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CONDUCTORS AND NEWFORMS FOR SL(2)

JosHUA M. LANSKY AND A. RAGHURAM

In this paper we develop a theory of newforms for SL,(F) where F is a
nonarchimedean local field whose residue characteristic is odd. This is anal-
ogous to results of Casselman for GL,(F) and Jacquet, Piatetski-Shapiro,
and Shalika for GL,(F). To a representation & of SL,(F) we attach an
integer c(;r) that we call the conductor of &. The conductor of = depends
only on the L-packet I1 containing x. It is shown to be equal to the con-
ductor of a minimal representation of GL,(F) determining the L-packet
II. A newform is a vector in & which is essentially fixed by a congruence
subgroup of level c(ir). For SL,(F) we show that our newforms are always
test vectors for some standard Whittaker functionals, and, in doing so, we
give various explicit formulae for newforms.

1. Introduction

To introduce the main theme of this paper we recall the following theorem of
Casselman [1973]. Let F be a nonarchimedean local field whose ring of integers
is Op. Let P be the maximal ideal of Or. Let ¥/r be a nontrivial additive character
of F which is normalized so that the maximal fractional ideal on which it is trivial
is ©F-

Theorem (Casselman). Let (7, V) be an irreducible admissible infinite-dimen-
sional representation of GL,(F). Let w, denote the central character of . Let

r(m)={<‘C‘ Z) €GLy(0F):c=0 (mod " }

sz{veV:Jt((CCl Z))v:w,,(d)v, v(‘C’ Z)er(m)}.

(1) There exists a nonnegative integer m such that V,, # (0). If c(w) denotes
the least nonnegative integer m with this property then the epsilon factor

Let

MSC2000: primary 22E50; secondary 22E35, 11537, 11540.
Keywords: conductor, newform, SL(2).

101


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm..-

102 JOSHUA M. LANSKY AND A. RAGHURAM

—c(m)s

€(s, m, ¥F) of w is up to a constant multiple of the form q . (Here q

is the cardinality of the residue field of F.)

(1) For allm > c(wr) we have dim V,, =m — c(mw) + 1.

The assertion dim V,(r) = 1 is sometimes referred to as multiplicity one for
newforms, and the unique vector (up to scalars) in V() is called the newform for
. This is closely related to the classical Atkin—Lehner theory of newforms for
holomorphic cusp forms on the upper half-plane [Casselman 1973]. When c(rr) =
0, m is a spherical representation and the newform is nothing but the spherical
vector.

Newforms play an important role in the theory of automorphic forms. We cite
two examples to illustrate this. First, the zeta integral corresponding to the newform
is exactly the local L-factor associated to m (see [Jacquet et al. 1981] for instance).
In addition, newforms frequently play the role of test vectors for interesting linear
forms associated to . For example, the newform is a test vector for an appropriate
Whittaker linear functional. In showing this, explicit formulae for newforms are
quite often needed. For instance, if 7 is a supercuspidal representation which is
realized in its Kirillov model then the newform is the characteristic function of the
unit group 0. This observation is implicit in [Casselman 1973] and is explicitly
stated and proved in [Shimizu 1977]. Since the Whittaker functional on the Kirillov
model is given by evaluating functions at 1 € F*, we get in particular that the
functional is nonzero on the newform. In a related vein, it is shown in [Gross and
Prasad 1991] that test vectors for trilinear forms for representations of GL,(F') are
often built from newforms. (See also [Schmidt 2002], where many of these results
are documented.)

As far as we know, the only other p-adic groups for which there is a theory of
newforms are GL, (F) [Jacquet et al. 1981]; GL,(D) for a p-adic division alge-
bra D, [Prasad and Raghuram 2000]; and GSp,(F) (unpublished work of Brooks
Roberts and Ralf Schmidt). In this paper, we propose a theory of newforms and
conductors for SLy (F).

Let G = SL,(F) where F is a nonarchimedean local field with odd residue
characteristic. Crucial to our study of newforms are certain filtrations of maximal
compact subgroups of G. Let K = Ko =SL,(0F). Let K' = K= o' Koo where
o= (Z%F (1)) Then Ko and K| are, up to conjugacy, the two maximal compact
subgroups of SL,(F). We define filtrations of these maximal compact subgroups

as follows. For m an integer > 1, let

K, = {(i Z) € SL,(0Ofp) :c=0 (mod QP’,’%)} and K,/n:oz_leoz.
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Let (7, V) be an irreducible admissible infinite-dimensional representation of
G. Let w, be the central character of , i.e., the character of {£1} such that

T (<_01 _01>) =wr(—Dly.

Let n be any character of @; such that n(—1) = w;(—1). Let ¢(n) denote the
conductor of . For any m > ¢(n), n gives a character of K, and K, defined by
n ((? 3)) = 1n(d). We define for m > 0

nf’” :={veV:n<<j Z))v:n(d)v, V(Ccl Z)GK,,,}.

Note that nrf m = (0) if m < c(n). The space nf m is defined analogously. We define
the n-conductor ¢, () of w as

cy(r) =minfm = 0: 757 £ (0) or w7 # (0).

We define the conductor c¢(m) of w by c¢(7r) = min{c, () : n}, where n runs over
characters of F* such that n(—1) = w; (—1).
We deal with the following basic issues in this paper.

(1) Given an irreducible representation 77, we determine its conductor c(;r). A very
easy consequence (almost built into the definition) is that the conductor depends
only on the L-packet containing 7.

(i1) We identify the conductor with some other invariants associated to the repre-
sentation. For instance, for SL,(F) we show that the conductor of 7 is same as
the conductor of a minimal representation of GL,(F) determining the L-packet
containing 7. We also determine an explicit relation between our conductor and
the notion of depth due to Moy and Prasad (see Section 3.4).

(iii)) We determine the growth of the space dim VnK'" as a function of m. This

question is analogous to (ii) of Casselman’s theorem quoted above. Computing

such dimensions is of importance in local level raising. See [Mann 2001].

(iv) We address the question of whether there is a multiplicity one result for new-
c(m) __

. . K e
forms. It turns out that quite often dim V;, "’ = 1, but this fails in general (see Sec-
tion 4). In these exceptional cases the dimension of the space of newforms is two.

(v) We prove appropriate Whittaker functionals are nonzero on spaces of newforms.
This is of importance in global issues related to newforms. In the proofs, we often
need explicit formulae for newforms in various models for the representations.
These formulae are interesting for their own sake. For example, if ¢ is a character
of F of conductor O and (7, V) is a {-generic supercuspidal representation of G,
then the newform can be taken as the characteristic function of (@;)2 where V is
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regarded as a subspace of the Kirillov model of a canonical minimal representation
of GL,(F) which determines the L-packet containing 7; see [Shimizu 1977].

The paper is structured as follows. We briefly summarize preliminaries on rep-
resentations and L-packets of GL,(F) and SL,(F) in Section 2. The main results
of the paper are given in Section 3. In this section, after stating the definitions, we
take up principal series constituents and supercuspidal representations in separate
subsections. We also state results comparing the conductor with other invariants
of representations. In Section 4 we discuss the multiplicity one issue for newforms
for SL,(F).

We now comment briefly on the proofs. A useful preliminary lemma (Lemma
3.1.3) is proved using a variant of an argument of Deligne [1973] based on Kirillov
theory for representations of GL,(F). This lemma bounds the growth of fixed
vectors in representations of SL, (F).

