Math 3013
Solutions to Problem Set 6

1. Compute the determinants of the following matrices.

@[ 5]

1 0 0 O
i : 3 2 00
2. Use a cofactor expansion to compute the determinat of A = 113 0
2 3 1 4
o Cofactor expansions along the first row:
3 200 2 0 0
det 113 0 — (1)(—1)1+1det 1 3 0| +040+0
2 3 1 4 3 1 4

W = N

( 0 0
= det 3 0
1 4
= 2det<? Z)
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= 24
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3. Use row reduction to compute the determinant of A =

N W N
— N =
|
—_
N W N



11 -1 2 1 1 -1 2
21 0 1 0 -1 2 -3

det | | g o 1 3 = det) o 1 o 3
21 1 2 0 -1 3 -2
1 1 -1 2

0 -1 2 -3

= det| 5 o o o

0o 0 1 1

1 1 -1 2

0 -1 2 -3

= —det| g o 1 4

00 0 0

4. Use the result of Problem 1(b) to determine if the vectors a = [1,0,—1], b = [3,2,1] and ¢ = [-1,1,0]
are linearly independent.

e If the vectors a, b and c are linearly independent, then the matrix A constructed by using a, b and
c as rows (or columns) must have a nonzero determinant. The matrix in problem 1 (b) is has the
vectors a, b and ¢ as its rows and this matrix has determinant —6 which is not zero. Hence, the
vectors a, b and c are linearly independent.

5. Use the result of Problem 3 to determine if the linear system

xr1 + o — x3 + 214
201+ a9+ 14 =
3r1 + 229 — x3 + 314
221 + 22 + x3 + 214

o O O O

has a unique solution.
e An nxn linear system Ax = b has a unique solution if and only if the determinant of the coefficient
matrix is non-zero. The matrix in Problem 3 is the coefficient matrix for this linear system and its

determinant is equal to 0. Therefore, this linear system does not have a unique solution.

6. Use Crammer’s Rule to determine the solution (if any) of

xr1 + 21’2 +x3 =
2:61 — 21‘2 =
To + T3 =
e For this linear system we have
1 2 1 2
A= 2 -2 0 , b= 4
0 1 1 3
We form three associated matrices B;, i = 1,2, 3, by replacing the i*" column of A with b.
2 2 1 1 2 1 1 2 2
Bi=|4 -2 0 , Bo=1] 2 4 0 , B3=1| 2 -2 4
3 1 1 0 3 1 0o 1 3



‘We have

det(A) = —4
det (Bl) = =2
det (B2) = 6
det (B3) = -—18
Crammer’s Rule says the components x1, xo, x5 of the solution vector are given by z; = ‘igt((]zi)).
Thus,
-2 1
xT = _— = =
! —4 2
6 3
x = _— = — =
? —4 2
—-18 9
x = —_— -
3 —4 2

7. Compute the cofactor C of matrix of A = [ CCL Z ] and use the fomula

-1 1 T

det (A)

to get a general formula for the inverse of a 2 x 2 matrix.

e First, we construct the cofactor matrix, C. Its entries are given by
(C);; = (1) det (M)
where M;; is the matrix obtained from A by removing its i*" row and j'* column. Thus,
Cii = (=1)'"det([d)) . Cro=(-1)""*det([c])
Cor = (=1)*"'det([t]) , Cop=(-1)*"*det([a])

or
We also have

and the transpose of C is

Thus,

1 _d _=b
AL CcT = ( ad—bc  ad—bc )
—c a
ad—bc ad—bc




