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1. Introduction and main results

Let E c C be a compact set with connected complem@nt= C \ E, whereC := C U {oo}
is the extended complex plane. Denote dYE) the class of all functions continuous dn
and analytic inE?, the interior of E (the caseE® = ¢ is not excluded). LeP,, n € Ng :=
{0,1, 2, ...}, be the class of complex polynomials of degree at moBbr f € A(E) andn € Np,
define

En(fﬂ E) = inf ”f_p”E’
PEPy,

where| - || g denotes the uniform norm afi. By Mergelyan’s theorem (see [13]), we have that

n'Lmoo E.(f,E)=0 (fe€A(E)).
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The following assertion on “simultaneous approximation and interpolation” quantifies a result
of Walsh [38, p. 310]: Lety, ..., zy € E be distinct points,f € A(E). Then for anyn € N :=
(1,2,...}),n > N — 1, there exists a polynomial, € P, such that:

1.1) If = pullE < c Ex(f, E),

pn(zj)=f(z;) (j=1,...,N),
wherec > 0 is independent of and f. A suitable polynomial has the form

q(z)

m(f(zj) — piz))),

N
@ =pi@+ Yy
j=1

where

N
9@ :=[]@—-2zp.

j=1
andp; € P, satisfies

|f = P}z = Ea(f. E).

It is natural to ask whether it is possible to interpolate the funcifoas before at arbitrary
prescribed points and to simultaneously approximate it in an even stronger sense than in (1.1).
The theorem of Gopengauz [18] about simultaneous polynomial approximation of real functions
continuous on the intervgl-1, 1] and their interpolation at1 is an example of such a result.

For recent accounts of improvements and generalizations of this remarkable statement (for real
functions) we refer the reader to [23,35] and [19].

We shall make use of the D-approximation (named after Dzjadyk, who found in the late
50’s — early 60’s a constructive description of Holder classes requiring a nonuniform scale of
approximation) as a substitute for (1.1). There is an extensive bibliography devoted to this subject
(see, for example, the monographs [13,36,17,28] and [7]). In the overwhelming majority of the
results on D-approximatiotk; is a continuum (one of the rare exceptions is the recent interesting
paper [30]). In [3] it is shown that, for the D-approximation to hold for a continuimt is
sufficient and under some mild restrictions also necessaryttiongs to the clasd *, which
can be defined as follows (cf. [2] and [5]).

From now on we assume thatis a continuum with diank > 0, connected complemers
and boundany. := 9 E. In the sequel, we denote ly 8, c, c1, ... positive constants (possibly
different at different occurences) that either are absolute or depend on parameters not essential
for the arguments; otherwise, such a dependence will be indicated.

We say thatF € H if any pointsz, ¢ € E can be joined by an arg(z, ) C E whose length
|y (z, ¢)| satisfies the condition:

(1.2) ly@ O|<clz—¢l, c=c(E)>1.

Let us compactify the domai? by prime ends in the Caratheodory sense (see [22]). Let
2 be this compactification, and Idt := £ \ £2. Assuming thatE € H, then all the prime
endsZ € L are of the first kind, i.e., they have singleton impressigfis= z € L. The circle
{£:1E—zl=r},0<r < %diamE, contains one arc, or finitely many arcs, dividifzginto two
subdomains: an unbounded subdomain and a bounded subdomain sughctrabe defined
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by a chain of cross-cuts of the bounded subdomainjiz€t) denote that one of these arcs for
which the unbounded subdomain is as large as possible (for ghaerdr). Thus, the argz(r)
separates the prime edfrom oo (cf. [8,7]).

IfO0O<r <R< %diamE, then yz(r) and yz(R) are the sides of some quadrilateral
Qz(r, R) C 2 whose other two sides are parts of the boundari,et mz (r, R) be the module
of this quadrilateral, i.e., the module of the family of arcs that separate theysigesandyz (R)
in Qz(r, R) (see [1,20]).

We say thate € H* if E € H and if there exist constants=c(E) < %diamE andc1 = c1(E)
such that

(1.3) Imz(lz—=¢lc) =mz(lz = ¢l ¢)| <ea

for any pair of prime end<Z, Z € L, with their impressions, = |Z|, ¢ = |Z| satisfying
lz—¢] <c.