For subquotients of principal series representations and their L-packets, most
of the proofs use Mackey theory, convenient double coset decompositions, and
details regarding restriction of representations from GL; to SL,. There are a few
surprisingly difficult exceptions. In particular, for the L-packet corresponding to
a quadratic unramified character we use three different realizations of principal
series representations for which a general reference is [Gel fand et al. 1969].

For supercuspidal representations and their L-packets, we make extensive use of
Kutzko’s construction [1978a; 1978b] of supercuspidal representations of GL; (F'),
as well as the analysis of their restrictions to SL,(F) due to Kutzko and Sally
[1983]. In showing that certain vectors are newforms, as in the above mentioned
SL, version of Shimizu’s result, we use a combination of arguments involving
Kutzko’s constructions, the formal Mellin transforms as in Jacquet—Langlands, and
the local Langlands correspondence for GL, (see Propositions 3.3.5 and 3.3.9).

We mention some further directions that arise naturally from this work. To
begin with, we hope to show that our theory of newforms and conductors bears
upon known results about local factors for SL,(F). In particular, we believe that
our conductors are closely related to the analytic conductors appearing in certain
epsilon factors. We also believe that an appropriate zeta-integral corresponding to a
newform of a representation is equal to a certain local L-factor for that representa-
tion. As a possible global application we would like to prove using our newforms
that representations (or possibly L-packets) of SL, have a nice rationality field,
akin to Waldspurger’s [1985] result for GL,.

A companion to this article [Lansky and Raghuram 2004] deals with newforms
for the quasisplit unramified unitary group U (1, 1). It would be of interest to
generalize these results to other groups, namely, to SL,, for higher » and for uni-
tary groups in three variables (for instance the quasisplit unramified unitary group
Uu@,).
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2. Preliminaries

2.1. Notation. In the following, F will be a fixed nonarchimedean local field
whose residue characteristic is odd. Let O denote its ring of integers and let P
be the maximal ideal of O. Let w be a uniformizer for F, i.e., ? = 0. Let
k = 0/% be the residue field of F. Let p be the characteristic of k and denote
by ¢ the cardinality of k. Let € be an element of 0*\0*>. We will denote by E a
quadratic extension of F and by wg,r the quadratic character of F* associated to
E/F by local class field theory. Recall that the kernel of wg,r is Ng,r(E™), the
norms from E*,

If n is a positive integer, let U" denote the nth filtration subgroup 1 + %" of
0%, and define U? = 0*. Let v denote the additive valuation on F* which takes
the value 1 on . We let | - | denote the normalized multiplicative valuation given
by |x| = g "™ _If x is a character of F* we define the conductor ¢(x) to be the
smallest nonnegative integer n such that x is trivial on U". Let ¥ be a nontrivial
additive character of F which is assumed to be trivial on O and nontrivial on #~!.
For any a € F the character x — ¥ (ax) will be denoted as ¥ r , or simply by V.

Let G denote the group GLz(F ). Let B = TN be the standard Borel subgroup
of upper triangular matrices in G with Levi subgroup T and unipotent radical N.
Let Z be the center of G. Let G = SL,(F). Let B =T N be the standard Borel
subgroup of upper triangular matrices in G with Levi subgroup 7 and unipotent
radical N. Let w be a representative in the normalizer of T for the nontrivial
element of the Weyl group of 7. Set K = SL;(0) and K= GL,(0). Let I and T
respectively be the standard Iwahori subgroups of G and G.

The following filtrations of maximal compact subgroups of G will be important
in our study of newforms. Let K_; = G and Ky = K. Let K’ = K/ =a 'Kyu
where o = ( 0 1) Then K and K are, up to conjugacy, the two max1mal compact
subgroups of G. For m an integer > 1, recall that K,, and K, stand for certain
congruence subgroups as defined in the introduction.

In addition to «, we will also make frequent use of the matrices 8 := ((1) Zg ) and
y=(57)

For any subsets A, B, C, D C F we let

A B ab
|:C D]z{(c d).aeA,beB,ceC,deD}.

We denote [ 1 #7] by N(?/) or simply by N(j). We let N denote the lower tri-
angular umpotent subgroup of G and a similar meaning is given to N(%/) and
N(j).

If € is a closed subgroup of a locally compact unimodular group % and if (o, W)
is a smooth representation of ¥, then we let Indiff (o) denote the representation of
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% induced from o, i.e., the space of locally constant functions f : ¢ — W such
that for all 4 € ¥ and g € ¢ we have

f(hg) = AL P (yo () f(2),

where Ay is the modulus character of 9. The group % acts on this space of func-
tions via right translation. We let ind(;%(cr) denote the subrepresentation of Ind;% (o)
consisting of those functions in Ind;f;f (o) whose supports are compact modulo #.
If 7 is any irreducible representation of ¢ on which the center of % acts by a
character, we will denote this character by w,;. The symbol 1 will denote the trivial
representation of the group in context.
For real ¢, let [{] denote the least integer greater than or equal to ¢ and |[{| =

—[=Z1.

2.2. Some results on GL,(F). We briefly recall Kirillov theory for representa-
tions of GL;(F). For details see [Casselman 1973; Jacquet and Langlands 1970;
Prasad and Raghuram 2000]. Let (7, V) be an irreducible admissible infinite-
dimensional representation of G = GL,(F). The representation space V may be
uniquely realized as a certain space of functions K (r), where C°(F*) C K () C
C°°(F™*). Moreover, the space K (;r) consists of locally constant functions on F*
which vanish outside compact subsets of F' and the action of B on K () is given

by the formula

ab _ _
(2.2.1) (n ( 0 d ) f) (x) = wr ()Y (d"'bx) f(d ' ax)
forall a,d, x € F*, for all b € F, and for all f € K () (see [Casselman 1973]).
This Kirillov model K () has many nice properties, namely:

(i) Foralln € N and for all v € V, w (n)¢, — ¢, has compact support in F* where
¢, 1s the function in K (;r) associated to the vector v € V.

(ii) The space K (;r) contains C2°(F*) as a subspace of codimension at most two.

(iii) The C-span of functions in (i) is C2°(F*). Or in other words the Jacquet mod-
ule of 7, denoted 7y, may be identified as a 7 module with K (;r)/ C°(F*).

(iv) The representation 7 is supercuspidal if and only if CZ°(F*) = K ().

It is often of interest to know what the newform looks like in the Kirillov model.
If 7 is a supercuspidal representation of G then the characteristic function of 0%
is a newform for ;. (This was observed in [Shimizu 1977].) A similar result is
known for supercuspidal representations of GL; (D) [Prasad and Raghuram 2000,
Proposition 5.5]. We prove analogous results for SL,(F') in this paper.



CONDUCTORS AND NEWFORMS FOR SL(2) 107

2.3. L-packets for SL;(F). In this section we collect statements about the struc-
ture of L-packets for G = SL,(F'). See [Labesse and Langlands 1979; Gelbart and
Knapp 1982; Kutzko and Sally 1983; Shelstad 1979].

If 7 is an irreducible admissible representation of (N}, its restriction Resgy ,( p)ﬁ
to G is a multiplicity-free finite direct sum of irreducible admissible representations
w1 @ - - - @ m,. On the other hand, if 7 is any irreducible admissible representation
of G, then there exists an irreducible admissible representation 7 of G whose
restriction to G contains 7. The set {7, ..., m,} is an L-packet of G and G acts
transitively on this set. It is known that the cardinality of an L-packet is 1,2 or 4
[Shelstad 1979].

