - V),

(113) Fy = o015 + 8M(7I V¢)

The structure of the linear part in (1.10) plays a crucial role in ensuring the global
existence of small solutions. In fact, the solution kernels of the linear equation decay
in time in suitable spatial functional settings. Let us be more accurate. As detailed
in section 2, the solution of the linear equation

0u® + 0P — 0y, =0
with the initial data
(L, z,y) = o(x,y), Pe(l,z,y) = P1(2,y)
can be written as

1
@(t,x,y) = Ko(t, 830)(1)0 + K4 (t, 830) (5(130 + CI)1> ,

where the solution operators K; and K, are explicitly derived in section 2. By
Duhamel’s principle, the solution of the inhomogeneous equation

0u® + 0P — 0., P = F,
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with initial data ®(1,z) = g, 0;P(1,x) = @y is given by
B(t,7,y) = Kolt, 0)0 + Ka(t,00) (500 + 1)
(1.14) +/1tK1(t—s,8m)F(s,w,y) ds.

By letting ® = (u,v,v) and F = (Fy, F1, F»), (1.14) gives an integral representation
of (1.10). Thanks to the time decay properties of K7 and K» (established in section
2), the nonlinear parts in (1.10) remain small and the solution map is a contraction
for all time. More details will be unfuoled in the subsequent sections.

To state our main result, we introduce the functional settings. Let X, be the
Banach space defined by the norm

(3o, o)llxo = IKV)™ (o, Vo)l 2, + (V)™ (o, vo)llzy, + (V)™ (a1, ¥1)llzy,

where (V) = (I—A)z and a+ denotes a+e for any small e. For notational convenience,
we also write

Ifllg =Wfllee,.  1<q<oo.

Now we define our working space as X with its norm given by
I 9)llx = sup { < 1(9)Y @), Vi)l + 4 [V)*02

(1.15) 12 (V)uu oo + 13 (V)3Bu0thll2 + 2 | Duuatt | 2
+ 12]04]| oo + £ |(V)Opl]|2 + ]| (V) ]| oo + t2 ||amatv|\2} :

Here N is a big positive integer and € > 0 is a small parameter. For the sake of
clarity in our presentation, we intentionally avoid the tedious calculations needed to
provide an accurate range of N. However, sufficiently large N and small € > 0, say
N =20 and ¢ = 0.01, would serve our purpose.

Our main result can then be stated as follows. We use A < B or B 2 A to denote
the statement that A < CB for some absolute constant C' > 0.

THEOREM 1.1. Lety = ¢—y and o = ¢po—y. Then there exists a small constant
g0 > 0 such that, if the initial data (uy, ¢o) satisfies ||(do, ¥o)|lx, < €0, then there
exists a unique global solution (u, v, ¢, P) to the system (1.1) with

(u, v, ¢) € X, P e C([1,00); HY(R?)).
Moreover, the following decay estimates hold

— _3 _1 _1
lu@llzg, Seot™; llv®)lrg Seot™ 5 o)y Seot™5 [PO)llng, < et ™.

Ty N Ty " Ty N

The proof of Theorem 1.1 relies on the following lemma, which can be deduced
from a standard continuity argument (see, e.g., Theorem 4 in [1]).

LEMMA 1.2. Assume the initial data (do, o) € Xo. Suppose that (U, ¥) given
by (1.14), namely the integral representation of (1.10), satisfies

(1.16) [1(@, L)l x < Nl (o, Yo)llx, + QUIE, ¥)llx),
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where Q(a) > Ca® for a <1 and B> 1. Then there exists ro > 0 such that, if

|(@o, Yo)|lx, < 7o,

then (1.10) has a unique global solution (4, ¢) € X and

(@, )l x < ro-

In addition, to facilitate the proof, we introduce an auxiliary functional space, in
which more terms with explicit time decay estimates are included. Let

16 )y = I D)l +sup {1V loc + (D)0 2+ 10 (Tl

3 3 5 5
+ tllulloo + 22 [v]loo + 2 ullz + 1] Opulls + 1 Hvllz} :

Roughly speaking, the decay rates of the extra terms in the Y-norm obey the following
rules:

met_%; L2~t_%; 5w~t_%; O ~ Oypz; uw@wwt_%; Vo~ Oy ~ L.

As we show in section 3, the norms ||(4, ¥)||y and ||(@, ¥)||x are related through the
following lemma.
LEMMA 1.3. Let the spaces X, Y and their norms be defined as above. Then

1@ P)lly < 1@ 9)llx + QUIE, ¥)x)-

As a consequence of Lemma 1.3, to prove (1.16), it is enough to verify

(1.17) I, ¥)llx < ll(do, vo)llx, + QI ¥)lly).-

Therefore, the proof of Theorem 1.1 is then reduced to establishing (1.17) and our
main effort is devoted to achieving this goal. This is a long process and involves several
major components. The first consists of crucial and sharp decay estimates and four
tool lemmas on the kernels. The second are the bounds on the nonlinearities Fy, Fi,
and F5 due to treating the lower and higher frequencies of their terms differently. The
third involves the estimates of each member in the X-norm in (1.15) through the first
two components.

