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Precise large-time behavior of physical quantities plays a
crucial role in understanding many physical phenomena.
For partial differential equation (PDE) models with full
dissipation, powerful methods such as the Fourier-splitting
technique have been developed. However, these methods may
not be applied to PDE systems with only partial dissipation.
This paper offers new ideas on how to obtain precise large-time
decay estimates on a partially dissipated system. We examine
the d-dimensional incompressible Oldroyd-B model without
velocity dissipation and with only fractional diffusive stress.
The discovery here is that the coupling and interaction of
the velocity and the non-Newtonian stress actually enhances
the regularity and the stability of the system. Without the
stress, the Sobolev norms of the velocity could grow rather
rapidly in time, let alone decay at explicit rates. Making
use of the interaction, we deduce a system of damped wave
equations obeyed by the velocity and the Leray projection
of the divergence of the stress. By constructing a suitable
Lyapunov functional, we are able to control the growth in
the derivatives and extract explicit decay rates. The optimal
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decay rates are established by representing the wave equations
in an integral form and applying a bootstrapping argument.
© 2021 Elsevier Inc. All rights reserved.

1. Introduction

Let d > 2 be an integer. Consider the initial-value problem for the d-dimensional
Oldroyd-B model

du+u-Vu+VP=V.-7, zeR% t>0,

T +u- V7 + (=21 + Q(r, Vu) = D(u),

V-u=0,

u(z,0) = up(x), 7(x,0) = 710(2),
where u(x,t) = (u1(z,t),...,uq(x,t)) denotes the velocity field of the fluid, P = P(x,t)
denotes the pressure, 7 = 7(z,t) denotes the non-Newtonian part of stress tensor (a

symmetric matrix), and 7 > 0 and 8 > 0 are parameters. Here D(u) is the symmetric
part of Vu,

D(w) = 5(Vu+ (Va)")
and @ is the following bilinear form
Q(r,Vu) = 7Q(u) — Qu)T + b(D(u)T + 7D(w)), be[-1,1]

with Q(u) being the skew-symmetric part of Vu, namely
1 T
Qu) = §(Vu — (Vu)').

The fractional Laplacian operator (—A)? is defined through the Fourier transform,
namely

(CAVFE) 2 [€2°F6).  Flo) =)~ / e f (o).

Rd

Sometimes we write A = (—A)2 for notational convenience.

The Oldroyd-B equations govern the motion of a class of complex fluids such as a
solvent with particles suspended in it and have become one of the most studied models
in viscoelastic flows (see, e.g., [1,27]). The Oldroyd-B model in (1.1) is a system coupling
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the forced Euler equations for the velocity with a kinetic description of the particles.
When the fluid viscosity is small or Reynolds number is large, the Euler equations serve
as a good approximation for the fluid motion. The equation of 7 contains no damping but
dissipation given by a fractional Laplacian operator. When the Weissenberg number is
large, the damping is negligible. The fractional Laplacian dissipation (—A)? with 3 >0
includes the standard Laplacian as a special case and is physically relevant to nonlocal
interactions. Mathematically the fractional dissipation allows the study on a family of
equations simultaneously and gives us a broad view on how the behavior of solutions
changes as the dissipation power varies.

The goal of this paper is to understand the large-time behavior of solutions to (1.1)
and provide optimal estimates on the decay rates. The Oldroyd-B model examined here
involves only partial dissipation with the velocity equation being inviscid. Large-time
behavior plays a crucial role in understanding many physical phenomena and powerful
tools have been created for PDE systems with full dissipation. The Fourier-splitting ap-
proach of Schonbek and her collaborators has been proven to be very useful for many
fully dissipative systems such as the Navier-Stokes equations (see, e.g., [28,29]). How-
ever, when there is only partial dissipation, the large-time behavior problem is in general
difficult. The Fourier-splitting method does not appear to work for our partially dissi-
pated system. This paper presents new ideas on how to deal with the large-time behavior
problem on an partially dissipated Oldroyd-B model. We take advantage of the fact that
the coupling and interaction between the velocity u and the stress 7 actually enhance
the regularity and stability of the system. It is hoped that this work would pave a path
for more discoveries on the large-time behavior of PDE models with only partial dissi-
pation.

In addition, this paper serves as a continuation of a previous work of Constantin, Wu,
Zhao and Zhu [6], which established the global stability of perturbations near the trivial
solution of (1.1) in the case when 3 > 3. More precisely, [6] shows that any sufficiently
small initial data (uo, 7o) in the Sobolev space H"(R?) with r > 1+ £ leads to a unique
global solution (u, ) that remains comparable to the initial data. Since this result will
be cited in our main results, we provide a precise statement of their result.

Theorem 1.1. Consider (1.1) with n > 0 and % <B<1l Letd=23andr >1+ %.
Assume (ug,70) € H"(R?), V - ug = 0, and 79 is symmetric. Then there exists a small
constant € > 0 such that, if

luollzr + [[7oll e < e,
then (1.1) has a unique global solution (u,T) satisfying,

E(t) £ [lu(®)lF- + (@)l + / (A7)l + [Vu()|Fr-s) ds S (1.2)
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Here A < B means that there exists a constant C' such that A < C'B. The positive
constants C' may be different in each case. This global stability result is not trivial. The
velocity equation in (1.1) is the forced Euler equations. As demonstrated in several recent
works [7,21,38], the Sobolev norms of the solutions to the Euler equations can grow rather
quickly (even double exponentially) in time. [6] was able to prove the desired stability by
making the new observation that the non-Newtonian stress tensor can actually smooth
and stabilize the velocity field. Mathematically [6] observed that u and PV - 7 (the
Leray projection of the divergence of 7) actually satisfy damped wave equations. By
constructing a suitable Lyapunov functional as suggested by the wave structure, [6] was
able to established the aforementioned global stability.

1.1. Main results

This paper focuses on the large-time behavior of the solutions obtained in [6]. We
establish two main results. The first result assesses that any spatial derivative of order
one or higher of the solution obtained in [6] actually decays at least at the rate of
(1+ t)*%. More precisely, the following theorem holds.

Theorem 1.2. Consider (1.1) withn >0 and & < 3 < 1. Let d = 2,3 and r > 1 + £.
Assume (ug,m0) € H"(RY), V -ug = 0, and 79 is symmetric. In addition, (ug, 7o) fulfills
the smallness requirement of Theorem 1.1, namely

[uollmr + (7ol <€

for sufficiently small € > 0. Let (u,T) be the corresponding solution of (1.1). Then (u, T)
obeys the decay estimate, for any t > 0,

[NIE

IVa(®) 1+ V@) s S (1 +8) 72 (13)

Even though (1.1) is only a partially dissipated system, the decay result of Theorem 1.2
resemble those for fully dissipative PDE systems such as the heat equations and the
Navier-Stokes equations. Due to the lack of dissipation in the velocity equation, this
decay result is not trivial. One reason, as aforementioned, is the potential rapid growth
in the Sobolev norms of the solution. In order to control the growth of the solution, we
take advantage of the hidden wave structure for v and PV - 7,

1

ﬁttu + n(fA)ﬁatu — §A’LL = Nl, x € Rd, t> O,
(1.4)

1

OuPV -7 +n(=A)POPV - T — GAPV-7 =Ny, Veu=0,

where P = I — VA~!V. denotes the Leray projection, and N; and N, are the nonlinear
terms,
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Ny = —(8; + n(—=A)*)P(u-Vu) =PV - (u-V7)— PV -Q,

1
Ny = =5 AP (u- Vu) = 9PV - (u- V1) = PV - Q.

Since (1.4) plays a crucial role in our analysis, we provide the details of derivation.
Applying the projection operator P = I — VA~!V. to the velocity equation and the
operator PV- to the equation of 7 in (1.1) lead to

8tu:PV~T+N1,

WPV -7 +n(—A)PV -7 — %Au = ]\72,
where
Ny =—P(u-Vu) and Ny=—-PV-(u-Vr)—PV-Q(r,Vu).
Differentiating the first equation of (1.5) in ¢ yields
dyu = PV - 7 + 8N,

Replacing 0,PV - 7 by the second equation of (1.5), we obtain
Opt = fn(fA)ﬂ]P’V T+ %Au + Ny + 8;Ny.
By further invoking PV - 7 = d,u — N via the first equation of (1.5), we have
A+ n(—A)Pdyu — %Au =n(=A)’Ny + Ny + 8, N;.

The terms on the right-hand side are the same as Ny,

U(_A)ﬁﬁl + Ny + 8N,
= (0 +n(-A)P(u-Vu) =PV - (u-V7)—PV-Q = Ny.

We have thus obtained the first equation in (1.4). The second equation in (1.4) can be
derived very similarly.

By exploiting the regularization due to the wave equations in (1.4), we are able
to construct a suitable Lyapunov functional to control the growth of ||Vu(t)| g1 +
IV7(¢)|| g=-1. More detailed ideas on the proof of Theorem 1.2 will be presented in the
later part of this introduction.

Theorem 1.2 does not provide the large-time behavior on the L?-norm of the solution
(u,7) itself. This is not surprising. Even in the case of the heat equation, the L?-norm
of the solution is not known to decay in time if we only know that the initial data is
in L2. In order to make the behavior of L?-norm of the solution definite, we need to
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make extra assumptions on the initial data (ug, 7). The extra condition imposed here is
(ug, 7o) € L. This type of functional setup or the Sobolev space with a negative index
is usually required when dealing with large-time behavior of dissipative PDEs (see, e.g.,
[28,29]). Our second main result establishes the optimal decay rates for the L?-norm of
u and Vu, the L®-norm of v and Vu as well as the L?-norm of PV - 7. The precise
statement is provided in the following theorem. The following notation will be used
throughout the rest of this paper

-l 2 lr@®aey, |- e £ I arrey,  (t) 21+t

Theorem 1.3. Let d = 2,3. Consider (1.1) with n >0 and 3+ < 8 < 1. Assume ‘ai[f # 1.