Given such a pair % and 7, let X (%) = {x € F*: ¥® x ~ 7}, where we identify
a character x of F* with the character x odet of G. Let (N}(n) ={ge G : %7 ~ w}.
The representation 87 is defined as é7 (x) = n(gxg_l) for all x € G. Clearly, if
x € X () then yx, as a character of 5, is trivial on F*G. (The center of G is
identified with F*.) Also F*G is contained in é(n). In fact, given a character yx
of F* we have x € X (7) if and only if x is trivial on 5(71) [Labesse and Langlands
1979, Lemma 2.8].

3. Newforms for SL;

3.1. Definitions and the growth lemma. We now give our definition of the con-
ductor of a representation of G. Let (;r, V) be an admissible representation of G
admitting a central character which we denote by w,,.

We let n be any character of 0 such that n(—1) = w,(—1). Let c¢(n) denote
the conductor of 7. For any m > ¢(n), n gives a character of K,, and K, defined

by n((£ 7)) =n(@.
For any nonnegative integer m, we define

JTUK’" :={veV:n<<i Z))v:n(d)v, ‘\7’(2Z Z)eKm}.

We note that nf’” = (0) if m < c(n). The spaces nf ” are defined analogously.
We define the n-conductor ¢, () of m as

G.1.1) cy(r) i=minfm = 0: 757 £ (0) or w1 # (O)).
We define the conductor c(m) of w by
(3.1.2) c(mr) :=min{c,(7) : n}

where 7 runs over characters of 0 such that n(—1) = w, (—1). Suppose n satisfies
cp(m) =c(m). If

1D £ O) or m T #(0),
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we call a nonzero element of these spaces a newform of , and 7, °™ or nf o«
itself is then called a space of newforms of .

The following growth lemma bounds the growth of the dimension of 77 X~ for any
irreducible representation w of G. It uses Kirillov theory for GL,(F). The proof
is modeled on Deligne’s proof [1973] of a similar GL, statement of Casselman
[1973]. Similar arguments have also been used in the context of GL, (D) in [Prasad
and Raghuram 2000].

Lemma 3.1.3. Let (77, V) be an irreducible admissible representation of G. Let
(7w, V) be the restriction of & to G. For any character n of 0% such that n(—1) =
wz (—1), and for all m > max{c(n), 1}, we have dim(nf’”) — dim(nf’”") <2.

Proof. If V is finite-dimensional, then it is one-dimensional so 7 is trivial and

dim(nnK'") = 0,1 for all m and we are done. We henceforth assume that V is

infinite dimensional. We also assume that (77, V) is realized in its Kirillov model.
Note that ﬂnf " C n,f’" since

X —1
,Bl(m—l,B_1 = [S)m ng :| NG>K,

It suffices to show that dim(nf'"/ﬂ(nf’"")) < 2 for m > max{c(n), 1}.
Let f € nf"’. Since f is fixed by N(0) C K,,,, we get that supp(f) C 0. (Recall
that V is in Kirillov model for 7.) Indeed, if for x € F* we have f(x) # 0 then

ro=(( 1)) w=v@re

for all a € O which implies that x € O. (Recall that ¥ is normalized to be trivial on
0 and nontrivial on ?~!.) Since T (0) C K,, acts via  on f, we get for all y € F*
and all u € 0%

nw () = (( - ) f) ) =0z fW?y),

which gives f u?y) = (wzn~ ") () f(v). This implies that on 0%, f is completely
determined by its values on 1 and €.
Now suppose f € nfm is such that supp(f) C ?. Then we claim that f €

,B(rr,f’"‘]). For this, we show that 87! f € nf’”‘]. Note that ! f is n-fixed by

_ ox P
B Kf > [@ml @X}mG
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and so it suffices to show that 8! f is also fixed by N (0). Thus we need to show
that for all y € F* and alla € O

((45)r ) =610

This reduces to ¥ (ay) f(wy) = f(wy), which is true from the assumptions on
the support of f and the normalization on .

Suppose now that fi, f>, f3 € nf’”. Then there exist constants ap, ap, a3 such
that supp(a; fi + az f> + a3 f3) C P. By the arguments above, we obtain a; f| +
arfo+as f3 € B(r;""). This implies that dim(z /(")) < 3. 0

3.2. Principal series representations. Let y be a character of F*. Then x in-
flates to a character of B. Let w(x) stand for the (unitarily) induced representation
Indg (x). The representation space of () ) consists of locally constant complex
valued functions f on G such that foralla € F*, b € F and g € G, we have

(5 0)e) =an@r.

The action of G on such functions is by right translation. It is well known that
m(x) is reducible if and only if y is either | - |*

There is an essential difference between the two kinds of reducibilities. In the
case x =| - |, m(x) is the restriction to G of a reducible principal series represen-
tation of G. Hence 7 (x) will have two representations in its Jordan—Hélder series,
namely the trivial representation and the Steinberg representation which we will
denote by Stg.

If x is a nontrivial quadratic character, then 7 ()) is the restriction to G of an
irreducible principal series representation of G and breaks up as a direct sum of
two irreducible representations, which constitute an L-packet of G. If x = wg/r
we denote 7 (x) by g and let mp >~ n'é @ n,%. We denote the L-packet by &g =
{m é, 71125}.

To begin, we need a lemma on double coset decompositions to analyze the space
of fixed vectors in principal series representations.

or a nontrivial quadratic character.

Lemma 3.2.1. Let m > 1 and set x; = (u_il (1)) and y; = (5;,- O)for l1<i<m-—1.
A complete set of representatives for the double coset space K\ K /B(0) is given
by {1, w, xi, Yiti<i<m—1-

Proof. Letk = (‘; Z) € K. The coset representatives are determined by considering
the cases where ¢ is in ?™, where c is in 0%, or for 1 <i <m, where v(¢c) =i and

w'c™!d is or is not a square. We leave the routine details to the reader. O

Let x be a character of F'*. Let n be a character of 0 such that n(—1) = x (—1).
Let m > c(n). We note that the space Jr(x),[f’" is isomorphic to Homg,, (7, w(x)).
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In light of the Lemma 3.2.1, standard Mackey theory yields for m > 2

(3.22) 7L =Homp) (. x) ®Hom,-1 g, wasw ("1, X)
m—1 m—1
® @ Homxflex,ﬂB(@) C'n, )@ @ Homyl.’ll(my,ﬂB(@) ", x)-
i=1 i=1
If m =1, only the first two terms appear, while if m = 0, only the first appears. We
use this result extensively in the computations of this section.

As mentioned in the introduction, one of the applications of newforms we have
in mind is that they are test vectors for Whittaker functionals. For principal series
representations and in fact all their subquotients we consider the following /-
Whittaker functional [Schmidt 2002]. For any function f in a principal series
representation () we define

—1 1 _
(3.2.3) Ayfi=lim | f (((1) 0 ) (0 ’;)) ¥ (x)dx,

where the Haar measure dx is normalized such that vol(0) = 1.

Proposition 3.2.4 (Unramified principal series representations). Let x be an un-
ramified character of F* and let m1 = 7w (x) be the corresponding principal series
representation of G. Then c(mw) = 0, and moreover, ¢, () = c() only when n is
trivial. The dimension of the space of fixed vectors under K,, is given by

1 ifm=0,

dim 7 (3 )%n =
() {Zm ifm>1.

Proof. Note that Lemma 3.2.1 and the fact that G = BK implies that

1 ifm=0,
|Km\G/B|=|Kn\K/B(0)| = .
2m ifm>1.