In particular, H* includes domains with quasiconformal boundaries (see [1,20]) and the
classesB; of domains introduced by Dzjadyk [13]. For a more detailed investigation of the
geometric meaning of conditions (1.2) and (1.3), see [5].

We will be studying functions defined by thdith modulus of continuityk € N). There is
a number of different definitions of these moduli in the complex plane (see [37,36,11,27]). The
definition by Dyn’kin [11] is the most convenient for our purpose here.

From now on, suppose thate H*. Set

D(z,8):={¢: |t —z|<8} (z€C,8>0).

The quantity
wfkz£©8) = Er_1(f. END(z,6)),
wheref € A(E), keN, z€ E, § > 0, is called theth local modulus of continuityand

wfk E(8) :=SUPwy i,z E(3)

zeE

is called thekth (global) modulus of continuitgf f on E. Itis known (see [36]) that the behavior
of this modulus is essentially the same as in the classical case of the inkegvdl-1, 1]. In
particular,

(1.4) w8 <ctfwrp®) (¢>1,8>0).
£ £

We denote byA” (E), r € N, the class of functiong € A(E) which arer-times continuously
differentiable onE, where we sef%(E) := A(E).

By definition, the functionw = ®(z) maps 2 conformally and univalently ontaA :=
{w: |w| > 1} and is normalized by the conditions:

(1.5) @ (00) = o0, @'(00) > 0.

The same symbab denotes the homeomorphism between the compactifications2 andA,
which coincides with® (z) in 2. Let ¥ := &~ 1. We define the distance to the level curves of
D(z)

Ls:={¢: |@@)|=1+5} >0
by
ps(z) :=dist(z, Ls) (ze€C, §>0),
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where
dist(¢, B) :=inf{|¢ —z|: ze B} (¢€C, BCO).

THEOREM 1.— Let E € H*, f € A(E), k € N, and letzs, ..., zy € E be distinct points.
Then forany: € N, n > N + k, there exists a polynomial, € P,, such that

(1.6) |f@) = pn(@)| < cropke(p1/n () (z€L),

with ¢1 independent of.
Moreover, if EC £ ¢ and if for any0 < § < 1, there is a constant, such that

8

dt
(1.8) /wf,k,E(t) " 2wy E(9),
0

then, in addition ta(1.6) and (1.7),
(1.9) If = pnllx < czexp(—can®)

for every compact st c E©, where the constants, ¢4 and0 < « < 1 are independent of.

A polynomial p,, satisfying (1.6) is called a D-approximation of the functipfD-property of
E, Dzjadyk type direct theorem). Fér> 1, (1.6) generalizes the corresponding direct theorems
of Belyi and Tamrazov [9] (whelk is a quasidisk) and Shevchuk [27] (wh&nbelongs to the
Dzjadyk classB)’). More detailed history can be found in these papers.

It was first noticed by Shirokov [29] that the rate of D-approximation may admit significant
improvement strictly insideZ. Saff and Totik [25] proved that if. is an analytic curve, then
an exponential rate is achievable strictly insiElewhile on the boundary the approximation is
“near-best”. However, even for domains with piecewise smooth boundary without cusps (and
therefore belonging td*), the error of approximation strictly insidE cannot be better than
e " (cf. (1.9)), wherex may be arbitrarily small (see [21,32]). In the results from [21,32,31]
containing estimates of the form (1.9), it is usually assumedshaatisfies a wedge condition.

For a continuunE € H*, this condition can be violated.

Keeping in mind the Gopengauz result [18], we generalize Theorem 1 to the case of
the Hermite interpolation and simultaneous approximation of a funcfianA” (E) and its
derivatives. For simplicity we formulate and prove this assertion only for the case of boundary
interpolation points and without the analog of (1.9).