The rest of the paper is divided into six sections and an appendix. The second
section derives the solution kernel of the linear equation and represents the solution of
(1.10) in an integral form through the Duhamel formula. Crucial decay estimates for
the solution kernels and several tool lemmas to be used repeatedly are also presented
in this section. Section 3 proves Lemma 1.3. The rest of the sections are devoted to
proving (1.17). Section 4 bounds ¢ ~¢||(V) (i(t), V)(t))||2 through energy estimates,
which give a control of the first term in the definition of the norm of X. Section 5
provides suitable estimates for the nonlinear terms Fy, F; and F5. To obtain these
estimates, we decompose the terms involved to high and low frequencies and apply
the results from the second section and an inequality involving the Riesz transform
(Lemma 5.1). With the estimates for Fy, Fy and Fs at our disposal, sections 6 and
7 continue the proof of (1.17) by repeatedly applying the tool lemmas in the second
section and the estimates for Fy, Fy, and F». The appendix serves four purposes. It
gives an explicit representation of II; and II,. The key point of this representation
is that each term is written in such a way that it possesses as many directives in the
z-direction as possible. As seen from section 2, the more x-derivatives a term has,
the faster it decays in time. This point has played an important role in the estimates
of Fy, F1, and F3 in section 5. It also provides the proofs of Lemmas 5.1 and 5.5.
Finally, the properties of the pressure are also given here.
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2. Preliminary. This section is divided into two subsections. The first subsec-
tion derives the integral formulation (1.14) with explicit representations for K; and
K5. In addition, key decay estimates for K7 and K5 are also obtained here. The
second subsection proves several tool lemmas to be used in the proof of Theorem 1.1.

2.1. Linear operators. We consider the linear equation
(2.1) Ou® + 0P — 0., =0
with the initial data
(I)(la xz, y) = CI>0(9£, y)a (I)t(]-7 Z, y) = CI)l(it, y)
Taking the Fourier transform of (2.1) yields
(2.2) Du® + 0P + €20 = 0,
where the Fourier transform ® is defined as
b(t,¢,m) =/ eI (t, 2, y) dady.
R2
Solving (2.2) by a simple ODE theory, we have
D(t,&,m) = %(e(*%+ )y e(*%*\/ﬁ)t)é\o(&n)
e (B VIR (Ll (e ) + Ba()).
1 2 2
2¢/7 ¢
DEFINITION 2.1. Let the operators Ko(t,0.) and Ki(t,0,) be defined as

Kolt00) 7 6m) = 5 (L HVEE) 4 (V) i g

)

and

—

KA, 00)f (1, 6.m) = FVEE) (VIR ),

1 (e(,
24/1— &
where /—1 =1i. By Definition 2.1, the solution ® of (2.1) is written as

1
@(t,x,y) = Ko(t, 830)(1)0 + K; (t, 830) (5(130 + @1) .

Moreover, consider the inhomogeneous equation,
(2.3) 0® 4+ 0:® — 0., P = F,

with initial data ®(1,x) = ®g, 0;P(1,2) = ®;. Then we have the following standard
Duhamel formula,

1
(I)(t, Z, y) = Kg(t, 8r)q)0 + Kl (t, 8I) (5(1)0 + (1)1)

t
(2.4) + / Ki(t —s,0,)F(s,z,y) ds.
1
In the following, we present some decay estimates on Ky, Kj.

LEMMA 2.2, Let Ko, K1 be defined in Definition 2.1. Then for any o > 0,
l1<g<oo,i=0,1,
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@) (€Kit )| e
2) oK, |\Lg<m§%>5<t>*1w;
(3) [Ki(t, ) S e % for any €] > }

(4) ()0 Ko (t,6)|. [0 K (1, €)] <o b for any HER S

Proof. Since the decay properties of the operators Ky, K7 are distinct between
low and high frequencies, we will split the frequencies into the following two parts:

1

1
< —.
€l < 5 |§|>2

In the following, we will analyze the two parts separately.
Case I: [¢] < 3.
According to the expressions of Ky, K as follows

I/{\O(taé-) — %(6(7%+\/ﬁ)t + e(iéfﬁ)t)

and

f{\l(m):#(e&%ﬂ/ﬂ I SVE: £2>t)

Then we get

Therefore,
€| Ko(t,€) < [€]e™* < (1) F;
Il Rott- sy < [ Rt < [

jloet de < () 7RO,
lel<3 lel<3

So estimate (1) of Lemma 2.2 for K follows from interpolation. Moreover,

(2.5) Ko(t) = —%Ko(t) + (% + &m) Kq(t);
(2.6) Ra(t) = Ko(t) — 3Ka (1)

Thus,
Ot = 3Rl + (- €) K9
@1 = (VI - eI (T 1)l VI
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Since 1 — /1 — 4€2 < 4¢% when [¢| < 3, we have
[0:Ko(t, )] < JePe + e
Roughly speaking, 8,5[/{\0(t, &) ~ 52[/(\0(75, £), and thus we have

|01 Ko, ) S

')”Lg(mg

1
2
Similarly, we can obtain

0< K (68) <e ' [OE (O] SIefe™ +et

Thus for K7, we have the same estimates as K. Hence, we deduce estimates (1) and
(2) of Lemma 2.2.

Case II: [£] > 1.

For this case, the expressions of Ky, K7 can be written as

Rolt,€) = 5 (L3I D (D))

and

I/{\l(tvg) = ;(e(’%ﬂx/@)t _ e(%—i\/@)t)'
2i\fe2 — 1
By virtue of the expression of Ky, K7, we then get, for any || > %7
|Ko(t,6)|, | Ki(t,6)] S e 2,

Further, by (2.6) and (2.7), we also have

)

(€)1 0 Ko (t,€)|, |01 (1, €)] S e 3.