This, together with (3.2.2) proves the proposition. ([

Corollary 3.2.5 (Test vectors for unramified principal series representations). For
an unramified character x of F* such that x # |-|7", let fnew be any nonzero K -
fixed vector of the representation w(x). Then we have Ay frew = L(1, XN #£0,
where L(s, x) is the standard local abelian L-factor associated to .

Proof. This is a standard computation in the theory of spherical representations.
We merely give a sketch of the details. We can take the newform f = fjew to be
given by

a x
0a

f@)=x@lal, gz( 1>k€BK=G.
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We have

) | 1 0)\\—
Ay frew =1+ lim @_r\@f<<x0 . )(x—l 1)) V(x)dx

=1+Z/ XD ) d
m=1"%

—m@x
= (1= x(@)q H=L{1, )" #0. O
Proposition 3.2.6 (Steinberg representation). Let Stg be the Steinberg representa-

tion of G. Then c(Stg) = 1, and moreover, c,(Stg) = c¢(Stg) only when n is trivial.
The dimension of the space of fixed vectors under K,, is given by

0 ifm=20,
dim(Sty") = 4
2m—1 ifm>1.
Proof. The result follows from Proposition 3.2.4 and (3.2.2). O

Corollary 3.2.7 (Test vectors for the Steinberg representation). Let the Stein-
berg representation Stg be realized as the unique irreducible subrepresentation of
7 (|- ). Then the \y-Whittaker functional A, is nonzero on the space of newforms

(StG)new = Ste'.

Proof. We consider the standard intertwining operator M : 7 (|-|) — (|- )

given by
0 -1 1 x
M = d
anw=[ (775 )(o7)e) e

for all f € m(|-|) and for all g € G. The representation space of the Steinberg
representation is simply the kernel Vy; of M [Bump 1997, §4.5].

Note that a function f € 7(|-|)X! is determined by its values on the elements
I,w e G. Let fpew be an element of 7 (|- )X determined by fhew(1) = ¢ and
Soew(w) = —1. It is easy to see that M frew =0 and O fpew is indeed a newform
for the Steinberg representation. A computation very much like that in the proof
of Corollary 3.2.5 shows that Ay, frew = —(1 + g~ #0. We leave the details to
the reader. See also [Schmidt 2002]. O

Proposition 3.2.8 (Ramified principal series representations). Let x be a ramified
character of F*. Let 1 = w(x) be the corresponding principal series representa-
tion of G. Let c(x) denote the conductor of x.

(1) We have c() = c(x) and further c,(w) = c(m) only for those characters n
such that n = x* on the group of units 0.
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(ii) Ifle(@X)z # 1l and n = xF|o~ then

0 ifm <c(x),
dimz(x);" =1 1 ifm=c(x),
2m—c()+1 ifm>c(x).

(iii) If x*|(oxy2 = Il and n = x*|o~ then

0 ifm=0,

dim 7 () &n =
(X)n {Zm ifm>1=c(y).

Proof. Let n be a character of 0* such that n(—1) = x(=1). Let m > c¢(n).
We must determine the dimensions of the Hom-spaces in (3.2.2). The space
Homp@)(n, x) is nonzero if and only if n = x ! as characters of 0*. The space
Hom,,-1 ¢, wnp@) ("1, x) is nonzero if and only if n = x as characters of 0*. For
the summands corresponding to x; we observe that Hom -1 Kyxin B(@)( n, x) % (0)
if and only if n = x on 1 + @™l =i and m — i > c(n) An identical statement
holds for the summands corresponding to y;. All the assertions in the proposition
follow easily from these observations. We leave the details to the reader. U

Corollary 3.2.9 (Test vectors for ramified principal series representations). Let x
be a ramified character of F*. Let m = w(x) be the corresponding principal series
representation of G. Assume that v is irreducible. Let m = c(x) > 1 denote the

c(x)

Ke(y) » . .
conductor of x. The space of newforms (X )new = 7(X)y is one-dimensional

where 1 is x restricted to 0™, and the Whittaker functional A, is nonzero on this
space of newforms.

Proof. From the proof of Proposition 3.2.8 it follows that a newform may be taken
as the function fjw that is supported on the double coset Bw K, and on this coset

it is given by
f ((6 2 ) w (ﬁ i;)) = xOltlx(@).

As in the proof of Corollary 3.2.5 it can be shown that Ay (frew) = x(—1) #0. 0

We now consider the L-packets &g = { }E, n%} where E/F is a quadratic ex-
tension. To begin, we take up the case where E/F is ramified.

Proposition 3.2.10 (Ramified principal series L-packets). Let £ = {7 }E, né} with
E/F ramified. We have C(JT};) = c(n%) = 1. Further, we have for n = wg r|o=

0 ifm=0,

dim(n};)f’" = dim(n%),’f’" = T
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Proof. Let E = F(x/—)) where X is either @ or ew. Note that wg,F is trivial on
A. Let T be the principal series representation of G unitarily induced from the
character (‘6 Z) > wg/r(a). Then it is easily seen that Tg ® wg/r = Tg. (Note
that 7Tg restricts to the representation 7 (wg JF) =T =T }E &) né of G.) From
Section 2.3 we get that wg,F is trivial on G(]T}E). Hence (6 (1)) € G(n}E), which
implies that y ¢ G (7 é) or in other words y conjugates é into 7'[125. This also gives
that y conjugates (r é)nK"’ into (n%)nK'" for all m and for all permissible 5. Since
() Km = () Kn @ () Kn the proof follows from (i) and (iii) of Proposition 3.2.8
for n = wg,F on the units. |

Corollary 3.2.11 (Test vectors for ramified principal series L-packets). Let £ =

{m }E n%} with E/F ramified. Then one and only one of the two representations in

the packet is \r-generic, say n}; (so J'r%: is Ye-generic). The Whittaker functional

Ay is nonzero on the one-dimensional space of newforms (7 é)new =( é)fé/p.

Any .-Whittaker functional is nonzero on the one-dimensional space of newforms
2

for .
Proof. The assertions for 7‘[115 follow exactly as in the proof of Corollary 3.2.9.

Conjugating by y proves the assertions for né. ]

Proposition 3.2.12 (Unramified principal series L-packet). Let ég = {7 é né} with
E/F unramified. Then c(rr}g) = c(n%) = 0 and n is trivial as in Proposition 3.2.4.
One and only one of the two representations, say @ é, has a nonzero vector fixed
by Ko. The dimensions of the space of fixed vectors under K,, and K, for the two
representations are as follows:

(i) Forr >0, dim((r})%) =25 |+ 1 =dim((x3)*).
(i) Forr >0, dim((r1)% ) =max {2 | 5L | + 1,0} = dim((72)%).

Proof. Recall our notation that m(wg/r) = g =7 Ll; @ JTIZZ. As in the ramified

principal series L-packets case, we see that o conjugates 7 }E to n%. The assumption
that it is 7 é which has a nonzero vector fixed under Ky gives all the dimensions
when r = 0. Since K| can be conjugated by an element of G inside Ko, and K
inside K|, it follows from Proposition 3.2.4 that all the spaces (1)K, (w11,
(72)%1 and (%)X are one-dimensional.

Assume now that 7z is realized in the space V of locally constant functions
f € L2(F) such that wg /F(X)|x] f(x) is constant for sufficiently large x € F. For
this realization [Gel’fand et al. 1969, Chapter 2, §3.1], the actionof g=(44) € G
onan f € L*(F) as above is given by

((Z Z) f) (x) =wg/r(bx +d)|bx +d|7 f((ax +¢)/(bx +d)).
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In this realization, the spherical vector fy € (7 ,i-)KO is given by

e ifx €0,
fox) = wpr@)x]~! ifx ¢ 0.