THEOREM 2.— LetE e H*, f € A"(E), r € N, ke N, and letz1, ..., zy € 0E be distinct
points. Then for any: € N, n > Nr + k, there exists a polynomigb, € P, such that for
[=0,...,r,

(1.10) 1£P@ = pP @ <eppi @ g p(p1/n() (€L,
and
(1.11) P =rPc) (j=1....N),

with ¢ independent of.
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Our next goal is to allow the number of interpolation nodégo grow infinitely with the
degree of approximating polynomial It is well known that we cannot tak¥ — 1 equal ton,
preserving uniform convergence (cf. Faber's theorem [16] claiming thak fer[—1, 1] there
is no universal set of nodes such that the Lagrange interpolating polynomials converge to every
continuous function in uniform norm). However, it was first observed by Bernstein [10] that
for any continuous function o = [—1, 1] and any smalk > 0, there exists a sequence of
polynomials interpolating in the Chebyshev nodes and uniformly convergept bri], such
thatn < (1+ &)N. This result was developed in several directions. In particulag&(see [14]
and [15]) found a necessary and sufficient condition on the system of nodes, for this type of
simultaneous approximation and interpolation to be valid. We generalize the results of Bernstein
and Erds in the following theorem. In order to accomplish this, we specify the choice of points
71, ...,z in an optimal fashion from the point of view of interpolation theory. Namely, we
require that the discrete measure

1 N
MUN = NZ(SZJ’
=1

wheres, denotes the unit mass placed ais close to the equilibrium measure fBr(for details,
see [26]). Fekete points (see [22,26]) are natural candidates for this purpose.

A Jordan curve is called quasiconformal if it is an image of the unit circle under a
quasiconformal homeomorphism of the complex plane onto itself, with infinity as a fixed point
(see [20] for details).

THEOREM 3. — Let E be a closed Jordan domain bounded by a quasiconformal clnet
f. r, k be asin Theorert and letzs, ..., zy € E be the points of awth Fekete point set of .
Then for any > 0 there exists a polynomial, € P, n < (1+ ¢)N, satisfying condition§1.6)
and (1.7). Moreover, if(1.8) holds then in addition t@1.6) and (1.7) we have(1.9), and the
constants1, c3, c4 anda are independent aV.

2. Auxiliary results
In this section, we give some results from [2-5,8], which are needed for the proofs of the
above theorems and which characterize the properties of the mappiragsl ¥ in the case
E € H*. Fora > 0 andb > 0, we will use the expressian= b (order inequality) ifa < cb. The

expressior: < b means that: < b andb < a simultaneously. The distangg(z) to the level
lines of @ is, for anyz € L, a normal majorant (in the terminology of [36]), i.e.,

(2.1) p25(2) X ps(z) (8> 0).
Letz, ¢ € L, § > 0. The conditionz — ¢| < ps(z) yields

(2.2) ps(¢) =< ps(2).

If L is aquasiconformalcurve,c L, ¢ € 2 andif|z — ¢| > ps(z), then the inequality

2.3) p5(2) 5( 8 )
lz =] |P(z) —P(2)]

holds with somer = a(E).
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One of the fundamental problems that, as a rule, is encountered in the construction of
approximations by polynomials, is the problem of approximating the Cauchy keftehlz),
z € E, ¢ € 2, by polynomial kernels of the form:

(2.4) Ku(2,2)=) aj(0)7/.

Jj=0

The most general kernels of such type, the functi®ng «.. (¢, z), were introduced by Dzjadyk
(see[13, Chapter 9] or [7, Chapter 3]). Taking them as a basis for our discussion, we can establish
the following result (cf. [3, Lemma 9]), where

d(¢, B):=dist(¢, B)=inf{|lt —z]: ze B} (¢ €C, BCC).

LEMMA 1.- LetE € H*, and letm, r € N. Then for anyz € N there exists a polynomial
kernel of the form(2.4) such that the following relations hold fé=0, ...,r, z € L and¢ € 2
withd(¢, E) < 3:

3! 1 c1 p1/n(2) "

—|—— K, 2 )| < ;

92! <§ -z « Z))‘ I —ZI’”(IC —z] +p1/n(z)>
2

(1¢ =zl + p1/n()!FY

(2.5)
<

al
‘8_Z1Kn(§a Z)

wherec; =c;(m,r, E), j=1,2

In order to improve the approximation properties of the polynomial kekpét, z) inside of
E, we use an idea from [31, Theorem 2], completing it by the following geometrical fact.

LEMMA 2.— LetE € H*, E0 £ ¢. For any¢ € 2 with d(¢, L) < 3, there exists a Jordan
domainG, with the following properties
() ¢ €dGe, E CGy;
(i) diamG; <c;
(i) 9G. is K-quasiconformal.
Here, the constanis> diamE and K > 1 are independent df.