Hence we complete the proof of Lemma 2.2. d

2.2. Tool lemmas. To prove (1.17), we need several lemmas. In the following,
S denotes the Schwartz class and || fllzzzs = || fllzs|| -
LEMMA 2.3. Let K(t,0,) denote a Fourier multiplier operator with
|B .0, < oo
Then, for any space-time Schwartz function f,
29 1,011, % IR, 10051,

Proof. For any g € S(R), we have

(2.9) gl ooy S N9 llLr ) or 9]l Lrr)-
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Then, from the inequalities above, we get

1560005y S K00,
< K00, ],y

<|IEw o700,

1
Ly

S IRy |17 @60 e

L
5 H[/E(taf)ulll Hayf(tvxay)HL1
3 z

= 1ROl 001,

1
Ly

This proves Lemma 2.3. d N
LEMMA 2.4. Assume that ||K(t,-)HLm is bounded. Then, for any space-time
Schwartz function f, and any € > 0,

(2.10) 152,00 F|| o, S INE O e [06(7)F 1 -
Proof. By (2.9), Sobolev’s inequality and Plancherel’s identity, we have

15500 g S 1K (20200 || ey
S (15 (1,0)0y (V)22 £ 1 1

= [ o7 @) e vl

1
Ly

S IR Ol [17@ 2 e n e v,

Ly

= B9, |02 f 8290

SIEEO] o 1069 Al

1
Ll/

This proves Lemma 2.4. d
As a special consequence of Lemmas 2.3 and 2.4, we have the following corollary.
COROLLARY 2.5. Let K(t,0,) be a Fourier multiplier operator satisfying

102K (.13 g13) <000 KGO g2y <000 @20,
Then, for any space-time Schwartz function f,

10Kt 00)f | S (Ha%K(faﬁ)HLé(\g\g%) + HK(ES)HL?(\g\z%))
(2.11) x H<v>a“+fayf}y%.

LEMMA 2.6. Assume that HIA((L‘,-)HL2 is bounded. Then, for any space-time
Schwartz function f, and any € > 0,

(2.12) 15t 00) 1|2, S IE @O 191279 f s -
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Proof. By a similar manner, we have

|K@® 005, = [IKEOFesEED] 0,

S Hf((t7§)||Lg H]:Ef(tvgay)HL?‘ o

.00,

SIR@O V1) Al

S Hl?(tvg)HLz

This proves the lemma. a R
LEMMA 2.7. Assume that ||K(t
Schwartz function f, and any € > 0,

,-)HLOQ is bounded. Then, for any space-time

(2.13) 15t 0) ] o S IE )| 19137 0) 221,

Proof. By a similar manner, we have the following.

|K® 098], = [IREOFeFEED] e,

SIR @O,z [IF7ert e,z
= B9 | £E2 s |,

S IR O V13342,

This proves the lemma. d
Combining Lemmas 2.6 and 2.7, we have the following.
COROLLARY 2.8. Assume the Fourier multiplier operator K (t,0,) satisfies

102K aeresy < o0 1RO eoyy <00 @20,

(€1<3)
Then, for any space-time Schwartz function f, and any € > 0,
HafK(t,@z)fHLi ~ (H@ K t 5 HL2 (1€1<3) + Hf((tvg)HL?(\gpl))

=32
(2.14) @y,

3. Proof of Lemma 1.3. This section provides the proof of Lemma 1.3. More
precisely, we show that

1@ P)lly < 1@ 9)llx + QUIE, ¥)]x),

where X, Y, and @ are defined as in the introduction.
Proof of Lemma 1.3. First, we recall the basic inequality

(e, Wiy < lallis 10015 10,011 32 920,913

S ||<V>3xglligy||<V>g||23y-

(3.1)
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We now estimate each term in Y and start with the terms related to ¢. By interpo-
lation,

920,005, 2, 9z, S 1OV *0uatll i (V)26 2
“H@ )% s I 0
(3.2)

By (3.1) and (3.2), we obtain

(33)  IV)20ub(s, 7 wllezy S NV 0matlfa (V200,57 M )]l
and
(34) V205, 2 Wl < IV0tls VP61 Ee < 5™ 0)llx.

The other terms in Y are a little tricky. We first construct the following two
inequalities, for 7 =1, 2 and some 0 < a < 1,

(3-5) (V) llz < ™ T 1, )15 (@, )5
(3.6) Illee < 57201, )N l1(a, ¥)I%

Since the cases 7 = 1 and j = 2 can be treated in the same way, we only deal with

the case j = 1. According to the expression of II; in (A.1),

V) ILl2 < 1(V)oll2 [KV)zullsc + [{V)0lloc V)2 ullz + (V)* ]2 [(V)?Out) [l
+I(Vhullz [{V)Bzullos + [V )ull2 (V) 8zl + (V) Duatllo 1(V) ]2

= I1 4+ Iy + I3 + remainder terms.

<y

S

The first three terms I, I, and I3 are typical of the terms on the right, and the
estimates of the remainder terms are similar to them. Therefore, we shall only present
their estimates.