We define two elements f; and f> by

—q if x e P,

fl(x) = (:BfO) (x) = { a)E/F(X)|X|_1 if x ¢Q§

and

({0 [ -q if x € P2,
fz(x)‘(( 0 w)f°> (X)_{—q—le/F<x>|x|—l if x ¢ 92,

Note that f; € (w2)X1 and f> € (})X2. Analogous to f; we define for every c € C
an element f| in g given by

£00) c if x € 9,
X) =
! we r)|x|7 ifx ¢ P

We claim that for every c the element f{ is fixed by K5. This can be seen using the
Iwahori factorization: K, = N(P2)T (O)N (0). Clearly, both T'(0) and N(P?) fix
f{. Moreover, N (0) fixes f{ if and only if wf is fixed by N(0). The observation
that
) 1 ifx e,
(wfi)x) = {

cop/rx)|x|7! ifx ¢0

shows that wf| is indeed fixed by N (0). Hence, for every c, f7 is fixed by K>. Note
that for any fixed c the elements fy, f2, f| are all linearly independent. Further, as
c varies the elements f{ span a two-dimensional space. Therefore, we have shown
that dim g ? is at least 4, and, applying Lemma 3.1.3, we see that the dimension is
at most four, hence equals 4. We now need to determine the dimensions of (7 }E)KZ
and (JTIZE)KZ given that their sum is 4. For this, we need yet another realization of
principal series representations for G. We will show that there is some ¢ such that
f{ is in 7. which will then force dim((7r})X?) = 3 and dim((73)%?) = 1.

We refer the reader to [Gel'fand et al. 1969, Chapter 2, §3.2] for this third
realization, which is obtained by taking Fourier transforms fof functions f € V
with respect to ¥, -1. We will let V denote the space of all fas f varies over V.

The representation space of & }5 can be recognized in V as the space of functions
supported only on the norms Ng,r(E), and n% as that of functions supported
only on nonnorms (see [Gel’fand et al. 1969, Chapter 2, §3.5]). Since E/F is
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unramified, Ng,r(E) is the set of elements of F* with has even valuation together
with 0, and the nonnorms are those elements with odd valuation.

Computing the Fourier transform of the spherical vector fy we get that 7 }5 con-
sists of functions supported on nonnorms. We will show now that there is a ¢ such
that | has support inside nonnorms. Indeed, the formula for the Fourier transform
of ffis
—_ l4+cqg~' ifnisodd,
fi@") = S

(c—1)g if n is even.
Hence for ¢ = 1 we get that f} € né and for ¢ = —q we get that f| € né. We have
now computed the dimensions of fixed vectors under K, and K, for r =0, 1, 2.
From this point onwards an induction argument takes over.

If the dimensions are known for all 7 < 2m then using the fact that K|, can
be conjugated inside K, and K, inside K/, we get using Lemma 3.1.3 that all
the spaces (7r4) K2+t (L) Kensr, (m2)K2nst and (2)Kamt1 have dimensions equal
to 2m + 1. Using the same lemma it suffices now to show that the dimension of
(L) Kome2 s at least 2m + 3.

Using (& }E)Kzf"“ +( )E)Kémﬂ C(m }E)KZ'"“ and that the subgroup of G generated
by Ky,+1 and Kém 4118 Kém (which can be seen by Iwahori factorization) we get

dim((rr ) *2n2) > dim((rf) ) + dim((r ) Fomen)
= @m+1)+Q2m+1) —dim((r ) <2+ 0 () Ko
= 4m+2—dim((x))om) =4m+2—2m—1) =2m+3. O

Corollary 3.2.13 (Test vectors for unramified principal series L-packet). For E/F
unramified let &g = {JTé, 7'[125}. Then one and only one of the two representations

in the packet is \r-generic, namely 7'[}5. Moreover, a -Whittaker functional is

nonzero on the Ky-fixed vector in 71}9. The representation JT%: is not V’'-generic
for any V' of conductor O. It is V-generic and any V. -Whittaker functional is
nonzero on the K|-fixed vectors in 7'[125.

Proof. The result follows from multiplicity one for Whittaker models, the fact that

o conjugates né to n%, and Corollary 3.2.5. O

3.3. Supercuspidal representations. We now consider supercuspidal representa-
tions of G = SL,(F). For this we need some preliminaries on how they are
constructed. A direct approach is found in Manderscheid’s papers [1984]. We,
however, use Kutzko’s construction [1978a; 1978b] of supercuspidal representa-
tions for G and then the results of [Kutzko and Sally 1983] to obtain information
on the supercuspidal representations (L-packets) for G.
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We begin by briefly recalling Kutzko’s construction of supercuspidal represen-
tations of G via compact induction from very cuspidal representations of maximal
open compact-mod-center subgroups. For [ > 1, let K (l) =1 + op! M2x2(@) be
the principal congruence subgroup of K of level I. Let K(0) = K. Let I be the
standard Iwahori subgroup consisting of all elements in K that are upper triangular

modulo ®. Forl > 11let I(l) = [ L ] ,and let 1(0) = T. We will let H denote

either ZK or N51~, while J will denote either K or I Here Ngl~ is the normalizer
in G of I. In either case we let J (/) denote the corresponding filtration subgroup.

Definition 3.3.1 (Kutzko). An irreducible (and necessarily finite-dimensional) rep-
resentation (o, W) of H is called a very cuspidal representation of level [ > 1 if &
is trivial on J (/) and & does not contain the trivial character of N (®'~1).

Remark 3.3.2. One easy consequence of the definition is that, if & is a very
cuspidal representation of ZK (resp. NglI) of level [ then Homyg_1)(1l,0) =
Homg,_ (1, d) = (0) (resp. Homy_1(11,5) = Homg;,, (1, o) = (0)).

We say that an irreducible admissible representation 7 of G is minimal if for
every character x of F* we have ¢(7) < ¢(T ® x), for ¢(7) as in Casselman’s
Theorem (page 101).

Theorem 3.3.3 [Kutzko 1978a; 1978b]. Let m be a minimal irreducible super-
cuspidal representation of G. Then 7 is compactly induced from a very cuspidal
representation & of one of the two maximal open compact-mod-center subgroups
H of G. Moreover, H and the equivalence class of o are uniquely determined by
m. If the conductor of w is 2l (resp. 2l + 1), then w comes from a very cuspidal
representation of ZK (resp. Ng 1)) of level I.

Following Kutzko we use the terminology that a supercuspidal representation of
G is said to be unramified if it comes via compact induction from a representation
of ZK and is said to be ramified otherwise. The theorem assures us that the ramified
ones come via compact induction from representations of N(N;T. We now take up
both types of supercuspidal representations and briefly review how they break up
on restriction to G (see [Kutzko and Sally 1983]).

We begin with the unramified case. Let & be an irreducible very cuspidal rep-
resentation of ZK of level (> 1). Let & be the corresponding supercuspidal
representation of G. Let 0 = Resg(5). Then we have Resg (%) = indg (o) ®
“(indg (o)) where o = (Zg ?) If /] =2, orif ] =1 and o is irreducible, then
T=n(o)= indg (0) is irreducible, hence so is 7/ =%7. We thus have an unram-
ified supercuspidal L-packet {mr,7t'}. If | = 1 and o is reducible, which happens
when & comes from the unique (up to twists) cuspidal representation of GL,(F,)
whose restriction to SL([F,;) is reducible and in this case it breaks up into the
direct sum of the two cuspidal representations of SL;([F,) of dimension (g —1)/2.
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Correspondingly, we have o = 0] @ 0, and if we let 7; = indg (07) and 7/ =*(1;),
then we obtain the unique supercuspidal L-packet {7y, {, 2, 7}} of G containing
4 elements.