Assume the initial data (ug, 7o) satisfies

2 2
(uo,70) € L'(RY) N H'(RY)  with r:3+§+ d; ,

and Ty is symmetric. Then there exists a sufficiently small parameter € > 0 such that, if

V'UOZO

|(uo, 70)||L1nmr < €,

then (1.1) has a unique global solution (u,T) that obeys the following decay properties

_d _d _d+2
[u@lz S *, [u®l= Se) 2, [Vul®)|z Set) *,

d+2

_d+1 _d+2
IVu®)le= Se®) 27, [PV -7(@)ll2 Set) .

The decay rates obtained in Theorem 1.3 are optimal. They are in line with those for
the solutions of the generalized heat equation,

U+ (=AU =0, zeR% t>0,
U(z,0)=Uy € L' N L2,

This theorem and its proof offer a new approach on how to obtain sharp large-time
behavior for systems of equations with only partial dissipation. The main discovery is
that the coupling and interaction between the velocity equation and the equation of 7
actually enhance the regularity and stability of the system. Due to the lack of dissipation
in the equation of u, the decay rates can not be derived from the original system in
(1.1). The idea here is to make use of the system of wave equations (1.4) satisfied by u
and PV - 7. This system reflects the enhanced regularity and makes the desired decay
possible. We will give more precise description on how we actually achieve the optimal
rates later.

We remark that the Oldroyd-B models have attracted considerable interests and
there are substantial recent developments. Significant progress has been made on
many fundamental issues such as the well-posedness and stability problems (see, e.g.,
[2-6,8-14,16-20,22-26,31-37)).
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1.2. Main ideas in the proofs of Theorem 1.2 and Theorem 1.3

We briefly describe the main ideas on how we prove Theorem 1.2 and Theorem 1.3.
The proof of Theorem 1.2 is based on the following lemma, which provides a precise
decay rate for a nonnegative integrable function when it decreases in a generalized sense.

Lemma 1.4. Let f = f(t) be a nonnegative function satisfying, for two constants ag > 0
and ay > 0,

/f(T)dT§a0<oo and  f(t) <ay f(s) forany0<s<t. (1.6)
0

Then, for ay = max{2a; f(0),2apa1} and for any t >0,
ft) Sas(1+6)7
By Lemma 1.4, to prove Theorem 1.2, it suffices to verify that
F@&) 2 [Vu) |7 + V7@

satisfies the two conditions in (1.6). The first condition of (1.6), namely the time integra-
bility of f(t), has been established in [6], as stated in Theorem 1.1. The second condition
of (1.6), namely the generalized monotonicity of f, is the main focus of the proof of Theo-
rem 1.2. Due to the lack of dissipation in the velocity equation, the Sobolev norms of the
solution (u,7) could potentially grow in time and the desired generalized monotonicity
appears to be impossible. A key observation here is that the coupling and interaction
between the velocity u and the non-Newtonian tensor 7 helps smooth and stabilize the
solution of (1.1). Mathematically the interaction allows us to derive the hidden wave
equations obeyed by u and PV - 7, namely (1.4). The wave equations (1.4) decouple u
from PV - 7 in the linearization, and are obtained by taking 0; of the equations for u
and PV - 7,

Ou+P(u-Vu) =PV -7,

1
OWPV -7+ PV - (u-V7)+n(-APPV -7+ PV Q(r,Vu) = 5 A, (1.7)
V-u=0,

making several substitutions, and regrouping linear and nonlinear terms. The wave struc-
ture in (1.4) reveals that both u and PV - 7 are effectively dissipative and dispersive. In
order to unearth the hidden regularization, we construct a suitable Lyapunov functional,

L(u,7) = [|[Vull3—1 + VT 5—1 + 2k (Vu, VPV - T) g1 (1.8)
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where k > 0 is a suitably selected parameter and (f,g)g- denotes the inner product
in the Sobolev space H?. The inclusion of the inner product term will bring out the
dissipation on wu, which helps prevent any potential growth in the Sobolev norm of w.
This is how we obtain the aforementioned generalized monotonicity, for any 0 < s <t

1Au(t) 31+ IAT(0) 31 < C (I Au()lZes + [AT() 30 1)

which, together with the time integrability of f(¢) guaranteed by (1.2), leads to the
desired decay rates stated in Theorem 1.2. We leave more technical details to the proof
of Theorem 1.2 in Section 3.

Due to the lack of dissipation in the velocity equation in (1.1), the optimal decay
rates stated in Theorem 1.3 do not follow from classical approaches designed for fully
dissipative systems. Our idea here is to exploit the regularization and damping effects
created by the wave equations satisfied by v and A £ PV -7. We represent the equations
of u and A in an integral form via the spectral analysis,

t
(e, t) =Miug + My Ay + /M1 (t — 5)G(s)ds
0

t

+ / Myt —5) (F(s) + H(s)) ds,

0 (1.9)

t

e P~ -~ [l A

A(f,t) = 9 Moug + M3 Ag 9 Mg(t S)G(S)ds
0

+ 0/ Ms(t — s) (ﬁ(s) + Er(s)) ds.

The derivation of (1.9) is obtained in Lemma 4.1. The explicit formulas of the kernel
operators M7, My and M3 are also specified there. The framework of the proof is to apply
the bootstrapping argument to (1.9). A direct applicable form of the bootstrapping
argument can be found in [30, p. 21]). As a preparation, we need to derive optimal
explicit upper bounds on the kernel functions M7, M, and Mjz. These kernel functions
are nonhomogeneous and frequency dependent. To achieve the sharp upper bounds, we
divide the whole frequency space into suitable subdomains and derive definite upper
bounds for these kernels in each subdomain. The precise division of the frequency space
and the explicit upper bounds are presented in Proposition 4.2 in Section 4.

To apply the bootstrapping argument, we need to define a suitable functional setting.
We introduce the following time-weighted norm

X(t) = sup {()% Ju(s) 2y + () [2(s) | ey } (1.10)

0<s<t
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d+2
V(1) = sup { ()% (IVuls) 2 + A2 )
0<s<t

+ {5) % Jfals)llzr e }. (1.11)

Our main efforts are devoted to establishing

X(t) < (o, 1)l insr + XY (8) + (X (&) + Y )7l mr, (1.12)
Y (t) < [[(uos 7o)l L1 + 1w, 7)1 7 o0 g
+ (X () +Y (1) (Y(t) + [|(w, 7)o mr) - (1.13)

If we take the initial data (ug, 79) to be sufficiently small,

|(uo, 70)||L1nEr <€

for a suitable small € > 0, Theorem 1.1 assesses that the corresponding solution remains
small for all time,

[(u(®), 7)) < Ce.
Then (1.12) and (1.13) imply
Xt +Y () <Ce+C(X(t)+Y(t)> (1.14)
Then a simple application of the bootstrapping argument to (1.14) would lead to
Xt)+Y() <Ce,

which yields the desired result of Theorem 1.3. The proof of (1.12) and (1.13) is a
lengthy and technical process. We apply various new techniques such as sharp decay
rates for generalized heat operators associated with fractional Laplacian, and fractional
derivative identities and commutators to facilitate the shifting of derivatives. The details
are provided in Section 5.

In [15] Yan Guo and Yanjin Wang proposed and applied a powerful and effective
approach for the problem of optimal decay rates on dissipative equations in the whole
space. We discuss the possibility of implementing their approach for the decay problem
solved in this paper. We briefly outline the mechanism of their approach. It is based on
the energy estimates. The initial data is assumed to be in the standard Sobolev setting
H*(R?) with s > 1+ ¢ as well as in a Sobolev space of negative index, H?(R?) with
o < 0. Generally the initial data is also assumed to be small in H*(R¢) in order to obtain
the global uniform bound on the H®-norm of the solution. A crucial feature of their
approach is to show that the negative Sobolev norm of the solution is preserved along
time evolution. To obtain the decay rate for the H ' _norm with s’ < s, one interpolates
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the H* -norm in terms of the H*-norm and the H°-norm in the energy estimates. In
order to apply their approach to our problem here, we need to prove that the negative
Sobolev norm is preserved in time. For the Oldroyd-B model considered here, the lack
of the velocity dissipation and the involvement of the nonlinear term @ in the equation
of 7 make this task difficult. Clearly we need to construct suitable Lyapunov functional
involving the negative Sobolev norm and carefully crafted inner product terms of v and
PV - 7. We will pursue this approach in our future research.

The rest of this paper is divided into four sections. Section 2 provides several tool
lemmas to be used in the proofs of subsequent sections. Section 3 proves Theorem 1.2.
Section 4 serves as a preparation for the proof of Theorem 1.3. It converts the equations
of u and A into an integral form in terms of the kernel functions My, Ms and Mjs. Sharp
upper bounds on these kernel functions are also derived in this section. Section 5 provides
the proof of Theorem 1.3. The proof is very long and is divided into six subsections.

2. Preparation
This section serves as a preparation. It lists several tools to be used in the proofs of
Theorem 1.2 and Theorem 1.3. The first provides an upper bound on an convolution

integral (see, e.g., [31]).

Lemma 2.1. If0 < s1 < sq, then

¢ ()™, if s2>1,
/ (t—s)7"1(s)*2ds < { C{t)""*In(1 + t), if sg=1,
0 C () if sy < 1.

The next lemma provides an exact decay estimate for the heat operator associated
with a fractional Laplacian.

Lemma 2.2. Let v > 0 and f € L*(R?) N L2(R?). Then,

d
e A £l 2gay < C ()73 || f]| 12 (RaynL2(RA)- (2.1)

Proof. We provide an elementary proof. For 0 <t <1,

—v(=A a —V f 2a N Af 7 — f ]R 2 2
||6 ( ) tJ ||L2(Rd) ||e il tf”Lz(]Rd) <— || ||L2(R ) || HLZ( d). ( ’ )
F()I‘ t> |,

_ 2a [e%
le % fllpaay = I Fllamay < e oy 1 Fll o ey

< H€7V|€| U2yl fll ey = C(V)mefHLl(Rd)- (2.3)

Combining (2.2) and (2.3) leads to (2.1). O
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The following lemma rewrites the nonlinear term PV - (u - V) into three terms with
one of them containing A £ PV - 7 and the other two containing Vu. This identity is
useful when we try to prove (1.12) and (1.13) in Section 5. It is derived in [36, Proposition
3.1].