-+

1
V>NUIINH Iz ™ (V) 0rulloo
&  —5(1—L)/~ 1I-% _1y/=
@Y - s 1@ )y ¥ - sTH@ ) x
5.1« 1-L 1+4
TN )y Y @ )lx
_5 : 1+ %
i@ w)ly ™ - l@ I,
where € > 0 is a small parameter and /N has been chosen large enough. For the second
term, by interpolation we obtain

= [[(V)vlloo [[(V)?ul2

1+ == 1— ==
S (VYMoll; = T olfos ¥

1—c . . — _3(1—1=e - 1- =5 —
< ¥, )| s~ EORE |, )y s )
1— £
1

1@, )l T - (1@, )]l >

w

o

A

S
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By (3.3), we have

Is = [[(V)20|2 (V)20 00 S s~ 1(I(@, )l x - s~ Y(@, )l x S s~ 5@ v)]%-

Thus, we have obtained that, for some a3 € (0, 1),

(VL2 S ™81 (@, )5 1@, )15

Through similar computations, for some as € (0, 1), we can get

(V)DuT0 |5 S s~ FI(a, ¢)]15% 1@ w)15*.

Therefore, by Nash’s inequality, we obtain, for some « € (0, 1),

5 3 —3 /= —a|( o
M [loe S (V)OS (VT3 S 572 1(@, )5 1@ )5

Thus we complete the proof of (3.5) and (3.6).
Now, using the inequalities (3.2), (3.3), (3.5), and (3.6) with j =1 and (1.5), we
have for small ny > 0, s > 1,
[ulloe S NlBsulloo + [{V)Orthlloo + [T [loo

< 5@ )llx + sTH@ 9)llx + s~ E @ )@, )13

o

< s D) lx + Clno) 1[G, $)IE™) + 5™ noll (3, )]
llullz S [|0ull2 4 [[{V)0xtl2 + |12
SsTi(@ v)|x +s71(@ 9)llx + s i@ ©)$@ v)IEe
S s71(I(@, ¥)llx + Clmo) (@, ¥) |5 ™) + s~ Lnol|(@, )|y
18zull2 < 1180rull2 + (V) zattl2 + |81 |2
S IHV)ulla + [1(V) et |2 + [[(V)IL |2

S Vsulla + (V) natdll2 + s~ ||, )| 11(iE, )15
< s (@ )| x + Clmo) (@, w15 ) + s~ Tnoll (@ ¥)|ly-

Similarly, by equation (1.6) and inequalities (3.3), (3.5), and (3.6) with j = 2, we have

lolloe S s~ (E ¥)lx +Cno) 1@ W5 ) + s~ Hnoll(@ )l
Ioll2 S s~ (1@ ) x + Clno) (@, $)1X) + 5~ Tnoll i@, )y

Therefore, collecting the estimates above, we prove that

1@ Dy S 1@ B)llx +noll@ &)y +Clono) (@ V)5

Choosing 7y small enough, and noting that f:—g > 1, we get

1@ )y < 1@ ¥)lIx + Q@ ¥)llx).
This completes the proof of Lemma 1.3. O
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4. Energy estimates. The rest of the sections are devoted to proving (1.17),
namely,

1@, ¥)llx < (T, ¥o)llx, + QI ¥)lly)-
This section shows that the first term in the definition of the norm of X obeys this

inequality.
For this purpose, we first show that, for any real number o > 0,

d L2 o712
(e + [1w)7 517,
(4.1) S (vl + 19803 ) (1K7)7 13 + 169)7 513 ).

To do so, we take advantage of (1.2), which is equivalent to (1.1). Applying (V) to

-,

(1.2) and taking the inner product with ((V)7a, (V)°b), we obtain, after integrating
by parts and invoking V -« = 0,

1d 9 i o
L (kw7 + @B + oyl
= — /[<V>U’ﬁ. V)i - (V)7 @ dady — /[<v>0’ﬁ- V]g <V>Ugdxdy

—

(4.2) + / (V)75 V] (V)7 dady + / (V)75 V)i - (VB dady,

where we have used the standard commutator notation
(V)7 a-V]d= (V)" (d-Vi) —u-V(V)u.

By Hélder’s inequality and a standard commutator estimate, we have

<[lkw)7 @ vidll . (V)7 .
S V)7l IVallz= [|(V)7al] .,

moreover, for some constant C' > 0,

‘/[<V>",5- V)i - (V)b da

< w78 9] [ (V)78 o

S (7 all 2 198l e + [[(9)7Bl| 2 19 e ) (V)] o

IN

1 . > - o7
2193, + C(IVB~ + IVl ) [(9)75] 7.

The other two terms can be similarly bounded. We obtain (4.1) after we insert the
estimates above in (4.2). Setting 0 = N and integrating (4.1) in time, we obtain

t
19)¥ @B < o, o), + [ (Ve + VB - [(9) @B .

To bound || V||, by the definition of Y,

IVB()I7 S IV () S 571 IICE $)]3-
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Also, we have
IVa(s)|| L < [|Vu(s)|o= + [[Vo(s)llz= < s7HI(@, )]y

Therefore,

t
(V)Y (@, 5)|[72 < 1o, o)1, +/1 (s)7 %= ds (I (@ ¥)lly + (@ ©)IF) 1, )15
< (o, vo)li%, + = (1@, ¥)I} + 1@ )IY).

This proves that

sup (¢ [(V)V (i@(t), Vi) [l,) S (o, do)llx, + (1@ DI + 1@, )[1§)7.

t>1

5. Estimates of nonlinearities. This section estimates the nonlinear terms
Fy, F1, and F», defined in (1.10). These bounds will be used in the proof of (1.17)
given in the subsequent sections.