For the ramified case let ¢ be a very cuspidal representation of N@T of level
I (= 1) and let 7 be the corresponding supercuspidal representation of G. Let
o = Res;(d). Then o0 = o1 @ o0, for two irreducible representations o; (i = 1, 2)
of I and y conjugates one to the other, i.e., 0o = Yoy. Let m; = ind? (o) and so
7, = Ymy. Then the restriction of 7 to G breaks up into the direct sum of two
irreducible supercuspidal representations as Resg (7) = 1 @ mp. We call {my, 75}
a ramified supercuspidal L-packet of G.

Proposition 3.3.4 (Unramified supercuspidal L-packets of cardinality two). Con-
sider an unramified supercuspidal L-packet {7, 7'} determined by a very cuspidal
representation o of level | of ZK as above. Then the conductors c(), c(rt') are
both equal to 21. For any character n such that n(—1) = w, (—1) we have
) nnKZI—l — nfﬂ—l — (j_[/)nKZl—l — (7_[/)1[7(2171 = (0).

(1) If c(n) <l andl is odd then for all m > 2l

(a) dim, " = dim(r/)Kn =2 [m=21],

(b) dim 7S = dim(x/)§" = 2 =2+ |
(i) If c(n) <l andl is even then for all m > 21

(a) dimmfn = dim(r'y g7 =2 [ =21,

(b) dim " = dim(x/)Kn = 2 m=251 .
Proof. The statement about the conductors of 7, 7’ follows immediately from (i),
(ii), and (iii). To prove (i) it suffices to prove that Homg,, ,(n, 7) = (0) where
7= indg 7 () is the unramified supercuspidal representation of G given by the

very cuspidal representation & of level m. Using Frobenius reciprocity and Mackey
theory [Kutzko 1977] we have

Homg,,_, (n, #) = Homg (ind{, | (1), Ind§ > (5))
= 1_[ Hom g, -1k, (N, 0).
xeKu_1\G/ZK

For brevity, let I, = Homz g, -1g, (", 7). For every x we will show that 7, =
(0).
To this end we need a set of representatives for the double cosets. We leave it
to the reader to check that this is given by
Ky_\G/ZK = {i(s)h(w)a, : s € P/P*~' u e 0%, r >0}
U {a@®)wh)a, : t € 0/P*1 ue0*,r>0},
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where 71(s) = (1), h(w) = (49) anda, =" = (7 9).
We begin with the case where x =n(s)h(u)a,. If s =0, then x = h(u)a,, which
implies that N(0) C ZK Nx~'K»_;x and so

I, C Homy ) (", @) = Homy o) (11, 5) = (0)

since & is very cuspidal. If s # 0, then x = h(u)a,n(uw’s) = h(u)a k. Since
n(uw'’s) € K we get I, > Iy, and we are reduced to the case s = 0. Thus
I, = (0). N

Now let x = in(t)wh(u)a,. If r > 1, then N(@' ') c ZK Nx~'K»_;x, and so

Ix C HomN(@/—l)(xn, 8) = HOInN(g)I—l)(Il, 8) = (0)
by Remark 3.3.2. If r =0, then x € K, and we have
I, ~Homy, . ./z.1(1,°6) CHomy)(ll, o) = (0).

If0<r <Iandte@P", then rewrite x as x = g(u)b,k where g(u) = whu)w™!
and b, = wa,w~" and for some k € K. Here we finish the argument with

by, ~ ~
I)C >~ Hom(g(u)b,)_]Kzl,lg(u)brﬂll?(g(u) 77, U) C HOmN(l_l)(]l, U) == (0)

We are finally left with the case where 0 < r </ and r € O — ®". For this,
rewrite x as x = yw with y = n(t)b,g(u). Since w € K , as before, we have that
I, = (0) if and only if I, = (0). Let j = j(r, t) = max{0, r — 20(¢)}. Then we get
y IN@7)y c y"'Ky_1yN ZK, which gives

Iy C Homyle(@j)y (yT), g) = Homy—lN(gpj)y(]l, 8)

We claim that Homy-1 y g5, (11, o) = (0). If not there is a nonzero vector v € W
that is fixed by y~'N(®/)y. Let v/ = & (n(b))v where b = w"ut~' € 0. Then v’
is fixed by n(b)y ™' N(®/)yn(—b). Note that

N(0) if r > 20(t)

nb)y~'N@)yn(=b) = { N@®O=r) if r < 20(1).

If r < 20(2), then 20(¢) — r <1 — 1 (by the hypothesis of this case). Hence v’ is
fixed by N ('), which contradicts that & is very cuspidal by Remark 3.3.2. This
proves (i).

For the proof of (ii) and (iii), we begin by proving that if / is odd, then (/)%
has dimension 2, and if  is even, then dim(x X2) = 2. To this end, let

o={(5 ) e
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Note that dim 0,5] > 2. (Recall that © = Resg&. We use the notation 0,5] to stand
for the set of all vectors in o on which U acts via 1.) This can be seen as follows.
Let x be an eigencharacter of N (0) occurring in o. Since & is very cuspidal, x

has conductor /. Let v, € W be a nonzero eigenvector with eigencharacter x. Let

wi= Y o ((gu()l))”x’ w2 =0 (y)wi.

ue0 /+(14+%1)

These sums make sense by the hypothesis on 7 and are nonzero since the summands
lie in distinct eigenspaces. It is easy to see that Cw; & Cwy C 0,7U .

For any w € a,gj we define two elements g, € indg (o) and f,, € T given by

oc(x)w ifx ek, - w0
gu(x) = { 0 ifx ¢ K, Jox)=m (< 0 1)) 8w-

It is easy to see that Ky; acts via n on f,,, that the map w — f,, is injective, and
finally that f,, €  if [ is even and f,, € 7" if [ is odd. Now applying Lemma 3.1.3,
we get that if / is even, then dim nnKz’ =2 and (7’ ),’7(2’ = (0), whereas if / is odd
then dim(zz")§* =2 and 7} = (0). (This also shows that dimo,/ =2.)

Now we use induction to obtain all the dimensions. Let / be even. (We leave the
case of odd / to the reader since it is entirely analogous to the even case.) Since
for every m > 0 we have that K12 C K, | C K, up to G-conjugacy, it follows

’
K2[+1

K
2041 T . and

from Lemma 3.1.3 that the dimensions of the spaces 7, ! )UK”“,

. (o

K} .
("), """ are all equal to 2. In fact, the same argument shows that if we know

the dimensions of n-fixed vectors under K»,, and Kém, then we would know the

dimensions for those under K,,,+; and Kém +1- Let us now suppose that we know

2m+2

dim nfi for i <2m + 1. In order to calculate dim ﬂf , we claim that

-1

0 m—I+1
Kom w Ko Kom+2
/4 & w, ' Cm .
& < 0 o ) n "

Clearly, both the summands in the left hand side are contained in the right hand
side. We show that the sum is indeed a direct sum. Let v be a vector in the
intersection of the two subspaces on the left hand side. Then both

El

)m—l-‘rl )m—l-‘rl

K21 and (w 0

0 w!

