Math 3013
SOLUTIONS TO SECOND EXAM
10:30 — 11:20 am, April 4, 2008

1. Define, precisely, the following notions (where V', W are to be regarded as general vector spaces). space
V).
(a) (3 pts) a subspace of V'
A subspace of a vector space V is a subset W of V such that

e forall A\ e Rand all we w, \w e W

o foralv,ueW, v+ueW
(b) (3 pts) a basis for a vector space V
A Dasis for a vector space V is a set of vectors {by,...,b,} € V such that every vector v. € V can be
uniquely expressed as

v =c1b; + by +--- .¢,b, , Cly...,Cp €ER
(c) (3 pts) a set of linearly independent vectors in V'
A set of vectors {vi,va,..., vy} is a linearly independent set if the only solution of

c1vi+covo+ -+ v =0
isci=0,c0=0,..,¢c,=0.
(d) (3 pts) a linear transformation from a vector space V to vector space W.
A linear transformation from a vector space V to a vector space W is a function T : V' — W such that
e T(Av)=XT"(v)foral \e RandallveV
e I'(v+u)=T(v)+T(u) forall v,ueV.
(e) (3 pts) the null space of an n x m matrix A.

The null space of a matrix A is the solution set of Ax = 0.
1 0 0 2
2. Consider the following matrix: A=]1 0 1 5
0 01 3
1 0 0 2 1 0 0 2
A=]1 01 5 R.R.E.F 001 3 |=A
0 01 3 0 0 0O

(a) (5 pts) Find a basis for the row space of A.
A basis for the row space of A is given by the non-zero rows of the (reduced) row echelon form A’

RowSp (A) = span ([1,0,0,2],[0,0,1,3])
(b) (5 pts) Find a basis for the column space of A.

A basis for the column space of A is given by the columns of A corresponding to the columns of A’ that
contain pivots; i.e., columns 1 and 3:

1 0
ColSp (A) = span 11,11
0 1

(¢) (5 pts) Find a basis for the null space of A.
The general solution of Ax = 0 can be read off the reduced row echelon form A’:

1 = —21‘4 —21}4 0 -2 0 —2
x9 = free _ Z2 _ 1 0 | 1 0
ws= 3w (0 X7 | 3wy | TF| o | T g T g || 3
x4 = free Ty 0 1 0 1

(d) (5 pts) What is the rank of A? The rank of A is the dimension of its row space (or column space)
rank (A) =2



3. Consider the linear transformation 7' : R3 — R? : T ([x1, z2, 73]) = [z1 — 273, 271 — 4a3).
(a) Find the matrix Ay representating 7'

T ([1,0,0]) =[1,2] 1 0 =2
T([0,1,0])) =1[0,0 A=
O O S R

(b) Find a basis for range(T) = {y

€ R? | y = T'(x) for some x € R?}. Note Ar row reduces to
1 0 -2 1 0 2
{ 5 0 4 } RR.E.F. [ }

0 0 0

N =
1
N—

range (T) = ColSp (Ar) = ColSp ([ ; 8 :i D — span <[

(b) Find a basis for ker(T) = {x € R® | T(x) = 0}

0 2
ker (T') = NullSp (Ar) = solution set of { o _()2$3 :8 } = x=qx2| 1 | +z3]| 0
o 0 1

0 2

= span 11,10

0 1

4. (5 pts) Show that the set of functions that vanish at 0 is a subspace of the space of functions on the real

line.
Let A € R and f, g be functions such that f (0) =0 =g (0)
(Af)(0) =Af(0)=A-0=0

(f+9)(0)=F(0)+9(0)=0+0
so the set of functions vanishing at 0 is closed under scalar multiplication and vector addition. So it is a
subspace.
5. (10 pts) Find a basis for W = span (1 +2x—a2% 2 —2%,2+4 3z — x2) C Ps.
Using the standard isomorphism between polynomials in P, and vectors in R? : ag + a1z + asx? «——
[ag, a1, as], we find a basis for the span of the coordinate vectors of each of the polynomials p; = 1+ 2x — 2,
po =z — 22, p3 =2+ 3 — 2

pr=1+2r—22 «— [1,2,-1]=v; 1 2 -1 1 0 1
Py =x — T — [0,1,-1]=vy, = 01 -1 |—=1]01 -1
p3=2+3r—22 «—— [2,3,—1]=v3 2 3 -1 0 0 0

= span (Vl,VQ,Vg) = Spa’n([]-vov 1] ) [07 ]-, _1})

= span (p1,p2,ps) = span (1 + 2%,z — 2?)



7. (10 pts) Let P be the vector space of polynomials in one variable. Show that

dp
T:P=P , p=Th)=_
is a linear transformation from P to P.
Let A€ R, p,ge P
T Op) = % (p) = AL = A7 (p)
dx dx
T(p+f1):%(p+q):%+%i:T(p)+T(q)

Since T preserves both scalar multiplication and vector addition, it is a linear transformation.
8. Suppose V and W are vector spaces with bases, respectively, B = {vy, vq,v3} and B’ = {w;, wa}. Let
T :V — W be a vector space homomorphism (linear transformation) such that

T(Vl) = 2W1 — W2 y T(Vg) = W1 —|—W2 y T(Vg) = W29
(a) (5 pts) Find the matrix Ap g g representing T (with respect to the bases B and B’)

2 10
AT>B7B':[1 1 1}

(b) (5 pts) Suppose v € V has coordinate vector vg = [1,2,3]. What is the coordinate vector of T' (v) with
respect to the basis B’?.
1
BN
3

2

1 0
I E

9. Calculate the following determinants (5 pts each).

0 0 1

(a) | 0 3 0 [, determinant: —6
2 0 0
1 2 1 2
1 2 1 2 .

(b) 010 1 , determinant: 0
1 01 0
1 01 2
o1 3 2 .

(c) 00 1 1 , determinant: —4
0 0 2 -2