Lemma 2.3. For any sufficiently smooth d-dimensional vector u and any tensor T =

[Tij]dxd;
PV (u-V7)=Pu-VPV-7)+P(Vu -V7)-P(Vu-VATIV-V.7). (2.4)

Finally we state a commutator estimate that can be found in [31, Lemma 4.1]. This
estimate will be useful in the proof of Theorem 1.3.

Lemma 2.4. Let v be a scalar function and 7 be a tensor. Then
[PV vlrlioe S 1Vl p2lirllze + (o2 [ All 2 (2.5)
3. Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2.
Proof of Theorem 1.2. We set

d
1) 2 V() s + 197 @, 7> 145,

and apply Lemma 1.4. According to (1.2) in Theorem 1.1,

/f(t) dt < Cée?,
0

where C' > 0 is a pure constant. This verifies the first condition in (1.6). If we can
establish the second condition in (1.6), namely

f(t) <Cf(s) forany0<s<t, (3.1)
then Lemma 1.4 would conclude that
ft)y<ce (1447,

which is exactly (1.3) in Theorem 1.2. The rest of the proof shows (3.1). As we have
explained in the introduction, it is not trivial to verify (3.1) due to the lack of velocity
dissipation. We need to work with the Lyapunov functional L defined in (1.8) in order
to materialize the dissipative effect revealed by the wave structure in (1.4).
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The attention will be focused on the evolution of L. Recall that A = (—A)%. Due to
the equivalence of the norms

IVgllgr—  ~  [[Agllzz + |A"gllL2,

we use the norm on the right in the estimates. Applying A to (1.1) and dotting by
(Au, A1), and applying A" to (1.1) and dotting by (A"u, A7), we obtain

d
2 (Al + AT [5s) 4l A P73

DN | =

=—(A(u-Vu),Au)gr—1 — (Alu- V1), A7) gr—1 — (AQ(7, V), AT) grr—1,  (3.2)
where we have used, for [ =1 and r,
/(Alu ~(A'V - 7) 4+ A'D(u) - Alt)dx = 0.
Rd

It is not difficult to use (1.7) to verify that

d 1
E(AU,APV T+ §||Au||%2 — APV - 7|2,

= —(A(u-Vu),APV - 7) — (APV - (u- V1), Au)
— (APV - Q(7, Vu), Au) — n(A*’ TPV - 7, Au). (3.3)

Similarly we can check that

4
dt
= —(A""P(u-Vu), A" PPV - 7) — (A" PPV - (u-V7), A" Pu)

— (A" PPV - Q(r, Vu), A" Pu) — (AP PV - 7, A" ), (3.4)

(AP0, APV 1) + 2 [A P Auls — AP - 73,

For a constant & > 0, (3.2)+k(3.3)+k(3.4) yields

1d
o (I3 + AT s+ 25(Aat, APV 1) i) + A3
k‘ 7
SN — KIARY s = 3 2, (3.5)

i=1
where

Z1 = —k(A(u-Vu),APV - 7)gr-1-5,
Zy = —k(APV - (u-VT1),Au)gr-1-5,
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Zs = —k(APV - Q(1, Vu), Au) grr—1-5,
Zy = —kn(A*PHIPY 1, Aw) gr-1-s,
Zs = —(A(u- V), Au) g1,

Zs = —(Au-V7),AT)gr—1,

Z7 = —(AQ(7, Vu), AT) gr—1.

Next we estimate Z; through Z;. The following Sobolev inequalities will be used fre-
quently,

1 1
||9||L4(]R2) < C”Q”imR?)||v9||22(R2)» (3.6)
lgllsrsy < ClIVgllL2wrs)- (3.7)

The case d = 2 is treated differently from the case d = 3. We start with d = 2. By
Holder’s inequality, (3.6) and some basic embedding inequalities,

1Z1] S IVullZage) APV - 7] L2 (R2) + [[ull oo ®2) || Aul| L2(R2) APV - 7| L2 (R2)
+ |‘AT+17ﬁT||L2(R2)HU,HLoo(RQ)‘|AT+17ﬂu||L2(R2)
< I Vull 2y | Aull L2 gy AP 7|| -1 ()

A1+5

+ lull e ®2) | Al grr-1-5 @2y A7 || frr-1 (R 2)

A8

S lull e w2y |Aull gr-1-5®2) || T\ gr-1(R2)

5 Hu||H7‘(R2) (||Au||%1r_1_ﬁ(R2) + ||A1+ﬁTH§—IT71(R2)) .

Similarly,

1Z2] S IVullzawe) V7] ey | AU 22y + ]| poe ) AT || 22y | Aul| 22 (R2)

|Ar+1—ﬁ

+ AP o ey (APl 2 re) 17| oo (m2) + ]l oo (2 | 7l 2 v2))

1 1 1 3
S ”VUHEQ(R?)HVTHE’Z(R%||A27H22(R2)||Au||z2(R2) + HT”HT(R?)HAU”?qr—l—ﬁ(]I@)

A8

+ lull e m2) | Aull grr-1-5 @2y 1A 7| zrr-1.(R2)

< (”“HHT(R?) + ||T||H"(R2)) (”AUH%V*I*B(R% + ||A1+5T||?1r—1(11@2))

and

| Zs| S IV7l @) IVull ey | Aull 2 g2y + 17 o (r2) | Aul| 72 2y
AP o ey (APl L2 re) 17| oo (m2) + V]| Lo (o) AP 7| L2 Ry )

A8

< (el @y + 7l ee)) (180l s gy + AT gy )
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Z4 is bounded by

|\ Zs| < knl| AP gremr mey | Aul| grr—1-5 R2)

n
< AT ey + BP0l Al s ey (3.8)

ByV-u:O7%gﬁglandr>1+%,wehave

|Z5| = /(u~Vu)~Aud:c7/(Ar(u~Vu)fu~VAru)~Arudx

2 R2

A

||UHL4(R2)||VU||L4(R2)HAU||L2(R2) =+ ||VUHL°°(R2)||ATU||2L2(R2)

AN

1 3
||UHE2(R2) ||vu||L2(]R2) HAU”]iz(]Rz) + ||“HHT(]R2) ”AuH%{T*l*ﬂ(Rﬂ

IN

k
§||AU||2L2(R2) + C”“”%%R’A’)HVUH%Q(R% + CHUHHT(RZ)HAUH%{wkﬁ(R?y

Similarly,

| Zs| = —/Vu -V1-V1dr — / (A" (u-VT1)—u-VA'T)A'rdz
R2 R2
S IVl 2 @) IV 174 w2y
+ [A T 2r2) ([Vul o v2) |A"T] L2 (R2) + [A Ul 22R2) IV T || L0 (R2) )
S IVl 22y V7|2 2) 1A 7| 22y + ([l e v2) + 7] e 2))
% (1Aulfysosgey + A7 gy
< 1A cea) + ClIVullia oy V7172 e

+C (||U||HT(R2) + ||T||HT(]R2)) ||A1+ﬁTH%I7‘*1(R2) + ||A“||§1r—1—ﬂ R2) ) -
(R?)

Zr is bounded by

|Z7| = ‘(Q(T, Vu), A% 1) + (A"PQ(r, Vu), AT+*BT)|
S rlla@2y | Vull a2y AT || L2 me2)
FAP 7] L2y (AP Vul| L2 @) 17| oo (R2) + IV ull Lo @2y [A” 7 L2 (2 )
Sl ey | V7 ey [Vl 2 ey Al oy [ AP 2y

+ 7l e @) IA 27| s 2y | Al rr—1- 2y + [l e @) AP 7| s ey
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k n
< gHAUH%?(RZ) + §||A27||2L2(R2) + C||T||%2(]R2)HVTH%2(R2)Hvu”zL?(]R?)

+ C (ull - ®2) + |17]l 2 (2)) (||A1+BTH%IT—1(R2) + HAUH%{T—l—B(Rz)) .
In addition, for % < B <1, we have
kAP - T”%{T—l—ﬁ(]Rd) < k”AHﬁTH?{r—l(Rdy

Inserting the estimates for Z; through Z7 in (3.5), we obtain

d
T (HAUH%{wl(Ra + AT (|31 2y + 2k(Au, APV - T)HT—l—ﬁ(]R2)>

N =

n k
(B R Iy + (5 = K20 180l oagae
< C (lull@s) + I7ll-@) (I g + 18030 5w
+ C (Ilala ey IVl ey + 19713y + 171320 | V73 2me) ) 19703
L2(R2) L2(R2) L2(R2) L2(R2) L2(R2) L2(R2)
< Ce (INF 7130 oy + 180 o))
+C (It ) eey + 1) (IVulme) + 19712 )
x (18wl oy + IAT] s g ) -
To proceed, we set

Fy(t) = [|Au(®) [ @2y + AT 1 m2) + 2k(Au(t), APV - 7(8)) prr-1-5 (2)

Since
|2k(Au, APV - T)HT»7175(Rd)| < 2k||Au||H1'—1(Rd)||AT‘ Hr—25(Rd)
< 2k[|Aul grr—1(ra) [ AT grr—1 (R )
1
< §HAU||%F4(Rd) + 262 AT F 1 gy (3.9)
we have

1
Fi(t) = §HAU||HT—1(Rd) + (1= 2K2) [ AT[|5r- 1 ray-

If we choose k > 0 small enough, say

b

k<min{

13

€
) 877 )

N | =
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then we have

SR+ (C) — Cre) (I8

< C () ey + 1) (IVl3age) + 197 [32ze) ) Fi(0).