Kom (w’l 0

0 @

) —I+1
and hence K»;_1, act via the character 7 on the vector (Zg wo_l )m v. Hence by
(1) we get that v = 0. This implies that

dim n,;(z'"“ > 2 +dim nfz’" =2+dim n,fw
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by the induction hypothesis. Lemma 3.1.3 now says that this is an equality. Con-
jugating by « gives the dimensions for 7’. ([

Proposition 3.3.5 (Test vectors for unramified supercuspidal L-packets of car-
dinality two). Let ¢ be a very cuspidal representation of Z K of level I, which
determines an unramified supercuspidal L-packet {m, '} as above. Assume that
T = ind(Z;E (0) is realized in its Kirillov model with respect to . Define two
elements ¢ and ¢, in the Kirillov model as follows:

1 ifx € (%),

0 v gy, PO=TOB

¢1(x) =

Let n = wz. We have
(i) Co1 ® Chpe =7,

(i1) Ifl is even then nfz’ = ?‘ff” . In addition, 1 is r-generic and any \-Whittaker
functional is nonzero on ¢ and vanishes on ¢.. Furthermore, 7’ is not y'-
generic for any character ' of conductor O. It is however Y, -generic and
any V. -Whittaker functional is nonvanishing on 7 (a~")¢| which is a new-
form for 7.

(iii) If is odd, then (ii) holds with w and 7' interchanged.

Proof. We show that Ky; acts via n on ¢;. Given this, the rest of the assertions
are all quite easy to show using the facts that & conjugates 7 to 7', y conjugates
K> to itself, and the -Whittaker functional on the ¥ -Kirillov model is given by
evaluation at 1.

To prove that K»; acts on ¢; via n, it is enough to prove, as in [Casselman 1973],

that B(0O) acts on ¢ via  and that N (0) fixes 7 (_3_21 (1)> ¢1. The former is easy
to verify using the definition of ¢;. To address the latter, note that

- 0 1 - 0 1 2 -
(s )a=r((S)( §))ore

where 1 =7 (U{)Zl ‘1)) é1. It follows that 7(x) = ¢ (w2 x). To show that N (0) fixes
7 (w)t, it suffices to show that the support of the function 7 (w)7 is in 0. For this
we need some information on the action of the Weyl group element w on functions
in the Kirillov model. This is given in terms of the formal Mellin transform of
Jacquet and Langlands [1970].

The formal Mellin transform of any function & in the Kirillov model for 77 is a

formal power series in ¢ defined for every character v of 0> as

FUDEDWACLESS ( /

neZ nez

E(@"u)v(u) du) ",

€0~
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Here we normalize the Haar measure du so that 0* has volume 1. For every v
there is a formal series c(v, t) such that

FWEW, 1) =, Ny v, 25"t

where wy is the restriction of the central character wz to 0* and zg = wz (@) (see
Proposition 2.10 of [Jacquet and Langlands 1970]). Since 7 is supercuspidal, it
follows from Equation 2.18.1, Proposition 2.23, and the proof of Theorem 2.18 of
the same paper that c(v, ¢) is a monomial in ¢ of the form

cv, 1) =coM)™, ny=—-cGFRv ) <-2.
Using the definitions of ¢; and t and the orthogonality of characters we get

0 if v # 1 on (0%)?2,

et if v =1 on (0%)2.

T, t) = {

where ¢; = vol((0*)?). Hence we get

0 if v # oy ' on (0%)2,

(™2 if v = wy ! on (0%)2,

Fw)t(v, 1) = [

for some nonzero constant ¢;(v). Now N (0) fixes 7 (w)7 if the function 7 (w)7 is
supported on O (since the conductor of s is 0), and the latter is true if we show that
ny + 21 > 0 for any character v which is w; "on (0*)2. In other words, we need to
show that ¢(F @ v™!) < ¢(7). (In fact, minimality of 7 then forces equality, which
would imply that the function 7 (w)z is supported on 0*.)

To prove this inequality, using the local Langlands correspondence (see [Kudla
1994] for instance), we consider the Langlands parameter ¢ = ¢(7) of T which
is a two-dimensional irreducible representation of the Weil group Wy of F. Since
the residue characteristic is not 2, we get that ¢ is induced from a Galois regular
character y of E* for the unramified quadratic extension E/F. If c(¢) denotes
the local Artin conductor of ¢, then we have, using Proposition 4(b) of §4.3 in
[Serre 1967], ¢(7T) = c(¢) = 2¢(x). Since v is wgl on (0%)2, we have c(v) <
c(wz) unless c(wz) = 0 and ¢(v) = 1. Suppose the former condition holds. The
central character is the determinant of the Langlands parameter and hence we get
wz = det(p(T)) = det(ind‘;;; (x)) =wEg/Fx|F+. Since E/F is unramified we have
2c(v Y <2c(wz) =2¢(x | p+) <2c¢(x) =c (7). For every character k of F'* we have
the inequality ¢(77 ® k) < max{c(7), 2c(x)} (see §4 of [Gross 1988]). Applying
this to x = v~! and using the preceding information on the conductor of v=!, we
get the required inequality —n, = ¢(F @ v™!) < max{c(%), 2c(v 1)} =c(F) =2I.
If, on the other hand, c(w;) = 0 and c¢(v) = 1, then ¢(F @ v™') < ¢(¥) follows
easily. O
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We now state the results for the supercuspidal L-packets of cardinality four. We
omit the proofs since they are minor modifications of the corresponding statements
for the unramified supercuspidal L-packets that we just dealt with.

Proposition 3.3.6 (Unramified supercuspidal L-packet of cardinality four). Let &
denote a very cuspidal representation of Z K of level | = 1 such that Resg () =
o =01 ® oy Let {m, ni, 7, né} be the corresponding L-packet of G. Then
c(m) = c(rr{) =c(m) = c(né) = 2. Moreover,
(1) Let n be any character such that n(—1) = wy(—1). If w denotes any repre-
sentation in the L-packet, then ﬂf = nnK i = (0).

(ii) Let n be any character such that n(—1) = ws(—1) and c(n) < 1. Then for all
m > 2 we have

(@) dim(r1)5" = dim(m) A" = dim(r))K» = dim())Kn = [251],

(b) dim(r)K = dim(x))p" = dim(r2) 57 = dim(r) " = [ 251 ).
Corollary 3.3.7 (Test vectors for unramified supercuspidal L-packets of cardinality
four). With notation as above let {1, n'{, 7T, ﬂé} be the unramified supercuspidal
L-packet of cardinality four. Let Y be the character of F, induced by by iden-
tifying T, with P=1/0. Without loss of generality assume that oy is y-generic.
Then

1) nl’ is Wr-generic, 1 is Y -generic, JTé is We-generic, and 1y is Yoy -generic.

(ii) Assume that T is realized in its ¥ -Kirillov model. The function ¢ of Proposi-
tion 3.3.5 is a newform for wt{. This further implies that 7 (&) (¢1) is a newform
for i, T(y)($1) is a newform for w;, and 7T (ay)(¢p1) is a newform for ms.
Finally, each of these newforms is a test vector for an appropriate Whittaker
Sfunctional coming from (i).

We now consider the ramified supercuspidal L-packets. Let & be a very cuspidal
representation of Ng(I) of level / > 1. Let Res;0 =01 @0, and let r; = ind? (07).
We call {my, m,} a ramified supercuspidal L-packet of G.