We will use the Littlewood—Paley projection operators. Let ¢(£) be a smooth
bump function supported in the ball |£] < 2 and equal to one on the ball || < 1. For
any real number M > 0 and f € S’ (tempered distributions), the projection operators
can be defined as follows:

Paarf(€) = o(¢/M) f(£),
Porrf(€) == (1 — (¢/M)) f(£),
Parf(€) = (6(¢/M) — ¢(26/M)) f(€).

We also need the following estimate involving the Riesz transform R.
LeEmMMA 5.1. For any € > 0,

(5.1) ||Rf||L;y N |||V|76<V>26fHL;y'

The proof of Lemma 5.1 is presented in Appendix A.2.
LEMMA 5.2. For any s > 1,

(5:2) (V) |V [2~Fi(s Mz, s Q@ )lly),

where € is same as in Corollary 2.8, and € is same as in (1.15).
Proof. By definition (1.12),

(5.3) Fy = — 0,0, (u0,0) — 0,0, (v 0y0) + 0411,

where II; is explicitly given in Appendix A.1. Since Fj is a quadratic nonlinearity,
we write

Fy = Fi1(u,v) + Fia(u,¥) + Fi3(v,¥) + Fia(u,u) + Fi5(v,v) + Fig(¥, ),

where F11(u,v) is a collection of the terms which contain the unknown function (u, v),
and Fio,---, Fig are similarly defined. To bound these terms, wesplit F} into low
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frequency and high frequency parts. More precisely, for small § > 0 to be specified
later, we write

(54) Iy o= Fl,high + Fl,lowa
where

Fl,high - Fll ((]‘ - P§S5)uav) + Fll(Pgsci’U/, (1 — PSSJ)’U) + .- ,
Fiiow = Fll(P§s5u7P§56’U) R

that is, each term in Fi j4, contains at least one high frequency part and the terms
in F1 0w involve only low frequencies.

Although the number of the terms in F} is large, they can be treated similarly.
For the sake of clarity, we shall only present the estimates for a representative term.
That is, we write

90,
A

(5.5) F = (9yth 0,0y1¢) + similar terms.

We now focus on the representative term a”f-” (0y0020,1). Asin (5.4), we split it into

high and low frequency terms. First, we deal with those involving high frequencies,
which can be treated in a standard way (see [17] for some related analysis). We focus

on ayAay (8t 850, P> s1y) and by (5.1),

(9 (V=2 5,1 0,0, P o) o
S [l @ 00, p )|,
s|wrewoorzsun)],,
s|raw],, 100, Pewinly, + 11008l V1000 P20,
s, [ resnl,, -

ry

Since ¢y = —v — 4 - Vb, we have, for large enough N,

H<V>8st“ﬁt‘

S H <V>SPZS‘S/U

]Lg + H<V>SP255 (@ w)‘

L2

Ty

Lgy
<TI0l 4+ (9N (@ V)]s )
SN[V + [V, - [V, )
S s (1@ w)ly + 1@ )13 ).

Therefore, combining the above two estimates, we obtain that

9y

1 a 3
(771912 (0,0 0,0, Pr ) || S 57EQUIE W)lIy).

’ 1
L,
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Now we turn to F jo. Again, using (5.1), we have

9y 0y
A

8,0
B P15 (0 Pegstd 00, Pegotin) ‘ y

zy

H<V>5|V|%*E (ayPgsawamayPgsawt)HLl

ry

= |(wwit

< H (V)26 V|32 P_ s (8 Pe st 0,0, Pe ystir)

~

s,
< 5910, Pessts 80, Pesstil|

S 50y Pess ]| 5 (1020 Pesothe]] 5
(5.6) SNl e 100l s -

Now we need the following estimate:
(5.7) |00t 2 < 572 (I@ D)y + QI ©)v))-

Indeed, by equations (1.6) and (1.7), we have

04l 2, S 19slle + 10:(@- V)1l

S N10:8vll2 + 1059112 + (|0sull2 + 10:0]12) I{V) ]|
(5:8) + (lulloe + [19lloe) 1{V) Oatll2 + |02 1L |-

As in the proof of (3.6), we have

[0:TL2ll2 < 52 QI ¥)lly)-
Then, (5.7) follows from (5.8). By (5.6) and (5.7), for any 85 < 1 — £, we get

9y0y

(RN R

(3ypgs“/) 313yP§551/)t)

< 85 —T — 2
T (G
_3_ -
<57 E2QI@, vy )-

This proves the lemma. d
LEMMA 5.3. Let €,e be the same as in Lemma 5.2. Then for any s > 1,

(5.9) K21V Fel,, <572 7QIE, ¥)lly)-
Proof. As before, we write

Fy = 0l + 0,0, (ﬁ Vw)
0,0 -
(5.10) = _2Ty (0yth 0,0y1¢) + similar terms.
Since (5.10) has a similar form to (5.3), we have the same estimate as the one for Fj.
The details are omitted here. O
The nonlinear term Fy behaves quite differently from F}, F», indeed, we have the
following.
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LEMMA 5.4. Let €,e be the same as in Lemma 5.2. Then for any s > 1,

(5.11) () =42V Rl <57 2@ w)ly);
(5.12) ¥V E|,, <572 QUIE ¥)lly):
(5.13) [(7)*Vo. R, S s7372Q(I(E ¥)lv)-

Proof. By (1.11), combining with (1.5) and (1.6), we write
Fy=—(d+u) Vo -1l —u- Vi
= - HQ - 8128@;1/) 8121/) - Hl az¢ + 83"/) ay¢ - HZ 8@;"/) —u 890"/% —v ay¢t
020y

(5.14) = A (0y1) 0,0,0) + similar terms.