w2y + HAuIIfHle(Rz))

Here £ > 0 is taken to be sufficiently small such that C(n)—C1e > 0. Applying Gronwall’s
inequality and (1.2) yields, for any 0 < s <t < o0,

Fl(t) S CFl(S)GC(Sup ”(’U«’T)HET(RZ)JFl) fst(”V”Hi2(R2)+”VTHi2(R2)>dt/ S CFl(S),
which, together with (3.9), implies that, for any 0 < s <t < o0,

1Aw(®) 11 @2y + AT @2y < C (HAU(S)”%{"*I(R’A’) +[[A7(s)|

e
Hr—1(R2) | *

This is exactly the desired inequality in (3.1). It then follows from Lemma 1.4 that
IAw(E) |31 m2y + IAT @31 (gey < C® (1) with 7> 2. (3.10)

Next we consider the case when d = 3. Some of the terms are estimated differently.
By Holder’s inequality and (3.7),
1Z1] S IVullLame)[[Vull s ms) [[APV - 7| L2 (R2)
+ lull oo o) [ AU L2 m3) [APV - 7| L2 (Rs)
A7) Lo sy [l oo (m) AP | 2 ey

A1+,@

S lullzr@s) |Aull gr—1-5 w3 7| mr—1(R3)

S lullar sy (180-1magas) + 1Al o ) -
Similarly, Z5 and Z3 are bounded by
|Zo| SNIVTIL3®s)[IVull Lo rs) | Aul| L2 wrs)
+ [[ull Lo mo) AT [| L2 r3) | Al L2 s

AP Lo ey (1A Pull 2wy 7] Lo (m3)

AP Lo ro) [full Lo (re) A7 07| 2 (s
S (HUHHT‘(]W) + HTHHT(]R?’)) <||Au||%{r—1—ﬁ(R3) + HAHBT”?{T*I(RS))

and
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|Z3] S NV7lls @s) IVl Lors) [ Aull L2 s) + 17 oo (r3) | Au| 22 (roy
AT Lo ey (1A Pl L2 sy 7] Lo o)

+ AP | 2 gy IV oo (r3) AP 7 2Ry
S (HUHH"(R3) + ||THHT'(R3)) (”AUH%V*PIS(R% + |\A1+ﬂ7||%1r71(]1§3)> ‘

Z, is bounded the same as (3.8). By V- u =0, % <B<landr>1+ g,

|Zs| = /(u~Vu)~Audw—/(AT(UoVu)—u~VATu)-ATudx
3 R3

S Null s sy [ Vull Lo sy | Aull 2 ws) + [Vl Lo s) [|A w72 g
S Ml sy | Al -1- 0 gy

Similarly,

|Zs| = /u V- Ardr + / (A"(u-V7)—u- VA7) - A"rdx
3 R3
S lull e @) IV Lo ey 1A T | L2 (ma) + A" 7]l L2(Ra)
X (IVull oo s [A" Tl L2r3) + 1A ul|L2(R3) [V T | Lo (R2))

S (lullar sy + 1171 ®3)) <||A1+BT||§JT_1(R3) + ||A“||§1r—1—s(Rs)) _
Z7 is bounded by
|Z7| = [(Q(7, Vu), A’7) + (A" PQ(7, V), A7)

S Irllzs @) IVl o@s) A>T L2 (rs)

A7) 2 sy (A" PVl 2 sy 7]l oo 3y + (V]| oo (3 [A7 07| 12(R3))
s C (HUHHT(]I@) + ”THHT(]R?’)) (||A1+BT”§I7‘*1(]R3) + HAU”%Ir—l—B(RS»)) :

Collecting the estimates for Z; to Z7, we obtain

d
= (18wl ey + IATI -1 gy + 2k, APV - ) g1 m) )

N =

3 k
(B0 k) I + (5 - #0) 18Ul n
<C (HUJHHT(]I@) + HTHHT(RS)) (||A1+ﬁ7'||%n71(11§3) + ||AU||?JT—1—3(R3)>

< Coe (1A 471 sy + Al aas) ) -

17
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By choosing k > 0 to be sufficiently small and writing
Fy(t) = [|Au]l 31 gsy + IATI 1 (o) + 26(Au, APV - 7) o1 (R,
we have

d
Z B (1) + (Cn) — Ca) (1A r]os sy + [ BulFrosms ey ) < 0.

Here £ > 0 is taken to be small such that C(n) — Cye > 0. Therefore, for any 0 < s <
t < 00,

Fg(t) < FQ(S).

Invoking (3.9) and Lemma 1.4, we have

~

_ , 5
1AW 131 sy + IATE G ey S €% (1)1 with 7> 5 (3.11)

(3.10) for d = 2 and (3.11) for d = 3 yield

_ . d
IAw) 301 gy + AT G ey SE2 ()71 with 7> 1+ 3
This completes the proof of Theorem 1.2. O
4. Spectral analysis

This section serves as a preparation for the proof of Theorem 1.3. We present an
integral representation of (1.1) via the spectral analysis. The key components of this
representation are several kernel operators given by the Fourier multipliers. These oper-
ators are anisotropic and inhomogeneous. The second main result of this section provides
sharp upper bounds for the symbols of these operators.

Recall that A = PV - 7. Clearly, any solution (u,7) of (1.1) also solves (1.7), namely,

ou=A+G, G=-P(u-Vu),
HA=—n(—A)P A+ %Au +F+H,
F=—PV-(u- V1),
H=—-PV-Q(r,Vu).

(4.1) can be converted into an equivalent integral form given in the following lemma.

Lemma 4.1. Assume (u, A) solves (4.1). Then (u, A) satisfies the following integral rep-
resentation,
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u(&,t) leu/\O—i—Mg;l\o—i—/Ml(t—s)é(s)ds

+0/M2(t ) (ﬁ(S) +ﬁ(5)) ds,

(4.2)
n HE Y’ A
A1) = — Moy + My B - / Ma(t — $)8(s) ds
t
+ / My(t — s) (F(s) + H(s)) ds,
0
where the kernel operators My, My and Mz are given by
Aottt — \jelet etz — it Ager?t — ettt
M(t) = ————"— Msy(t) = ——— Ms(t) = —————— 4.3
1() )\27>\1 I 2() )\27>\1 b 3() )\27>\1 ( )
with A1 and Ao being the roots of
Nt €A+ 5 5 el =
or
_ 1 28 2|§|2
1 28 2|¢|2
S 11— =5 . 4.

When A\ = Ag, the kernel functions My, My and Ms in (/.3) are replaced by their
corresponding limits as Ao — A1 (see (4.12), (4.13) and (4.14) in the proof).

In order to understand the large-time behavior of u and A in (4.2), we need precise
estimates on the kernels M, Ms and Mj3. The behavior of these kernels is inhomogeneous
and depends on the frequency £. This suggests that we divide the frequency space into
subdomains to obtain definite controls on the kernels. The following proposition provides
optimal upper bounds for My, My and Ms3.

Proposition 4.2. Let Dy and D, be subsets of R?,
12 {eer: gl <y, (4.6)
é{ge]Rid el >} (4.7)



20 P. Wang et al. / Journal of Functional Analysis 282 (2022) 109332

Then My, My and My satisfy the following estimates:
(1) When & € Dy,

ML 1), IMs (€, D) S e B0 (e, )] S fel e BT (48)
(2) When & € D,

—cC — —c —2B
My (&, )] S e, [Ma(€,1)] S ¢ 2Peelel ™,

~

|M3(€, 1) < e—clel’t 4 €248 e—clEP ™t
where ¢ > 0 is a constant and depends on n and 5. Especially, for £ € Ds,
M€ )], [Ma(€ )] S e, [Ma(é,t)] S €7 e,
The rest of this section proves Lemma 4.1 and then Proposition 4.2.
Proof of Lemma 4.1. Taking the Fourier transform of (4.1) leads to

at(p:BgO—"_Ra

m 0 1 G
- %), B= > . R=| ~ "~ ).
’ <A> (—% —Wﬂ) <F+H>

Therefore, according to the ODE theory ¢ can be represented as

where

t

o(t) = ePp(0) + [ B R(s)ds.
/

To obtain a more explicit representation, we need to diagonalize B. First, we compute
the eigenvalues and eigenvectors of B. The characteristic polynomial of B is given by

2
p(3) = M+ i) + 55

and its roots are given by (4.4) and (4.5), namely
1 28 2|¢|?
_= 1 1—

_ 1 21¢J
>\2 - 2”'5' (1 1 ,’72|§|4ﬁ .

At
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When
n?[€)*? > 21¢?,

A1 and Ay are real numbers. When 72|€[* #£ 2|€|? or A\; # A2, the eigenvectors corre-
sponding to A; and A, are given by

A9y A1
‘/v1:<ﬁ>7 Vv2:<ﬁ>’
2 2

respectively. Consequently we can write
BW =WD or B=WDW™!,

where D is the diagonal matrix and W denotes the matrix with the eigenvectors as

A O A2 )\1>
D= W = 2 2 | .
’ S S

For |¢| # 0, the inverse of W, denoted W1, is given by

columns, namely

1 2 M
A=A [E]7 Aa—A1
W=
1 2 A
A2—A1 [€]% A2 —A1
Therefore,
et 0 t 6)\1(1575) 0
pt)y=Ww Wloo + /W Wl R(s)ds.
O 6)\2t 0 O 6)‘2(7:75)
More explicitly,
ert M, Mo
W W= ;
0 e)\zt _ |§|z M2 ]\43
where
AQG)\lt . )\16)\21: 6)\2t _ 6)\1t )\26)\2t _ )\16)\1t
M(t)=———— Myt)=———, M;lt)=——-—— 4.10
() = 2 () = S Ml = T (10)

Therefore, for A\; # Ag or n?[€[4# > 2|¢|?,
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t
u(&,t) :MlﬂB—i—Mg;l\o—i—/Ml(t—s)é(s) ds
0

t

+/M2(t— s) (ﬁ(s) —l—ﬁ(s)) ds,

0 (4.11)

i €2 = [l .
A, 1) =~ - My + My - / E Mot~ $)(s) ds
0

t

+ /Mg(t —5) (ﬁ(s) +ﬁ<s)) ds.