Proof. —If ¢ € 2 we setZ :=¢; if { € L we denote byZ € L the prime end whose impression
coincides with¢ (or any of such prime ends). Let

Iy :={& € 2: argd (§) = argd (2)}.
By virtue of [4, Lemmas 1 and 2],
(2.6) d(z, L) = 1z—¢| (zeTly),
and for anyzy, z2 € I; the length of the part of ; between these points satisfies
(2.7) I (21, 22)| = fz1 — 22|

A result of Rickman [24] (see also [7, p. 144]) together with (2.7) imply tiatis K-
quasiconformal with somé&; > 1 independent ot, i.e., there exists &31-quasiconformal
mappingF : C — C such that:

F(¢)=0, F(00) = o0, F(Iy) ={w: w>0}.
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We can assume thatf (zo)| = 1 for a fixedzo € EC. We recall the following well-known
property of quasiconformal automorphisms of the complex plane (see, for example, [7, p. 98]):
If 161 — &2| < 161 — &3] then

(2.8) |F(§1) — F(&2)| < |F (&) — F(&3)|

and vice versa.
According to (2.6) and (2.8) there are constantandc, such that

F(E)CG, ::{w:reie: 0<r<cy, c2<0|<m}.

By the Ahlfors criterion (see [1; 20, p. 100])8G2 is Kz-quasiconformal with

K> = K>o(c1, c2) 2 1. Therefore, by (2.8) the domaifi, := F*l(G/{) satisfies the conditions
()—(ii)y with K =K1 K2. O

Let E, ¢ and G, be as in Lemma 2 and leip € E® be fixed. Consider the con-
formal mapping@;f \ G_; — A normalized as in (1.5), and the conformal mapping
¢ G — {w: |lw—1/2| < 1/2} normalized by the conditions

1
bo)=3. @=L

Next, we use results from the theory of local distortion, under conformal mappings of an arbitrary
simply connected domain onto a canonical one, developed by Belyi [8] (see also [7]).

Lemma 2 as well as [8, Theorems 1 and 6] imply that the functibps and ¢, satisfy a
Holder condition (with constants independent pfTherefore, by [8, Theorem 4] for arly € N
there exists a polynomiaj; (¢, z) € Py (in z) such that

Cc1

H¢§ — ity (g, )”ag WP

with somec; andg independent of . We can assume thaj (¢, ¢) = 1.
Now forn € N, we set

|:n1/(1+/3)

5 } N = [nP/0+)]

(here[x] denotes the Gauss bracketwfthe largest integer not exceedingand we note that,
for the polynomial

un/Z(Cv 7) = t//\é (Cv 2),

the inequality

c1 N
(2.9) Juns2(z. 9| g < <1+ W) <1
holds, as well as for any compact $étc E anda := 8/(1+ B),
(2.10) Juns2(6, )| < A=) <&,

where the constants < 1 andc are independent af.
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Hence, the function defined by

1—un2(¢,2)

Tn(Cs Z) = C _

+ un/2(8,2) Kiny2)(¢, 2),

whereK[,/2)(¢, z) is the polynomial kernel from Lemma 1, is a polynomial ¢nof degree at
mostn. According to Lemma 1, (2.9) and (2.10), it satisfiesfar 2, d(¢, L) < 3, arbitrary but
fixedm € N and each compact s&t c E° the following conditions:

1 1
- — Tn 5 — |Un s - Kn s
‘C—Z (&, 2)| = |un2(¢ Z)\’C_Z n/21(¢, 2)
1 p1/n(2) )’" .
, f L,
(2.11) < { ¢ —z| <I§ — 2|+ p1/n(2) ‘€
e’ if ze K.
In addition,
1 _
(2.12) !Tn@,z)\fm (zeE.Ce€f,d( L)<3).

We will also need the continuous extension of an arbitrary funclianA (E) into the complex
plane which preserves the smoothness properti€s ®he corresponding construction, proposed
by Dyn’kin [11,12], is based on the Whitney partition of unity (see [34]) and local properties of
the kth modulus of continuity ofF. A slight modification of the reasoning in [11,12] and [34]
gives the following result (cf. [7, pp. 13—-15]).