We also write
Iy = Foiow + Fo,highs
where
Fo10w = Fo(P<gsu, P<gsv, PSSM/J).
We only consider Fj o, since the part Fy nign can be treated the same way as in the

proof of Lemma 5.2. We need the following lemma.
LEMMA 5.5. Let a > 0, Ng > 0, then for anye >0, f € S,

The proof of Lemma 5.5 is presented in Appendix A.3.

(5.15)  [|IvI*(w)

SN N0 17+ (V) T Du |y -

1
L,

To prove (5.11), we use Lemma 5.5 for o = § — € to get
|93 4291t <20 (0, P 020, Peoit)|
149¢ " 1_2¢
2 2
< |0y Pess o 020, Pessv C e 0y Pese 20, o) |
xy zy
+ H <v>6+2€8z (ayPSSm/) 8z8yP§85 ¢) HLl .
zy
By Holder’s inequality, we have
H8yP§s5¢ 3wayP§s“/)HL1 S Haypgs“/’HLgyHaraypgs5¢||L§y
xy h
(5.16) <0l Nl e, < 2 @ -
Moreover,
’ 0, (8 Pyt 0,0, P< ys)) HL
zy
< 10.0,Pesstly, + [0, Pecstl 1020, st
S 825}’3x¢”i§y + S26H¢||L§y”‘92¢”L§y
(5.17) <2 |@ )|l
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and using (5.17),

[(V) 0720, (0 P< g5t 050, P< s )

HL}W ~ S(6+26)6H8I (8ZJP§S“/) azaypﬁs“r/)) HLl

(5.15) S @)y
Therefore, combining (5.16)—(5.18), we deduce that, for any § > 0 satisfying 9 +
e< 3,
5 l—ea (9 —1—e||(7 2
[V =R 0, Pesv 0.0, Pesv) | S 57 (@ )]
y

For (5.12), we only need to prove

|99 %% 0, P 0.0, o) < s H=QUIE )y,
By Lemmas 5.1 and 5.5 for « = 1 — ¢, and by (5.16)—(5.18) we have
(V)*V 88(8R@waaR@wH

00y

zy

A

(V)72 |V o= (aR@waaa@wH

Hl 2e

6R@waaﬂgﬂ]\

(8 Pe st 0,0, P< 1))

A

+ H V)20, (0y Pegs ) 000y Pessth) HLl
Ty
< (s 26(20-1)+(1-2¢)(20-3) | 595_%)||(17, WHQy
<s” 2JrEH i, ) H?/

This gives (5. 12) To prove (5.13), we only need to prove
|99 %00, (0, vt 0.9, Perv) ), 257 vl

Again, similarly as for (5.17), we have
AT 2
‘ w(ayP§86¢ 8I89P§S(”f/)) HLl /S 826 4 H(uv ’lr/))
zy

[
Hence, using this estimate and (5.17),

oo a
(V)P V L, (8, Pe st 0,0y P ysth) HL
5+2¢ 1— 68 8
< (w2, (0, Pe v azaypgsw)‘ §
2e 1—2e¢
< |02 (8, P< oy 8I8yP§Sa¢)HL1 |02(0, Pasv amaypgsw)HLl

+|[(9)5202 (8, Pt 020, Pesor)

zy

(826(26—%)#1*26)(25 ) 4§97 )H Hi

AR A

3
R
72 |@ )y

where § > 0 and satisfies 96 + ¢ < §. This gives (5.13). This completes the proof of
Lemma 5.4. a
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6. Estimates of |[(V)0z2%||0os ||0¢i]|ccs ||{V)Ox||eo- This section contin-
ues the proof for (1.17). For the sake of clarity, we divide this section into subsections
with each devoted to one of the terms. The tool lemmas in section 2 will be used
extensively here.

6.1. Estimate of ||[{V)0z2%||co- Using the Duhamel formula, namely (2.4),

t
U(t, z,y) = Ko(t, 0x)%0 + K1(t, 0x) (%1/10 + wl) + / Ki(t — s, 0;)Fy(s) ds.
1

For notational convenience, we may sometimes write Ko(t) for Ko(t, 0,) and K(t)
for Ki(t, 0;). Therefore,

491 0setle S I09)0e K0l + ()01 0) 500+ 1)

1L (910K 1 ol
By Corollary 2.5 and Lemma 2.2,
(V)0 Ko ()0 | oo
S (Hmw §)|\L§(|g|§§) + || Ko (t, 5)”L§°(|§|2%)) ||<V>2+58m8y7/)0||L;y
S +e ) [V oy, SE3(V) e x,-
Since the estimates for Ky and K, are the same, we also have

910501090+ 91 ) e 5 H 914 (G0 400 )

Moreover,

/1 <v>awwK1 (t - S) Fo(S) ds

oo

S /1 ||811K1(t - 5) <V>F0(S)HOO ds

(6.1) S /1E |05 K1 (t — ) (V) EFo(8) |00 ds + /1 |0, K1 (t — s) (V)0p Fo(s)]l oo ds.