0

For n?|¢|*? = 2|¢|? or A1 = g, the eigenvectors associated with eigenvalues are different
from those for the case when Ay # Ao. However the representation formula in (4.11)
remains valid if My, My and M3 in (4.10) are interpreted as their corresponding limits,

namely
My = lim % = (1 — At)eMt, (4.12)
My = Aggnil % = teM!, (4.13)
My = lim % = (1+ \t)eMt, (4.14)
When
el < 20,
1_ 2P

— Z¢F 18 a pure imaginary number, and A; and Ay are given by

1 ] 212
>\1 = 7§n‘€|2ﬁ (1 “+1 W — 1) 5
1 [ 2[¢?
*iﬁ\ﬂw (1 - 2] 1) :

By going through the same process, u(¢,t) and ﬁ(f ,t) can also be represented by (4.11),

A2

which is the desired formula (4.2). This completes the proof of Lemma 4.1. O

We now prove Proposition 4.2.
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Proof of Proposition 4.2. Let D; and D be the subdomains defined as in (4.6) and
(4.7). We first prove (1). For ¢ € Dy, we have n?[¢[*# < |£|?, and thus \; and Ay are
complex numbers. Then

A2 = M| = [€]4/2 = n?[E[*0 72 > ¢

and
M| = [Ae] = gm, leMt] = |et2t| = e BIEI,
Therefore,
Aol |A2|A_2|/\1| e+ Mrﬁle*ﬁl S e HlT
|M2(&, 1) < ﬁk’\?ﬂ + m\e’\ﬂ < |g| e Bl

Ms obeys the same bound as that for M;. We now turn to (2). In order to analyze
the property of A\; and Ay more accurately, we further split Dy into the following three

1
2 48—2
Dzlé{feRdinw%<|E|<<?> }7
2 45172 8 4B172

Doy & RY: (= < =

22 {56 (772) — |£| < (3,’72) }a
Dys 2 RY > (8 e

23 — 56 . |£|— (3,’72) .

It is clear that A\; and Ay given by (4.4) and (4.5) are complex numbers in Da; and real
numbers in Dyy U Doz. Our consideration is split into three cases.
(i) £ € Dgy. The difference [A2 — A1| can get really close to zero when [€| is close to
1

n% "% We need to make use of the difference eM? — e*2t. Using the simple fact that

regions:

|sinz| < |z|, we have
92sin (IfI\/Z—n;IﬁIw*Qt)
€lv/2 = n?[€[* 2

S tem BIE < [¢] 2B I < g =2B melel*

|Ma(€,8)] = |e 2161t
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Since My = eMt — A\; My and |A\y| = |Xo| = @\ﬂ,
|My(€,1)] < |eMt] + | A1||Ma| < e 3EPTE |§||£|—256—c|5|23t <e et
Similarly,
M3 (&, 8)] = [ + Ao M| < [eM] + Ao | Ma] S e~cl612,

(ii) € € Day. When £ € Dag, A\ < —g|£|2ﬁ and Ay < —g|§|25. By the mean-value
theorem, there is p € (A1, A2) such that

M, = tert < tem 3117t < |¢| 72— 811t < (¢ =28 g —clel’t

It is easy to check that the upper bounds for [Ai| and |A2| in Dyy which yield for any
€ € Dy

1 2/¢|2 3
A1, [Az] < §n|€|25 <1 /1= @) < Snle?e.

Then

My | = [ — Ay Mp| = [eM? — Aytert| S e 318770 2P e 311770 < pmet

|M3| = |e)\1t + >\2M2‘ == |€/\1t + )\Qtept| S e_c‘g‘zﬁt.
(iii) £ € D23. When £ € Das, A1 given by (4.4) obvious satisfies
A< = 1€, Al < nféle.

Next we estimate Ay, we rewrite Ao as

2[¢)
1 2|¢]? 1 ki Lo
Ay = —577|f|26 (1 —/1- W = —5% < —%MP 28,
L4y = n?[€[1P
Furthermore,
2[¢|?
1 28 2 _
[A2| = B 7l¢] e < %\52 20
L4 y/1= n2[E[TP

Noticing the difference

/ 215> 1
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Therefore, for % < B <1and{ € Das,

M 0] < e _— O eI g e
27— Al 27— Al
Similarly,

1 Aot 1 Ait
et + et
A2 — A1 A2 — A1

_ _ 2—28 _ _ 28
< ¢ 28 o—clél t_|_‘§| 28 g—cl€|™t

[M2(&,1)] <

_ — 2-28
< le|2emeiel

|>\2‘ 6A2t+ |)‘1‘ Mt

A2 = A A2 = A4
S |£‘2—4B 6—c|§|272ﬁt _’_e—c\f\wt g €_Ct.

|M3(€,1)] <

This completes the proof of Proposition 4.2. O
5. Proof of Theorem 1.3

This section completes the proof of Theorem 1.3. We have made some preparations
in the previous section.

Proof of Theorem 1.3. Recall the definitions of X and Y given by (1.10) and (1.11),
respectively. As we have described in the introduction, to complete the proof of Theo-
rem 1.3, it suffices to show that X and Y satisfy (1.12) and (1.13), namely

X(t) S l(uo, 7o) [ Lrmr + XY (8) + (X () + Y ()| 7]| L~ rrrs (5.1)
Y () S [l(uos 70) [lprame + [ (ws 7) [ Foo g
+ (X (O +Y () V(&) + [[(w 7) | Loerr) - (5.2)

By taking the initial norm ||(ug, 70)||L:ng+ to be sufficiently small, namely

|(wo, 70)||Lrnm- < €

for a suitable small € > 0, Theorem 1.1 assesses that the corresponding solution remains
small for all time,

[(u(t), 7(t)||ar < Ce.
Then (5.1) and (5.2) imply

XH+Y({t)<Ce+C(XEH)+Y(1)? (5.3)
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and a simple application of the bootstrapping argument to (5.3) would lead to
Xt)+Y(t)<Ce,

which yields the desired result of Theorem 1.3.

The rest of the proof focuses on (5.1) and (5.2). For the sake of clarity, we split the
proof into several subsections with each devoted to one of the norms in the definitions
of X and Y. More precisely, the rest consists of five subsections estimating the norms

lullz2, [Vullnz, ALz, ||l and |||€]d]|Lr, respectively. Subsection six is a summary

and completes the proof.
5.1. The estimate of ||ul| L2

Thanks to ||f||Lz = |If|l2 and (4.11), we have

lull 2 = [[@llze S 1Mo 22 + || MaAo|| 12 +/HM1 (t = $)G(s)] 2 ds

/HMz (t - 5)F(s)]l1 ds+/uM2 (t - 5)F(3)]|52 ds
AL 4Dyt Iyt I+ Is.
By (4.8), (4.9) and Lemma 2.2,

I = || Miuo|| 2 = [|[Miugl|L2(py) + | Mol £2(ps,)
< e B | 2y + e Tl 22y
< (079 + ) fluollars S (7% Juollnre.
I5 can be bounded similarly,
L 5 ()7 ol e

By (4.8), (4.9), Lemma 2.2 and then Lemma 2.1,
t

f= [ 1010t = )7 (P (u- V)| 2o ds
0

+ [ 10t = 97 (Pl )l ooy ds
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t
< / le™ =9 Z P (u - V) 12 ds
0

t
+ / le= =) Z{P (u - Vu)}| r2(p,) ds
0

t

S / (t— ) flu- Vullpnrs + ) u - Tul|p2 ds

~

t
-2 —cCc(l—sS
§/<t—5> |Vl g2 (lullze + ullz=) + e full Lo || Vul 2 ds
0

d+1 _ 3d+2 3d+2

§/<t—s>*% (1975 +49)™ ") 4 e ) as x(0) Y (1)

Due to z"e™® < C for any n > 0 and its variant

|£|ke—g\§\25t < <t>_2% e~ HEt for any k>0 and £ € Dy, (5.4)

we have
t
14:/HMz(t—s)y{Pv.(u-vT)}HLz(Dl)ds
0

t
+ / |Ma(t — s)F{PV - (u- VT)}||L2(D2) ds
0
t t
< / le= 21 =9 [ 7| 12y ds + / lle]* =2 et 0 V7 12y ds
0

0

t
—di2 —c(t—s)
S [ {t—8)"% [u®T|rinL: +€ |w- V7| L2 ds
0

t
_dt2 —e(t—
§/<t—8> T (lullzzlilze + lullze I llz2) + e~ flull L [ V7| 22 ds
0
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t
d+2

_d+t2 —d _d _d
S [e=a7F (@7 F 078 ) £ e (97 ds X0 e
0

—d
S8 XO) 7l Lo nr

where we have used the following inequality in the last step, for % > 1,

(5.5)

This explains why we have assumed that d+2 # 1 in Theorem 1.3. When ﬁ =1or
when d = 2 and 8 = 1, the upper bound in (5 5) is no longer valid and Would need an

extra logarithm. We shall no longer mention this when we encounter similar situations.