LEMMA 3.— LetE € H*. AnyF € A(FE) can be continuously extended to the complex plane
(we preserve the notatiof for the extensionsuch that
(i) F(z) =0forzwithd(z, E) > 3, i.e.,F has compact suppqrt
(i) forzeC\E,

~X ’

‘ dF () wF k,* E(23d(z, E))

0z d(z, E)
where z* € E is an arbitrary point among those ones which are closestzto
c1 = c1(k, diamE);

(i) if¢ e E,z€C,|z—¢|<8,0<8 < 3diamE, then

|F(2) = Prac.£.5(2)| < c20r k. £(258),
wherePr x ¢ £,5(z) € Px—1 is the(uniqug polynomial such that
|F — Prc.EsllEnD@,5) = @Fkc,E(6),

andco = co(k);
(iv) if F satisfies a Lipschitz condition am, i.e.,

|F(z2) = F(O)l<clz=¢| (2,8 € E),

then the extension satisfies the same conditiony fore C, with c3 = c3(c, diamE, k)
instead ofc.
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3. Proof of Theorem 1

We fix a pointzp € E and consider a primitive of :

(3.1) F(o) = / FE)dE (e b,

7(20.¢)

wherey (zo, ¢) C E is an arbitrary rectifiable arc joining and¢.
Onwriting forz € L, ¢ € E with | — z] < 4:

F@&) = F() + / (&) de
y(z,¢)

=v5(8,2) + / (f) = PrrzEcs(©))dE,
y(z,)
wherec > 1 is the constant from (1.2), we obtain

a)F,k-‘rl,Z,E((S) < H F— vé('s Z) H END(z,5) = 8 (,()((S),

wherew(8) := wys £(8). Using Lemma 3, we can exterfd continuously toC, so thatF has
compact support and satisfies

(3.2) 2 w(d(¢, L)),

’31’(()

for ¢ € 2% :={¢ € 2: d(¢, L) < 3}. Moreover, forz € L, ¢ € C with |z — ¢| <8 < 3diamE,
we have

(3.3) |F(¢) —vs(¢.2)| < 8w (8).
Indeed, since fot € E N D(z, d),

[v5(£.2) — Prit1z 80| <|F©Q) =5, 2|+ |F(&) — Pris1ze5(0)] 280(5),

we have by the Bernstein—Walsh lemma [38, p. 77]

H VS('5 Z) - PF,k+l,Z,E,5 ||D(Z,5) = 6&)(6)

Hence (3.3) follows from the last inequality and assertion (iii) of Lemma 3.
Next, we consider the most complicated case, thaE%s ¢ and (1.8) holds. We introduce
the polynomial kerneQ,,/2(¢, z) := Tjn/21(¢, z), which by (2.11) and (2.12) satisfies:

<e " (1 eR¥)
K

1
(3.4) ‘ ‘CT — Ons2(8,-)

on each compact sé& c E°, and

(35) - Qn/Z(Cy 2)

k
< 1 ( p1/n(2) ) el
[ —zI\I¢ =zl + p1/n(2)

‘ 1
—z
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1
(3.6) ’Qn/z(f, Z)’ = m (z € E).

Further, we consider the polynomial

OF
tn(Z)__;/&Qn/z(C 2)dm() (z€E),

Q*

where dn(¢) means integration with respect to the two-dimensional Lebesgue measure (area).
Letze L, D:=D(z,p), 0 := 9D, p := p1/(z). According to assertion (iv) of Lemma 3;

is an ACL-function (absolutely continuous on lines parallel to the coordinate ax€s)Hence
Green’s formula can be applied here (see [20]) to obtain:

1 8F(§) 1
f(z)—rn<z)=;/ (Qﬁ/zo; 2 - (_Z)2>dm(§)

29D
AF(2) 1 [ F@
+;/—Qn/2(4 D)+ 10 o [
(3.7) = U1(2) + U2(2) + U3(2).

The first two integrals in (3.7) can be estimated in an appropriate way by passing to polar
coordinates and using (1.4), (1.8), (3.2), (3.5) as well as (3.6):

c c

k+l dr
(3.8) U1(2)| 5/w(r> _ dr<w<p)p/ ! < (o),
o o
o
(3.9) |Uz<z)|5f@dt5w<p).
0

In order to estimate the third term in (3.7), we note that

|f(@) = ) (@ D)| = |f(2) = PrazEep(@)] S w(cp) 2w(p),

so that by (3.3):
F —
(310)  |Us@|<|f@ - e z)}+—’/(§)—‘)§)(2§1) < w(p).
Comparing (3.7)—(3.10), we obtain that
(3.11) |f(2) = ta(@)| 2 0(p1/n(2)) (z€L).