Now we consider these two parts separately. By Corollary 2.5, and Lemmas 2.2 and
5.4,

[ 10Kt = 5) (V) Fofs) s
1
S /1 (10 K1 (8 = 5, )l Lqer<y) + 1K1 =5, Ollzeqei= ) IVVY T Fols)llny, ds

S [T V@R, ds
: .

< /§<t—s>*%s*%+€ds-cz<||w, Blly)
1
<t 2Q(II(@, ¥)lly),
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and
[ loite— @m0 i

2649

t
S [ (1902 = 5, Ol g gy I =0 Ol o 1124 VIV O (5)l s, s

< / (t— )L ds Q1@ ¥)lly)

2
3

St Q@ v)lly).

Combining the estimates above, we obtain

sup (12 [[(V) 0o (1), ) < 1o, 0)lx, + QU )lly)-

t>1

6.2. Estimate of ||[(V)0;il|co. Using the Duhamel formula and noting that

K1(0) = 0, we obtain
. . 1 t,
Oru(t, x) = Ko(t)uo + K1(t) (§u0 + u1> + / Ki(t — s) Fi(s)ds,
1

then we have

10 <R ol + 1K) (104101 )

t
[ Fatt =) (VB dslo
1
For the linear parts, by Lemmas 2.2, 2.3, and 2.4, we have
1Ko(t)(V)uollrg S 1Kot )|y ez 10V huoll 1,

+ H<5>_1K0(taf)HLgoqgQ%)||8y<v>3+€”0||L;y

<Ol
Also, we have
. 1 : 1
B0 (o + 00 ) sy S 0% 0994 (Guo ) -

For the nonlinear part, by Lemma 5.2 we have

t . t —
| fatt= DR sl < [ (16 -5 Ollyess

+ (| Bt — s, f)”LgO(\g\Z%)) VYV () 11, ds

3

s/l t— sy 4 s~3ds- Q(I(@ ¥)lly)
<73, ¥)v).
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Combining the estimates above, we deduce that

sup (42 (V)du(t)]|, ) S 1l (Go, v0)llx, + QI %) )-

t>1

Similarly, by the Duhamel formula, we have

. . 1 L
o(t, x) = Ko(t)vo + K1(t) <§Uo + 'Ul) + / Ki(t — s) Fa(s) ds.
1
Using Lemma 5.3 instead, it obeys a similar estimate as the one for u. Therefore,

sup (#[[(V)2u(0)].. ) o, vo)lx, + QI ¥)lv)-

t>1

6.3. Estimate of ||8,(V)W(t)|loo. The estimate for ||0,(V)u(t)|leo is similar
to that of ||0;(V)u(t)||eo:

102 ()0l 5 105 Kot} (ol -+ 1051605 G+ ) I

+ / 0, K (t — 5) (V) Fi (5) ds]] o

< 71 (o, vo)lx, + QU@ ¥)y)).

[|02(V)v(t)]|oo can be bounded similarly as the one for ||0,(V)u(t)|eo. We omit the
details. Thus,

sup (¢ [(V)2,(1)]| ) S (o, o)l + QI ¥)lly).

t>1

7. Estimates of |[[(V)?¢]2, [(V)?02%]l2, [183¢]|2, [(V)drill2, and
820¢v]|2. The estimates of [(V)*¢ll2, [[(V)?0Z%l2, 03¢ ]l2, [[(V)Oyid]l2, and
||[00:v]]2 can be similarly obtained as in section 6.

By Lemma 2.2, Corollary 2.8, and (5.11),

90l S 1K)} bulle + 1 9 (601 ) e
+l [ B = () ) dso

< (T g oy, +|<v>4+fu1||Liy)+/1t(llf?1(t—sa Ollczqei<t)
+ K1t = 5, O)ll ez 1) | VIET=(V)EF2Fo(s) |y, ds

<1 H o, vl + | - syt imds- QUIE B) )

< 4 (|I(@o, vo)llx, + QUIE, ¥)|Iv))-
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We define a Fourier multiplier operator |0,|%, a € R as

10,1 (2, ) = / EHVN ]2 F(¢, ) de di.

Then as before, by Lemma 2.2, Corollary 2.8, and Lemma 5.4, we have

(71200l < 102Ko(e)(5)*ball + 10282 (X9 (G -+ 1 ) ol

t
y / 2K, (t — 5)(V)? Fo(s) ds| 2
1
SRV 2ol + (V) F |z )
+ / ||8§K1(t — S)<V>2F0(S)HL2 ds
1

t
+/ 110213 72 K1 (¢ = 5)(V)2|0u | T2 Fy (s) ] . ds
2
5 N % —
< G )l + [ (18R (¢ = 5. Ollzgei<s)
= 1_ 11
FIRL(E = 5 )l ez ) | IVIES(V) 2 Fy(s)]| 1y, ds
t 5 o —
5—2¢
+L (H|f|2 Ki(t - s, §)||L§(|§|§%)

2

+ || Kt - s, f)HLgoqglz%)) (V)2 V Fo(s)l| 1, ds
< t73(@o, o)llx, + /f<t — )15 0ds - (I, w)ly)
t 3
+ / (t— )1 s~ 3 eds . QU@ ) lv)