We now estimate I5,
Is =/||M2(t—s>y{w-@(7, V)b (o) ds
+ / ||M2(t — S)y{PV . Q(T, VU)}||L2(D2) ds
0
t
5/”@—%'5'”@—3)@(7, V)| 2y ds
0
t
+ [l e Q0 V) ooy ds
(t — )75 |Q(1, V)| Lrrrz + e = Q(r, V) || 12 ds

- —c(t—s
{t = )73 il = ([ Vull ez + [Vull ) + e V|| oo | 7] 12 ds

d+4+2 d+1

< / (t= )" (57 +(s)7F ) 4 ) ds Y (1) 7l oo

—d
S Y@ [l Lo 2

Collecting the bounds above for I; through I5, we find
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[l 22 S 679 [|(uo, 7o)l inzz + (£~ X(6)Y (D)

+ ()T (X6 + Y (0|l oo (5.6)

5.2. The estimate of ||Vul| 2

We compute the L2 -norm of Vu via (4.11),

IVallz2 = [lIgf@ll2 < [1EMaas]| 2 + [[1€[MaAo 2 +/III€|M1 (t = 5)G(s)||2 ds

/ €Mt — ) (s)l| = ds + / €Mt — ) E(s)] = ds

S+ Jo+ Jz+ Jy+ Js.

By (4.8), (4.9) and Lemma 2.2,

Jr = €Myl L2 (o) + [11€1MaTuo] 2 (D,

< |gle 21

Ct"\

Ul 2y + Ele™ U0l 2 (py)

SO Juollpinre + e lulm

_d+2
St uollpinm

Similarly,

_dt2
Jo S () rollprame.

Again, by (4.8), (4.9) and Lemma 2.2,
t
Jy = / NEM(E — )7 (P (u - Vu)} |12y ds
0
t
+ / €M (¢ — $)F (P (- V)| 2y s
0
t
< / l[€le™ HE =9 (P (- Vu)} | 2y ds
0

t
+ / l[€]e=c) F (P (u - Vu)}| 2y ds
0
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t
< / (t— )75 Ju- Vaullpinge +e | |eu- Va2 ds

0
t
_dt2
§/<t*5> || Vullpz (lul 2 + [[ul|Le) ds
0

t

+/6""(t’s)(lllflﬂllulllflﬂIILz + [l Il £2) ds

d+1 3d+2

so/<t—s>‘4— (7% +(97%) asx (v (o)

d+1

n /e—c(t—s) <<S>—ﬁ + <5>_%> ds (X (t) +Y(t)) [Jull Loo 2

d+2

S (XOY @)+ (X0 + Y ) [[ul Lo n2) -

To estimate Jy, we split it into two parts,
t
I, :/|H§|Mg(t—s)9{]P’V~(u~VT)}||L2(D1)ds
0

t
+ / lI€[Ma(t — )F PV - (u- T7)} | 2 () dis
0

£ Jn + Juo.

We first compute Jyo. By (4.9),

t
Jia= [ NeMa (e~ ) F (BT - (w- Tr) s ds
0

t
< / e\~ 97| 2y ds
0

< [ e (gl 17N e + Nall e 1IEP7 ) ds

d+1

e ()75 4 ()7 ) ds (X (1) + Y (0) I7llp 2

A

/
/
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A

()% (X() + Y () |7l ooz

(07T (X(8) + Y (0)) |7l o a2,

A

where the last step needs d > 2. A new approach is needed in order to obtain a suitable
upper bound for Jy;. If we estimate Jy; similarly as before, we would end up with an
integral of the form

t
_d+2 _d
[ = Qa7 ds 5 07 X0 el
0

_d+2
which does not have the desired decay rate (t)~ %f . In order to generate enough decay
to close the estimates, we write

d
PV - (u- V1) Zapv uir) =Y (Di[PV-, ulr + 0, (uiA)). (5.7)

i=1

By (4.8), Lemma 2.2 and (2.5),
t
Ju < / e =9 6| {u © A}l 12y dis
0

—1£12P (t—s
le™ 21 =16 Z{PV-, ]| 12(p, ) ds

d
>
=1

o

_d+2
S =57 (lueAlp +[lu® Al

o

+ I[PV, uil7| 22 + I[PV, w7 L2) ds
t
_d+2
S [ (=97 (lullellAlze + e~ 1Al
0

+IIVullzzlitlize + glallc 17 z2) ds

S [(t=7F (07 4 07+ 07 H) ds (0 (X + 1)
0

_d+2
S 7 Y[ (X + I7llzeer2),
where we have used the fact (see [31, Appendix])

1PV wilrl 2 S €l L7 ze- (5.8)
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Thus
d+2

Ja S () (XOY () + (XO) + Y (@)l e m2) -

Next we estimate Js. The process is more elaborate. First, it is naturally split into two
parts,

t
J5:/|||§|M2(t—s)ﬂ{IP’V-Q(T,Vu)}HLz(Dl)ds
0

t
n / €1 Ma(t — ). F{PY - Q(r, Vi) Y| 22y ds
0

2 Js1 + Jsa.

Js1 can be treated in a similar fashion as before, but J52 requires some new approaches.
By (4.8) and Lemma 2.2,

t
Js1 S/||e_g‘5‘25(t_s)\§|ﬁ{62(7'7Vu)}||Lz(D1)ds
0
t
< / (t — 85 |Q(r, V)| paroge ds

t
S [t =57 Urlae (1Vulles + [Vl =) ds
0

_d+2
S 7 Y (@) [[7llpeer (5.9)
To estimate Js2, we use the upper bound for My with & € Do,

[2-284
9

|My(t)] S |72 emcls ¢=c(n) > 0.

Therefore,

t
Js2 S / 11€]2728 =167 =) Z{Q(7, Vu)}| 12y ds. (5.10)
0
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We need to distinguish between two cases: 8 = 1 and % < B < 1. When g =1,

t
Jss < / le=¢ @9 Z{Q(r, V) 12Dy ds
0
t

S [ )l [Tu)l ds

A

e 7 (s) |2 €[] 1 ds

d+1

e ¢U=3) (Y72 ds Y (t) ||7|| poe 2

A

O, °——_. ©°

_d+i2
S Y () |[Tlleere. (5.11)
When 3 < 8 < 1, we need to split the time integral in (5.10) into two parts,

t/2
o €228 (t—s
Jss < / €228 =P =) Z(Q(r, Vu)} | 12y ds
0

t
— —c 2-28 —s
+ / €227 &=¢1€** =9 Z(Q(r, Vu)}| 12 ) ds
/2

£ Json + 22 (5.12)

Thanks to |¢['=2% < C for any ¢ € Dy and Sobolev embedding,

Tso1 S [ e U167 {Q (T, V) } 12 ds

<

~

e~ lul g2 |7 = ds

t/2
0/
t/2
< /e‘c(t_s) IVl el Vull e + |7/l V20l £2) ds
0
t/2
o/

c _d+2
S e 8 ol e lrllzeme S 07 Julzemlrlliene.  (5.13)

N | o+

To estimate J529, we take 0 < o < 1 to be a small number and write
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t
T = / 1[¢]2=200 =) e=eleF7*=9) 1¢]2=28)0 (7, Vu)} | 12 (p,) ds
t/2
t
S [(t= 970 g0 7 (Qr, Tu) oo ds
t/2
St sup [AC2Q(r, V) |12

t/2<s<t

St7 sup (H*’\(Q_Qﬁ)UTHL2 [Vul Lo + ||I7] 2 ||A(2_25)0V“||Lq)
t/2<s<t

<N TS 4 (2-2B)0
S @)% Y (@) 7l + )7 1Tl Lo S, A Vul|La,
t/2<s<

where 2 < p,q < co and ry satisfy

11 1 2 11
S4-=2, d<1)8ﬂ4a>0, ry>d(= - -).
PR . ( ) 12 d(5 p)

By the Gagliardo-Nirenberg inequality,
”A (2= 26)0VUHLQ(R¢) <C ”vu”Loo(Rd) ”vu”Lz(Rd) HAUIVUHLZ(Rd

where

(2—-28)0 < o1,
0<ni <1, O0<ng<1l, 0<ng<l,

1 2—-2 1 1
et = q(dﬂ)a_2n2+<2(jil>n3'

Then Js90 can be further bounded by

Tso2 S (O 7Y (1) |7l oo 2
F (07 (rllzogm (67 725y ) |,
SWOTF V(@) Il o
(8T T 7 g (Y (8) + [l e e )-
By further choosing 0 < 0 < 07 < %, and nq € (0,1) and ny € (0,1) such that

d+1 d+2 d+1 d+2 d+2
- -rs — — < —
25 7 43 Mg Ty TOS T g

(5.17)
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we then obtain
_d+2
Js22 S () 7 (Tl Leerz (Y () + [l o grives ). (5.18)
Since r; < d/2 < 2, we have replaced H™ by H? here. A simple calculation assures that

we can indeed choose o € (0,1), o1, n1, ne and ng to satisfy (5.14), (5.15), (5.16) and
(5.17). In fact, (5.16) reduces to

2
dni + 201 n3 :d<1— —) +4(1—ﬁ)0’
q
and (5.17) to
480 < d, (d+2)ns+480 < dn;.
These conditions will be fulfilled if we choose
. . d
o >0 is sufficiently small, o, = 2
2
d(1—5> — (88 —4)0 >0,
d(k%) — (88— 4)o

3= d+2+ 20, ’
4 2 2 —4
py= o d+2 (2 (8F-d)oy
d d+2+4 20 q d

ngl(n1+n3)z4(l_dﬁ)a

It is clear that, when o > 0 is sufficiently small, n1,ns and ng € (0,1). We summarize
our estimates on Js. In the case when 8 =1, by (5.9) and (5.11),

_d+t2
|J5| S () Y () [|7]| Lo e

In the case when £ < 8 < 1, by (5.9), (5.12), (5.13) and (5.18),

_d+2
sl S 4875 rllgoorms (Y8) + ull, uig ) -

Combining the five estimates above can yield

d+2
R

_dt2
VullL2 < (B) (uo, 7o) lL2nm + (&) 7 lull, _ avg 1Tl Lo a2

L>~H
d+2

+ () (XOY () + (X(E) + Y @), 7)o n2) - (5.19)
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5.3. The estimate of ||.A| Lz

By (4.11),

1%

t
~ 2 —~
Al = 1A < 1SR an s + 13 Zole + [ 1 ama(e = 9G]0 a5

/||M3 (t—s)F >||L2ds+/||M3 t— 5)H(s)|1 ds

£ N; + Ny + N3 + Ny + Nj.