The estimate
(3.12) If —tallk <€,

for any compact sek ¢ E9, follows immediately from (3.2) and (3.4) by a straight-forward
modification of the above reasoning.
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To satisfy the interpolation condition (1.7), we argue as followsA et2N. We consider the
polynomials

. 1_(C_Z)QI1/Z(C3Z)3 |f§EL, zeE,
Vije+1(g,2) i== 1 ek 2 cE,
and

al q(z)
Un(2) =Y " (f(2)) = ta(2))) Vay211(zj. 2).

] q'(zj)(z—zj)

By (3.4), (3.5), (3.11) and (3.12),

/ ) pl/n(Z) )k if
ij(pl/n(zl))(IZ—Zjl+,01/n(z) , ifzel,

gen if z€ K,

|Mn(z)| =

whereZ’j means the sum in afl with z; € L. To show that

Dn(2) ' =1,(2) +uu(z)

satisfies (1.6), (1.7) and (1.9), it is sufficient to prove that the inequality

k
(3.13) w(plm(())(%) < w(p1/n(2))

holds for anyz, ¢ € L.
This relation is ftrivial if [ — z| < pya(¢) (cf. (2.2)). Hence we may assume that
I¢ —z| > p1/n(£). Then by (1.4),

P1/n(2) >k B (/Ol/n(Z))k
w(pl/n(g))<lz_é,l_i_pl/n(z) <U)(|C Zl) T fa)(pl/n(z))a

which completes the proof of (3.13).

Note that we used assumption (1.8) only for the estimatio/gf) in (3.9). If we are
interested only in relations (1.6) and (1.7), then we need to choose in the above reasoning
0n/2(¢,2) = Kiny21(¢, 2), wherekK, (¢, z) is the polynomial kernel from Lemma 1. Then, instead
of (3.9), we obtain by (2.5) that

o
d
U2, 2)] < /w(t) 12 <o),
0
0

and (1.8) becomes superfluousa
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4, Proof of Theorem 2

Since the scheme of this proof is the same as in the proof of Theorem 1, we describe it only
briefly. We begin with the Taylor formula for a primitivé defined by (3.1):

G-D o1
Fo=Fo+ Y L@ . De-oits [ oo

j=1 y(.0)

wherez, ¢ € E and an arg/(z, ¢) C E joins these points and satisfies (1.2). Therefore, we have
forze L, € Ewith |z —¢| <8:

1 r (g0
F(C)ZKS(C’Z)-F; / (z—8) (f (5)—Pf(r),k,Z,E,ca(f))dE,
y(z,8)

wherec > 1 is the constant from (1.2) and (¢, z) is a polynomial (in¢) of degree< k + r.
Using Lemma 3, we exten#l continuously, so thak' has compact support and satisfies

‘3F(§) <d(§ Ly (d((,L)) ((EQ*iz{C €2: d((,L)<3}),

|F(§) —ks(2,2)| <8 w(®) (zeL, teC, |t —z]<8),

Wherew(S) = wf(r)’k’z’E((S).
Next, we introduce the polynomial:

AF() 0
tn(Z)———/ d —Ku(¢,2)dm(¢) (z€E),
b4 9 0z
Q*
wherekK, (¢, z) is the polynomial kernel from Lemma 1 (with = 2r). Let/ =0,...,r and let
z, D as well asr be the same as in (3.7).
By Green’s formula, we have that:

O -t = 1 /
T
2\D

3F(C) 3l+l

8F(§) 81+1

1
?az”rl( K, (¢, Z)——)dm(ﬁ)

1 8l+1 1
Dy~ - -
+ 0@ Zni/F(C)ale;_zdé.

Reasoning as in the proof of (3.11), we obtain that
(4.2) 1F@ =1 @] = 05 @e(pyn(@) (zeL).
Further, we assume that> 2N (r 4+ 1) and introduce the auxiliary polynomials:

(§ Z)rJrl r

Vajo(C,2) =1+ - P

K2 1(¢,2)
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and

r+1( )

N
un(z) = Z )r+1 Vn/Z(Z]vZ)ZA]S(Z_Zj)

j=1 s=0
where

s

1 PV (z—z) L
o Wz — (s J
A],S T Ugo V!(S _ V)' (f (Z]) tl’l (Z])) (8ZS—U qr+1(z) )

According to the Hermite interpolation formula (see [33]), we have

7=z;

uP) =P -1P) (G=1,...,N).