St (|0, vo)llxo + Q@ ¥)y))-

Now we consider ||021)]|o. Similarly as above,

o0l 5 lo2Kale)snla + 102 0) (500 + v ) I

t
y / DK (t — 5)Fo(s) ds]| 2
1

s

2
S t_%(||<V>4+€uoHLiy + (V) | ) +/ 103K (t — 5)Fo(s)| 2 ds
1 ’ 1

t
" / 102~ Kt = 5)[00]2 2 Fo(s)|] 2 ds.
%
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We proceed in the same way as in the previous estimate:

02l 5 5. vollx, + [ 0= F IV =R,

t

+ [ (=) VOV TR Ly ds

o

<t (do, Po)llx, + /1§<t—8>*% s 7% ds - Q(II(@, ¥)lly)

+ [a-sre s i Qi@ )

3
< 72 ([I(t, vo)llx, + Q@ ¥)lly))-
We now bound [[{V)d,i||2. By the Duhamel formula,

(V)02 S [[Ko()(V)uollz + || K1 (£)(V) <%U0+u1> I
+H/1 Ki(t — 5) (V) Fi(s) ds|],.

By Lemma 2.2 and Corollary 2.8,

BTl + 13 () G+ )

S (9 2uolly, + 109)* s, )

By Lemmas 2.2, Corollary 2.8, and Lemma 5.2,
||/K1t—s V) F(s) ds),
1_
/1 (1t = 9)lizqer<s) + 1B = 9z qers ) ) [T IV Ri(s)]

5/1 (t— syt s dsQ((@ v)ly)

Therefore,

190l S 5 (1| o, t0)x, + QI ¥)Iv))-

Similarly,

(71010l % |Ro(e)( ol + KA (o001 ) I

+H/1 Kl(t—s) <V>FQ(S)dSH2
< 5 (| Gido, vo)llxo + QU ¥)lly))-
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Moreover,
. 1
100002 < 1 Ko(t)duvolla + | K1 (6)2 (ﬁvo +v1) e

t
+ ||/ 81K1(t—s)F2(s)ds||2
1
-3 € €
S 2V ooy, + (V) * oullrs,)

t
s [ama | R, b
1 Y

SR, ol + [ (=975 QUIE D))
<73 (|| (o, o)l xo + QU@ ¥)]v)).

Appendix A.

This appendix serves four purposes. It gives an explicit representation of II; and
I, which has been used in the estimates of Fy, F} and F5. It also provides the proofs
of Lemmas 5.1 and 5.5. Finally, the properties of the pressure are also given here.

A.1. Another expression of II;, j = 1, 2. This subsection writes out each
term of ITy and Il explicitly. IIy and Ils were previously represented in vector form in
(1.8) and (1.9), respectively. Our key point here is that each term is written in a way
as to possess as many directives in the x-direction as possible. As seen from Lemma
2.2 in section 2, the more x-derivatives a term has, the faster it decays in time. This
point has played an important role in the estimates of Fy, F}, and F5 in section 5.

I} = — udyu — v0, u—|—a Y (udyv) —
Oz

Zy (v0yu)

aﬁl)il}
+ T(uaru) A ( )_ z¢8rr7r/) Oz 0yy
Oz Oy
(A1) T( Oy p0rath) + T( Oy Ouyt) + ( 02 0z20) + ( Oatpyy1h),
and
Iy = —u0v — vOyv + —= Ouy ( Ozu) + 8Zy (vOyu)

+ 9 (d,0) + %va o 0t
+ 20,0050,) + B20,,260,8) + P22 01000:0) + L 0 000)
= 2 ) — 22 (w0 0) + 22 ) - P a0) — P2 0, 00,0)
= 20, 0,0) + 5 2 00.0) + 2 0,00,0) — B 0,00,
= %(u@ v) + Oy (uv) + 28A (uOyu) — am (5m¢ayz/1)
(A2) 2% 0,000) + L (OupDert) + ayy( 0y00ut) + 22 (0,0,
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A.2. Proof of Lemma 5.1. It is easily followed by the Littlewood—Paley de-
composition. Indeed,

IRf, < X2 IPuRA,, + D [PuRE| L,

M<1 M>1
<D Pl + Y2 1Pl
M<1 Y M>1

S D0 MPaIV F Y MRS

M<1 ) M>1
S IV @)% -

This proves Lemma 5.1. d
A.3. Proof of Lemma 5.5. By the Littlewood—Paley decomposition,

Oy 3
[T ED Sl R B SR TR LW
M<1 YoMt oy
< D MMV Parf | [0a Pard ||
M<1
+ Y MWt Py |
M>1 o
S D0 MO (P f [ A ()T D P £
M<1

< Hle aJreHax'f”(zg: + H<v>Nofl+a+eawaL}ry'

This proves Lemma 5.5. a

A.4. Properties of the pressure P. First of all, by applying V - @ = 0, we
have

V- [V (Voa Vo +i®i)
—-A
V- [V (VY@ VY +id@ad)
_A :
Therefore, for any ¢ > 1, by Sobolev’s inequality,
POy S NOyvlla~ + IV @ V| ga + || @ | gx
SIVOlay + IVYllool Vel y + [l oo ll ]| 7

Sl )y + @ )Iy)
<eptt.

P =

= 20,1 +

This implies that P € C([1,00); HY(R?)). Furthermore,
IPM)llse SN0y¢lle + (V) (VY @ VO)ll2 + [{V)* (@ @ @2
SIVEllss + VY292 Voo + V)@l 1| o
St (@)l + 1@ w)IF)

< 60257%.
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