According to (4.8), (4.9) and Lemma 2.2,

1 _ 1 _
N, = §H|f|2 Myug||z2(p,y + §|||§|2M2u0”L2(D2)

_n
llgle21¢

—dt2 —ct —di2
S ) luollpinze + e[ Vuollze S (8) % [luollzrnar,

26

A

Ul r2(py) + ”|§|172ﬁ676t|§|%“L2(D2)

where we have used the simple fact that |¢|'=2# < C for any & € Ds. Similarly,

d+2
Np S (t) % mollernme

By (4.8), (4.9) and Lemma 2.2,
[IEP
No = [ 15 Malt = )7 (Bu - V)12, ds
0
[IgP
+ 1550t = )2 P la- V) |12 ds
0
t
5/H|€\6_glflw(t_s)mHLz(Dl)ds
t
* / €'~ e |¢]u- V|| 2(py) ds

t
_d+2 t _—
/ (t—3)" 1% [lu- V| iz +e ||| V| p2(p,) ds
0
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—dt2 —c(t—s)
S (t=s) 7 [ Vaull2(flull ez + [[ullz=) +e

o

x (llefall el rz + @l pa 1€ all ) ds

t
S / (=) ()7 ()7 e ()7 H 4 (5)7F) ds
0

X

(X@OY () + (X&) + Y (0)[[ull oo r2)

d+2

(&)= (XOY )+ (X(@) +Y(0)l[ul Lo n2) -

A

N4 can be estimated similarly as Jy,
_d+2
Ny () 7 (XOY )+ (XE) +YO) 7l rr2) -

The estimate of N5 share some ideas with that for J;. First, N5 is naturally split into
two parts,

t
N5:/HM3(t*S)y{PVQ(T,VU)}||L2(D1) ds
0

+ / |M3(t — 5)Z{PV - Q(1,Vu)}||L2(p,) ds
0

£ Ns; + Nso.

N51 can be bounded similarly as before,

t
Nas 5/||e-%|5|25<f—s>9{1p>v.c3(7, V|2 ds
0

_d+2
(t—s) % [|Q(,Vu)|rr1nr2 ds
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To bound N3z, we use the following upper bound for M5 when & € Dy (see (4.9)),
My (g, )] S e €17 4 g7 emelel e,

Inserting this upper bound in Nj5o further divides V5o into two parts,
t
Nio < / e~ 6% (=9) ZLPY . Q(r, Va)} 12y ds
0

t
+ / €248 e~ elE (=9 2PV . Q(7, Vu)}| L2 (D) ds
0

Ny

52 +K752-

For Nsq, we split the integral interval [0,¢] into [0,¢/2) and [t/2,1],

t/2

N52 _ / H€70|5|2I3(t*8)§{]}bv . 62(7-7 vu)}||L2(D2) ds
0

t
—C 2ﬁ —8
+ / le= € =9 Z(BY . Q(r, Vu)} | 12y ds
/2

£ N521 + N522-

Using the same method as for the estimate of Js21, we infer

_ _d+2
Nso1 S () %% ull oo g2 || 7| Loe r2-

The estimate of Nsa2 is more complex. Our consideration is divided into two cases: 8 =
and % < B < 1. When % < B <1, the simple facts that z"e™* < C for any n > 0 an

1
2
d

|¢| > C for any £ € Dy yield

t
Nsz S / [[€]e™ 5 16177 @=9) =5 €77 (=) Z{Q(7, Vu)}| 12y ds
t/2

t

< /(t — 5) e 509 Q(r, Vu) | 12 ds

t/2
t

<

S /(t — )72 307 |7 o ||V 2 ds
t/2
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t
< /(t— )" e 5(tm9) <s>*%2 dsY (t)||7|| oo 2
/2

t

t
ST [(-9 e 50 dsY (@)
72

t

_dt2
S 7 YO~ ne,

where the last step uses the simple fact that for any % <pB <1,

/(t —5) e 579 ds < C(R).

t/2

When g8 = %, Ns29 can be bounded by the process in the estimate of Js29,
— _d+2
Noao S (0% [irlire (V) + o ey ) -

To estimate N52, we distinguish 8 = 1 from % < pB < 1. When 5 =1,

t t
No < / €]~ e ) F{Q(r, V) } | 2wy 5 < / &= || oo 7| 2 ds
0

0
t
_d+1 _
S / =) ()75 ds Y (¢) |7llpss S (6 F Y(8) |7llpese,
0

where we have used the simple fact that [¢|71 < C for any & € Dy. When % <p <1,
N5 can be treated similarly as Jso in (5.12).

/2
]\752 = / |||§|2—4:6 e—CI€|2’2B(t—s),§4’{IP’V . Q(T, V’LL)}||L2(D2) ds
0

t
— —c —28(t—s
+ / €248 &= =9) 2P - Q(r, V)| 12y ds
t/2

£ Njo1 + Ns2o.
By proceeding as in the estimates of J521 and Js99 in the previous subsection, we obtain

~ _di2
Nsg1 S () %7 |lull g 2|7l oo 2
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and
~ _d+2
Nsz2 § (075 Irllpoers (Y + llul oy ) -
Combining the estimates above, we find
_d+2
Ns S (677 (YO + Jull, ooy ) 7l oo

Collecting the estimates of N through N5 yields

_d+2 _d+2
[Allzz S &) %% (w0, To)llzinmr + (6) %7 |lul|

d+2

+ (@) (XOY (@) + (X (@) + YOl (w, 7)) - (5.20)

Lot d Tl Lo m2

5.4. The estimate of ||ul| .

By (4.11),

@z S Myl o + || MaAol| 1 Jr/HMl (t — 5)G(5)|| 11 ds

/||M2 (t—5)F(s)e ds+/||M2 (t = 5)A(s)|1: ds

£ K+ Ko+ K3+ Ky + Ks.
By (4.8) and (4.9),

Ky = || Myl y(p,) + | Mitiol| 1 (py)

_ng|28
Sle2 3¢l tUOHLl pyy e UOHLl(Dz)

< e —21¢?? 21€1*Pt

2oy lle™ 1 gl p2(pyy + e Nlaoll L (p,)-

Ift>1,

_ 23 _ 2B
”e clé] t||L2(D1) — / e 2c¢|€| tdf

__1
§l<n 26-1

I
N
e
|
DO
o
<
N
@
U
N[
A
N
L
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fo<t<l,
_cle|?8 __d_
lle clé| t||L2(D1) < C(d)’ﬂ 261,
Putting the two inequalities above together, we have, for any ¢ > 0,
—cle|?8 _d
le= ™ L2pyy S ()7 .
By Lemma 2.2,
_ne2Bp— _d
le™ 4 g L2 (o)) S (8)7 % Jluoll e
Therefore,
_d et _d
K1 S ()2 fluollzraze + e luollars < (8) 27 luollLranm,
for any ro > %. Similarly,
_d
Ky S () % |7ollLrnmr-

By (4.8), (4.9), (5.21) and Lemma 2.2,
t
Ky = /||M1(t—s)f{}P’(u-Vu)}||L1(D1)ds
0
t
+/|\M1(t—s)9{ﬁ>>(u-vu)}||L1(D2)ds
0
t
S [ 1D 2R (- Va1 o, ds
0
t
+ / et Z{P(u - V)| 110y d
0

(t— )" |ju- V| gz + e~ |a- V|1 ds

—d —e(t— ~ ~
(t = )% [Vl 2 (lullz + lullze) + e~ @ || oo ds

41

(5.21)
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d+1 3d+2 2d+41

50/<t—s>2% (1975 449y 5) e (97 ds x(0) Y (1)

To bound K4, we first split it as

t
Ki= [ 10a(t = )7 (BF - (u- 7)o, ds
0

t
4 / |Ma(t — ) F BV - (u- V)| 1 oy ds
0

2 Ka1 + Kao.

We first compute Ko,

t t
LELRS /|H§|1*2ﬁ€*“(t*5)%VT\ILl(D2>d8 N /6"2(t’5)llﬂllu|||§|?||L1 ds
0 0

t

_d -5
< /efc(tfs) <s> 28 dsX(t) ||7'||L°°HT3 < <t> 28 X(t) ||THL°°Hr3,

~

0

where r3 > 14 4. To estimate K41, we divide the time integral interval [0,] into [0, %)

and [%715],

t

Kuy = /||M2(t—s)gz{w-(u~Vr>}HL1<D1>d8
0

t
+/||M2(t—s)§{IP’V-(u~VT)}HL1(D1)ds

£ Ka1 + Ko

Making use of (4.8), (5.4), Holder inequality, (5.21) and Lemma 2.2, K411 is bounded by

%
Ky 5/H|§‘6_glglzﬁ(t_s)@HLl(Dl)dS
0



P. Wang et al. / Journal of Functional Analysis 282 (2022) 109332 43

_ 1 o e12B (4 _ngI2B (o)
S (t—s)7F e sl S)||L2(Dl)||€ sl S)u®T||L2(D1)dS

o\mﬁ

t t
_dt1 / _dt1
S [te=F usrlas s [ @7 riselulz ds
0 0

_d+1 _d _
S [ (s) ¥ ds X(8) |[T]|Leerz S0 27 X (@) (|7l Loo L2

O\MH

Again, by (4.8), (5.4), Holder inequality and (5.21), we obtain

_01¢126 (4—s
Ko / lele™ 4 TS T 11y ds

t
= / (1= 5) 7% e 8Oy eI, ds

[NIES

t

t
_d+2 - _d+2 ~
/ (t—s) 8 ||u®7'||L2ds§/<t—s> % ||al| o2 |7 o2 ds

SRS

t
/t—s ~E () ds X (1) |7 por

A

_d t _d+2
<) / (t— sy~ ds X (2) 7] g 1

x
2

_d
S 2 X(@#) [Tl pere-

~

Therefore,

a d
Ky <875 X() || peoprrs, with 73> 1+ 5

To estimate K5, we first write it as
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t
K5 = / HMQ(t — s)ﬁ{]P’V . Q(T, VU)}”LI(Dl) dS
0

t
+ / | Ma(t — 5).F{PV - Q(1,Vu)}||L1(p,) ds
0

£ Ks51 + Kso.