Therefore the polynomial
Pni=uUn+1t,

satisfies the interpolation condition (1.11).
Since

|Aj,s| = Pi/_ns (Zj)a)(pl/n (Zj))a
we obtain by Lemma 1 for anye L,

2r r
|un(2)] _Z(| P (@) > Zpiﬁf(zj')w(ﬁl/n(z]'))lz—Zjls
s=0

o z2—zjl+ p1n(2)

4.2)
<01, (@) @(p1/n(2)),

where we used (2.2) and the following inequality: forz € L with |¢ — z| > p1/a(2),

01/n(2) 2

— | ¢ o(lz = ¢l) < p1,(@) @(p1/a(2)).-

By a theorem of Tamrazov [36] (see also [7, p. 187]), (4.2) yields

(4.3) u ()] = 017, (2) @(p1/n(2)).

Combining (4.1) and (4.3), we obtain (1.10)a

5. Proof of Theorem 3

We use the same scheme as in the proof of Theorem 1. Let (1.8) hold. We construct a
polynomialzy € Py such that

(5.1) |f (@) —tn@| 2 o(pyn() (zeLl),
wherew(8) := wyk, (), and

(5.2) If —tnllxk <e N
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for any compact sek ¢ E°. Letm := [e¢N]. Consider the polynomial

N

UN+m(Z) 1= Z L(f(zj) —IN(Z))) Vins1(zj, 2),

] q'(zj)(z—2z})

where

Vnt1(£,2) :=1-( —2)0m(¢,2) (€L, z€E),

andQ,,(¢,z) .= T, (¢, z) is a polynomial of degree at most (in z) satisfying the inequalities
(cf. (2.11)):

1 m(z k+1
- < p1/m(2) ) Grel)

1
5.3 — — 0On(2, =
(5:3) ‘ On& | =\ =2+ o @

—z

(the choice of =1(E) > 0 will be specified below) and

< e—cm"‘ (; el)
K

1
(5.4) H = Om(&,-)

on each compact séf c E°. Letz e L, ®(z) = €%, &(z;) = €7,
0<b1<br<- <Oy <Oni1:=01+2m.

Itis proved in [6] that

(5.5) |9,-+1—9,-|x% (j=1,...,N).

We rename the point@?i 1 by (¢”/}%, (¢%/}} and{€? })' ~*~" in such a way that

/
|90_9j| <

S|

(G=1....m),
ando; =67, 07" satisfy

1
60— 61 > — (6, 2161, ....0,}),

Op < 6] <0y <--- <6 <7 +6p,

"
N—p—v

"

bp—m <0 <-.- <6y <bp.

Equation (5.5) implies that

1
w= -, vN—-—u—v=xN.
e

Furthermore, for the function
16,600 = (£(#(€°)) — i (# (€°))) Vs (# (), w (%)
we have by (1.4), (2.2), (5.1) and (5.3),

(5.6) |h(0), 00)| < w(p),
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0 k+l ) l
(5.7) |h(6],60)| 5w(|z—z;’|)<—> 5w(p)(—> .

R —
|z — 2| lz =z}l

k-+ ;
) < w(p)(%) ,
lz =2
wherep = p1/m(2). 2} =W (&), 2 = w ("),
It follows from (5.25 and (5.4) that the polynomial

(5.8) |h(6]", 60)| ﬁw(lz—z}”l)(

/'//|

Iz—zj

(5.9) Pla+eN](2) =N (2) + unim (2)

satisfies (1.7) and (1.9).
We choosé so that

g Z “l|j (g) 1 (Z)I ’

" v N—p—v
lunm ()| <) RO, 00)| + )Y |10, 60)] + |h (67", 60)|
J J
j=1 j=1 j=1
Vo1
5w(p)<1+zﬁ>5w(p>, zel,
j=1

by (5.6)—(5.8), we obtain the desired inequality (1.6) by (2.1) and (5.1)p{ef.)~] given by
(5.9). Taking in the above argume@t, (¢, z) := K, (¢, z), we obtain equations (1.6) and (1.7)
even without assumption (1.8).0
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