Proposition 3.3.8 (Ramified supercuspidal L-packets). Let {mr|, w2} be a ramified
supercuspidal L-packet as above. Then c(my) = c(my) =21 + 1. We have
(1) For any character n of F* such that n(—1) = w,(—1) we have (m)nKZ’ =
K} K}
() [ = (1) ™ = ()™ = (0).
(1) Let n(—1) = ws(—1) and c(n) <. For allm > 2l 4+ 1 we have dim(m),’f =
dim(m,)Kn = dim(ry) " = dim(2)y" = m — 21,
Proof. Since y conjugates | to 7y, dim(m)nK"’ = dim(nz)WK'" for all m. Further-
more, conjugation by « stabilizes both 7| and 75, which implies this same equality
for K.
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That (nl)nKZ’ = (0) can be seen using Mackey theory [Kutzko 1977] as in the
proof of Proposition 3.3.4 by considering the set of representatives for

Kx\G/Ng(I)
given by
(AOhWa, s €P)PY ue0*,r>0U {i()wh)a, : t €0/P*, ue0*, r>0}.

To prove (ii), we use induction on the level m of the congruence subgroups K, or
K, . To begin the induction, we show that for m =21+ 1, all the relevant spaces are
one-dimensional. It suffices, using Lemma 3.1.3, to prove that dim(m)nK”“ > 1.
This is done as in the proof of Proposition 3.3.4. Note that 3,5’ is at least two-
dimensional and contains the span of w; and w;. Since y conjugates o} to o7, we
get that both (oi)ff are nonzero. Let us say that w; € o*l.U. Then the corresponding

Sfw; 1s in (ﬂi),,Kz’“. To proceed with the induction argument, we note that, by
Lemma 3.1.3, we need only show that for each m > 2/ 42, the dimension of (m)nKm
is at least m — 2[. This follows from (711),{,(’"" ® 7’?(,3)’"_21_1(711),71(21+l - (m),’f’".
This inclusion and the fact that the sum is direct is proved exactly as in the proof
of Proposition 3.3.4. O

Proposition 3.3.9 (Test vectors for ramified supercuspidal L-packets). Let {m|, >}
be a ramified supercuspidal L-packet coming from a very cuspidal representation
o of Ng () of level [ > 1. One and only one of the m; is \r-generic, say w. Then
7y is Ye-generic. Let n = w,. Let ¢y and ¢ be as in Proposition 3.3.5. We have

() (1)K = Coy and (1)K = C..

(i1) Any -Whittaker functional is nonzero on ¢| and similarly any .-Whittaker
functional is nonzero on ¢c.

Proof. The proof is entirely analogous to the proof of Proposition 3.3.5. In fact,
using the notation in that proof, it suffices now to show that the support of 77 (w)t
is in 0, where T = 7 («?*1)¢;. We can see as before that

if v # wy ' on (0%)2,

Fw)T(v, 1) =
c () tAH gy = a)O_l on (0%)2

where wy = wz|ox. As before, we need to show that if v = " on (0*)2, then
in fact n, +2/ + 1 = 0. Since 7 is a ramified supercuspidal representation, its
Langlands parameter ¢ = ¢(7) is a two dimensional irreducible representation of
the Weil group Wr of F that is induced from a Galois regular character y of E*
for a ramified quadratic extension E/F. From Proposition 4(b) of §4.3 in [Serre
1967], we get that ¢(7) = c(¢) = c(x)+ 1. By Theorem 3.3.3, ¢(77) =2/ + 1 which
implies that c¢(y) = 2/ > 2. This together with the fact that £/ F is ramified gives
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2¢(x|F+) < c(x). As in Proposition 3.3.5 we have wzy = wg/rx|r+. Hence we
get 2c(v™) < 2c(wz) < max{2, 2c(x|r+)} < c(x) < c(x)+1=c(F). We deduce
(using for instance §4 of [Gross 1988]) that —n, =c(F Qv ) =c(T) =2(+1. O

3.4. Comparison of conductor with other invariants. We begin by recording the
following theorem relating the conductor of a representation 7 of G to the conduc-
tor of a minimal representation of G that determines the L-packet containing 7.

Theorem 3.4.1 (Relation between c¢(7) and ¢(7)). Let 7w be an irreducible admis-
sible representation of G = SLy(F). Let T be a representation of G = GL,(F)
whose restriction to G contains . Assume that T is minimal, i.e., c(T ® x) > c(T)
for all characters x of F*. Then c¢(w) = c(7).

Proof. If  is a subquotient of a principal series representation 7 () ) then the the-
orem follows from Propositions 3.2.4, 3.2.6, 3.2.8, 3.2.10 and 3.2.12 together with
the easily verifiable fact that 7 may be taken as Indg (x®1). If 7 is a supercuspidal
representation then the theorem follows from Propositions 3.3.4, 3.3.6 and 3.3.8
while keeping in mind that Kutzko’s construction (Theorem 3.3.3) actually gives
minimal supercuspidal representations 7 of G. (]

Now we relate the conductor of a representation 7 of G with the depth p(7r) of 7
(anotion due to A. Moy and G. Prasad [1994]). We urge the reader to compare this
theorem with a result from [Lansky and Raghuram 2003] where we determine such
a relation for all discrete series representations of D*, GL, (F) and GL,(D) for a
central division algebra D over F'. We also mention in passing that considering
the action of GL,,(F') on the Bruhat-Tits building of SL,, (F') we get that the depth
of every representation in an L-packet of SL, (F) is the same.

Theorem 3.4.2 (Relation between the conductor c(7) and the depth p(;r) for G).
Let w be an irreducible representation of G. Let p(w) be the depth of 7.

(1) If 7 is a subquotient of a principal series w(x ), then p(7w) =max{c(w)—1, 0}.

(ii) If w is an irreducible supercuspidal representation, then

-2 0}.
2

p () = max {

Proof. The first statement is proved by the equalities p(r) = p(w(x)) = p(x) =
max{c(x)—1, 0} = max{c(mr) — 1, 0}. He the first and second equality follow from
[Moy and Prasad 1996] and the third from [Lansky and Raghuram 2003]. We omit
the details of the proof of the second statement which can be proved almost exactly
as in §4 of the latter paper. ([
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4. Towards multiplicity one for newforms

Given an irreducible representation 7 of G = SL, (F') and a character n of F'* such

c(m)

= 1. The answer is that this
c(m)

that ¢, (7r) = ¢(;r), one might ask if we have dim VnK

is often the case but not true in general. In fact we have dim VnK =1 unless 7 is
a representation in what we have called an unramified supercuspidal L-packet of
cardinality two or if 7 is an irreducible principal series representations 7 () such
that x is not quadratic but y |gx is quadratic. For representations in these packets
we get dim V, ™ = 2.

Nevertheless, in all cases we have proved that an appropriate Whittaker func-
tional is nonvanishing on some newform. This can be used to formulate a kind of
a multiplicity one result if we consider the quotient of the space V,]K"(”> of new-
forms by the kernel of this Whittaker functional. More precisely, if n is such that
cy(mw) = c(mr), W is a nontrivial additive character of F of conductor either O or
%1 such that 7 is W-generic, and Ay is a W-Whittaker functional for 7, then we
have

K
V c(m)
L =1.

dim — =
V, ‘™ Nkernel(Ay)

Another possibility is to consider some canonical nondegenerate bilinear form
on the space VX and consider the orthogonal complement of the subspace

V,,KC(”) N kernel(Ag)
as a candidate for a one-dimensional space of newforms. Then the multiplicity one
result is formulated as dim(V,,K“(”) N kernel(Aq,))l =1.
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