We first compute Ksa,

t t
Kso g/\||§\1—256—C(t—3>c,2(¢,vu)||L1(D2)dsg/e—c(t—s)|||g|a||p||?||L1 ds
0 0

t
_dt1 _dt1
S [ dsy @) Irlamae S O7F VO Iz
0

for any r4 > %. We divide K5, into two parts,

t

Ky :/||M2(tfs)§{]P’V'Q(T’ Vau)bzip,) ds
0

t
+ / ||M2(t — s)ﬂ{]P’V . Q(T, VU)}”Ll(Dl) dS

£ Ks11 + Ksia.

By (4.8), Holder inequality, (5.21) and Lemma 2.2, K57 is bounded by

i
Ksii < / e~ 41€% =9 Q7. V)| 1y ds
0

t

2

< / le™ HIEP @9 L e B =) Qr, V) | 12y ) ds
0

<

(t = 5)7 % (|Q(7, Va)|[ 1 ds

< [ (= )7 |Vl 2|7 2 ds

O\mr« O\ms
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7 _d _d+2
< / (t— )73 () F dsY (1) |7l oo
0

_d+2
(s) %7 dsY(t)|ITl|Ler2

AN
~
-~
=
|
e
o\m\‘

_d
S (&) 2 Y (@) 7]l Lo r2-

For K512, invoking (4.8), Holder inequality, (5.21) and Young’s inequality, we have

t
Ksio < / le™ H1EP7 @) L e BP9 Qr, V) | 12y ) ds

2

¢
4 =
§/<t_3> wQ(r, Vu)| L2 ds
¢

—d ~
S [ (E=s) lElull o lI7ll > ds

~

MRS

t
_d _d+1
< / (t— )75 ()T dsY (1) |7l oo

1
2

t
<)~ F / (t— )71 ds¥(t) 7| e o
t
2

_d
S (82 Y (@) 7]l Lo L2

Therefore
_d d
Es 5 () 2 Y(O) Irllpprs, with 74> 3.

Combining the estimates above, we find, for r3 > 1+ g,

lallze < ()% (w0, 7o)l immrs + (8) % X ()Y (1)
(5.22)

F ()75 (X () + Y () |7l o
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5.5. The estimate of |||€|ul|

By (4.11),

t
lglallz: S N€lMaaal s + N[1€1Ma Aol s + / 11| M1 (¢ = )G 1 ds
0

t t
+ [ letate = Bl ds+ [ 11elpate - A ds
0 0
2L + Lo+ L3+ Ly+ Ls.
By (4.8), (4.9), (5.4), (5.21), Holder inequality and Lemma 2.2,

Ly = [[|§|Miuo || L1 (py) + [I1E1Mio]| L1 (py)
01|28 et
< Jl[éle 2! Ul pyy + IllEle™ ol L (b,

I _ 2B _mg)2B o~ _ —~
<O e H 2,y le™ 2G| ooy + e NI€f 0] 21 (2

-4t —ct
St % fluollpinre +e”“luollmrs

_d+1
S % uollLinmrs,

forrs > 1+ %. Similarly,

a1
Ly S () 2% |lmolloinmrs-

The estimate of L3 is more complex,
t
La= [Nt~ ) F{Plu- V) |os(p, ds
0
t
+ [l - 9 (Bl Tl pacou ds
0
t
S [ Nele M2 (Bl Tuplpacou ds

0
t
+ / ll€le™=) F (P (- Vu)}| 11 (s s
0
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t
—4l —c(t—s) o
S| {t—58)" 2 ||lu-Vulpiqe + € 1E|w - V|| g1 ds
0

_dt1
(t—s)" 2 |Vullp2([Jul|2 + [Jul|z~) ds

N
o\bb

t

+/€’C“’5)(IHSITLII%1 + | e €l ) ds

0

_d+1
S (t=s) 2 [Vl z2(flull 22 + [Jullz~) ds

o —_ .

i
—c(t—s) ~12 -~ 2~ 2~ )
+/e {||€|u|L1 + a2 (||€ s <oy 2y TIIEN |L1(|g|><s>w))} ds
0

/ (t =)~ llglallz ([l 2 + |al2) ds
0

x (XY (0 +Y @07+ Xl yarg )

d+1

ST (XOYO) +Y O+ XOllull, . org )

To estimate L4, we first write it as

t
L. :/|||§|M2(t—s)§{IP’V-(u~VT)}HL1(D1)ds
0

4 / €10t — ) F BV - (u- Y1)} | 111y ds

£ L1 + Lao.

In order to generate enough decay in Ly, we invoke (5.7) to write
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t
Lt < / e~ H1 =9 e @ Al 1y ds

=1

d t
_ B+ _
£y / e~ =) 6| F ([PV-, ]} | 1 (v ds
0

£ L1 + Laro.

By (5.4), Holder inequality (5.21) and Lemma 2.2,

Ly §/||e_g|£|25(t_s)|§|U/®7HL1(D1)ds

<t—s> 25 ||e 21€]28 (t— S)HL2(D ||e 21g[2P (t— S)u®A||Lz Dl)ds

a

)
u|+
A

(t =) (ulloall Al + 1l All2) ds

t
o/
t
_dt1 —
S =97 (Jus Al + 75 A2 ds
0
t
o/

d+1 3d+2 ) d+1

S [tt-97% (07 4 07 sxoyvo s o7 xo v,
0

To estimate L4z, we split the interval [0,¢] into [0, %) and [£,¢] and invoke (4.8), (5.4),
) to obtain

Holder inequality, (5.21), Lemma 2.2, (2.5) and (5.8

26 (4
Lin=3 / e~ #E C=9) 6| F{PV-, )} 11 () ds
1= 10

d t
+Z/||e*%|€|”<t75>|g|52{[1pv.,ui]T}HLl(Dl)ds
i=1"
P
<> / (t —5) 72 [le™ 1@ Lo e BP0 Z{PY i)} 12Dy ) ds
=1

25 2B s
+ (t— )" [l MO o lem H D F PV w7} 12y ds

M=~ <
w\ﬁ\ﬁ

i=1
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%
,SZ/ t—s_m I[PV-, w711 ds

i=1

+ (t— )~ | F{[PV-, u]}|| 12 ds

s
i M&
I

m\w\ﬁ

_dt1
(t—s) 2 (IVullrz|lTllr2 + |lullL2[|Allz2) ds

AN
—+ o\wh
\&

(t =)~ gl |17 e ds

N+

S~ [ (607 +6075) asYOXO + rller2)
0

) / (t— 5" F ds ¥ ()| e
S YOXW) + 7]l r2)-

To estimate Lyo, we make use of (4.9), for £ € D,

|Ma(t)] S |6 720 emcléP 7t < jg| =20 et

(5.23)

In addition, in order to generate enough decay, we invoke (2.4) to write the upper bound

into three parts.
Lis 5 / e~ {B(u- VA 3 (0,

/ e~ =) F B (T V)13 s s
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/He =9 Z{P(Vu- VAV -V - 1)} || 11 (py)ds

= (fall o el Al + el o€l e ) ds

N
- o\
ml

< —c(t—s) || A A
S /6 [all 2 <||§A||L1(£g<s>w§w> * ”|§|A”L1<|f|><s>2‘”3*‘”)> "
0
t
[ e Dl Nl s
0
S
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)
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T el e g Yds

Therefore,

To bound Ls, we first split it into two parts,

Ls :/|H§|Mg(t75)5“{]P’V~Q(T,VU)}||L1(D1)ds

+ / €| M2 (t — 5).F{PV - Q(7, Vu)}||L1(D,) ds

£ L1 + Lso.

We further divide Ls; into two parts,
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By (4.8), (5.4), (5.21), Holder inequality and Lemma 2.2,
%
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L5715 is bounded by
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t
_dt1 _d+2 _dt1
S ()% /<t—8> B dsY(t)||Tl|pere S () % Y () |7l re.

Nl

To bound Ls2, we use the upper bound (4.9) or (5.23).
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where we used the fact in Theorem 1.2, which is

wl»—-

IT()l reg < C L)
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Thus, we have

_d+1 1
L S (&5 {Y ) (7l g 112y ) H il vgizaga 7l g -

Collecting the estimates of L; through L5 leads to

- _d+1 _d+t
NElalloy < (&) 2 |[(vo, To)llLrnmrs + (t)~ 27 (X(t)Y(t)+Y(t)2+X(t)||u|\LmHs+%)
_da+1 1
+ () (XO+Y@) (Il . pardez +HTH;HH%)
()T u o zape ||| )
Loog?tet ™5 LooH' T2
(5.24)

where 75 > 1+ g.
5.6. Verification of (5.1) and (5.2)

Finally we combine the estimates in the previous subsections to verify (5.1) and (5.2).
We remark that (5.6) involves only H'-norm of 7, (5.19) and (5.20) involve the H2-
norm of 7 and H*% of u, (5.22) involves the H"*-norm of 7 with r3 > 1+ g, and (5.24)
involves the H3*27*%" norm of u and H*+5+% norm of 7. In order to accommodate

all these requirements, we choose the functional setting to be H” with r = 3+ g + MT"’Q.

According to (5.6) with (5.22), for r =3 + 4 + QdT"'z,
X(8) S ll(uo, 7o) | Lramr + X(B)Y(#) + (X (@) + Y (@) [ 7] o~ rrr-
By (5.19), (5.20) and (5.24),
Y (t) < o, 1) | revrrr + 1w, ) IZoe e + (X () + Y (1) (Y (8) + [l (w, 7)o 1rr) -

This completes the proof of Theorem 1.3. O
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