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Abstract. We introduce a new package, entitled EdgeIdeals, that allows one
to experiment with graphs and hypergraphs via the edge ideal correspondence.

At the core of our package are new classes for defining graphs and hypergraphs.

1.1. Introduction. The edge ideal of a (hyper)graph enables one to study (hy-
per)graphs using the tools of commutative algebra. The work of [1, 3, 6, 7, 9,
11, 12, 13, 14, 15], among others, has focused on building a dictionary between
commutative algebra and graph theory. In this short note, we wish to introduce a
new package, entitled EdgeIdeals, that we have written for Macaulay 2 [5], which
exploits this dictionary. The goal of this package is to provide a family of functions
that will enable the user to experiment with simple graphs and hypergraphs, thus
facilitating future research. Many of the underlying algorithms in this package ex-
ploit the correspondence between (hyper)graphs and square-free monomial ideals,
and as such, take advantage of previous Macaulay 2 packages devoted to monomial
ideals, e.g., the SimplicialComplexes package of Popescu, Smith, and Stillman (see
[10] for more on monomial ideals and Macaulay 2).

1.2. Mathematical Background. A hypergraph is a pair H = (X , E), where
X = {x1, . . . , xn} is the set of vertices, and E = {E1, . . . , Et}, a collection of subsets
of X , is the set of edges. A hypergraph is a clutter (or Sperner system) if the edges
ofH satisfy the property that whenever Ei ⊆ Ej , then i = j. If a simple hypergraph
H has the property that |Ei| = 2 for each Ei ∈ E , then we usually call H a simple
graph.

The package EdgeIdeals is based upon the correspondence between simple graphs
or clutters and square-free monomial ideals. Roughly speaking, the corresponding
monomial ideal is used to find information about a given hypergraph, and con-
versely. The correspondence is defined as follows. Let H = (X , E) be a clutter
with vertex set X = {x1, . . . , xn}. Fix a field k and consider the polynomial ring
R = k[x1, . . . , xn]. We then identify each vertex of H with the corresponding vari-
able in R. The edges of H are then used to define an ideal, called the edge ideal
of H, of the ring R:

I(H) =

〈{∏
x∈E

x

∣∣∣∣∣ E ∈ E

}〉
.

Conversely, any square-free monomial ideal I minimally generated by {m1, . . . ,ms}
will correspond to a hypergraph where the edge Ei corresponds to the variables in
the support of the monomial mi. Note that what we call the edge ideal of a clutter
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is equivalent to the notion of a facet ideal as first defined by Faridi [2] (see the
discussion in [8]).

1.3. Worked example with EdgeIdeals. At the heart of the EdgeIdeals package
are two new classes: the first is a class entitled HyperGraph, and second is the
class called Graph, which extends HyperGraph and inherits all of the methods of
HyperGraph. Functions have been made that accept objects of either type as input.

In our example below, we will illustrate [15, Theorem 6.4.7] that says the inde-
pendence complex of a Cohen-Macaulay bipartite graph has a simplicial shelling.
We begin by inputting a graph and verifying the Cohen-Macaulay and bipartite
properties.
i1 : loadPackage "EdgeIdeals";

i2 : R = QQ[x_1..x_3,y_1..y_3];

i3 : G = graph(R,{x_1*y_1,x_2*y_2,x_3*y_3, x_1*y_2,x_1*y_3,x_2*y_3})

o3 = Graph{edges => {{x , y }, {x , y }, {x , y }, {x , y }, {x , y }, {x , y }}}

1 1 2 2 3 3 1 2 1 3 2 3

ring => R

vertices => {x , x , x , y , y , y }

1 2 3 1 2 3

o3 : Graph

i4 : isCM G and isBipartite G

o4 = true

When defining a (hyper)graph, the user specifies the vertex set by defining a poly-
nomial ring, while the edges are written as a list of square-free monomials (there
are alternative ways of listing the edges). A (hyper)graph is stored as a hash table
which contains the list of edges, the polynomial ring, and the list of vertices.
i5 : L = getGoodLeaf(G)

o5 = {x , y }

1 1

o5 : List

i6 : degreeVertex(G,y_1)

o6 = 1

i7 : H = inducedHyperGraph(G, vertices(G) - set(L))

o7 = HyperGraph{edges => {{x , y }, {x , y }, {x , y }}}

2 2 3 3 2 3

ring => QQ [x , x , y , y ]

2 3 2 3

vertices => {x , x , y , y }

2 3 2 3

o7 : HyperGraph

A Cohen-Macaulay bipartite graph must contain a leaf, which we retrieve above.
We remove the leaf, to form the induced graph, and at the same time, we identify
the vertex of degree one in the leaf.
i8 : K = simplicialComplexToHyperGraph independenceComplex H;

i9 : edges K

o9 = {{x , x }, {x , y }, {y , y }}

2 3 3 2 2 3

o9 : List

In the above, we formed the independence complex of H, that is, the simplicial
complex whose facets correspond to the maximal independent sets of H. We then
change the type from a simplicial complex to a hypergraph, which we call K. Notice
that these edges give a shelling.
i10 : use ring K;
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i11 : A = apply(edges(K), e->append(e, y_1));

i12 : B = apply(edges inducedHyperGraph(K, {x_2,x_3}), e-> append(e, x_1));

i13 : shelling = join(A,B)

o13 = {{x , x , y }, {x , y , y }, {y , y , y }, {x , x , x }}

2 3 1 3 2 1 2 3 1 2 3 1

o13 : List

i14 : independenceComplex(G)

o14 = | y_1y_2y_3 x_3y_1y_2 x_2x_3y_1 x_1x_2x_3 |

o14 : SimplicialComplex

Using the method found in the proof of [15, Theorem 6.4.7], we now can form a
shelling of the original independence complex. Notice that our shelling is a permu-
tation of the facets of the independence complex defined from G.
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