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Approximation of Conformal Mappings
of Annular Regions'
N. Papamichael, I. E. Pritsker,! E. B. Saff ¢ and N. S. Stylianopoulos

Abstract

In this paper we examine the convergence rates in an adaptive version
of an orthonormalization method for approximating the conformal map-
ping f of an annular region A onto a circular annulus. In particular, we
consider the case where f has an analytic extension in compl(Z) and, for
this case, we determine optimal ray sequences of approximants that give
the best possible geometric rate of uniform convergence. We also estimate
the rate of uniform convergence in the case where the annular region A
has piecewise analytic boundary without cusps. In both cases we also give
the corresponding rates for the approximations to the conformal module

of A.
AMS classification: 30C30, 656K05, 41A20.

1 Introduction

Let A be an annular region of the complex plane bounded by two piecewise
analytic Jordan curves I', and I';, where I'; is interior to I'., and denote the
exterior of T', by € (so that oo € Q) and the interior of T; by GG. Also, assume
that 0 € (G, let z be a fixed point on I'; and denote by f the conformal mapping
of A onto a circular annulus F:= {w : 1 < |w| < M}, so that f(z) = 1. Here
the outer radius M of F is uniquely determined by A and is called the conformal
module of A.

The work of this paper is concerned with certain aspects of the conver-
gence theory of an orthonormalization method (ONM) which was studied by
Papamichael et al [8], [9], [10], [11] and [12], for the purpose of approximating
the conformal mapping f and the conformal module M. The details of the basic
ONM are as follows:

Let Ly(A) be the Hilbert space of all square integrable functions that are
analytic in A, with inner product

(u,v) = //A u(2)o(2)do- (1.1)

(where do, denotes 2-dimensional Lebesgue measure) and corresponding norm
[|u]]2 := (u, u)%. Also let L5 (A) denote the set

L3(A) := {u: u € Ly(A) and u has a single-valued indefinite integral}.
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The set L3(A) is, in fact, a closed subspace of Ly(A) and, therefore, is itself
a Hilbert space with inner product (1.1). Next, let the functions ¢ and H be
defined respectively by

g(z) :=log f(z) — log z (1.2)

and

- -, (1.3)

so that g is a branch analytic and single-valued in A, H € L5 (A), and
f(z) = ze?), (1.4)

With these notations, it is well known ([3, pp. 250-51], [10, p. 686]) and [11, p.
101] that the conformal module M of A is related to H by means of

M:exp{(%/fm logZ|Z|dz—||H||§) /27}. (1.5)

Let Ry, be the set of all rational functions of the form

Rpn(z) = Z apz®. (1.6)

Then, the basic ONM consists of the following steps:
(i) Orthonormalize the set of monomials {*}2__ = k # —1, by means of
the Gram-Schmidt process in order to obtain the orthonormal set {n;}7_

k#—1. -
(ii) Approximate the function H by the Fourier sum
Ry o(2) = > (o)=Y apsh, (1.7)
P P

where the coefficients (H,7n;) and hence the coefficients aj can be computed,
without the explicit knowledge of H, with the help of the formula

(nk,H):i/aAnklog|z|dz; (1.8)

see e.g. [3, pp. 249-50] and [11, p. 101]. (The Fourier sum R}, , is of course the

m,n

best approximant to H in L3 (A) out of the subspace Rmn;ie.,

M = Riplle =, inf, ([ = Rallz ) (19)
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(iii) Using (1.3)—(1.5), approximate the mapping function f and the confor-
mal module M respectively by

ey = Zexp ([ B¢ (1.10)

Z0 Zo

11
My = eXp{(z /aA %'Z'dz_ ||R:W||§) /27}. (1.11)

The results of many numerical experiments ([8], [9], [10], [11] and [12]) sug-
gest that (at least in the diagonal case m = n) uniform convergence of f,, , to f
holds on A, under some mild assumptions on the geometry of A. On the other
hand, there is no adequate theory available to justify the ONM except for the
case when f is analytic on the boundary of A (see [3, p. 250] and [12, p. 654]).
Even in the latter case, the available theory concerns “diagonal” approximants

and

with “equal” number of positive and negative powers of z, although it is rea-
sonable to expect that this diagonal selection of powers need not always be the
best choice.

In this paper we seek to overcome some of the above shortcomings in the
theory of the ONM. In particular, we consider the case where the function H can
be extended analytically in compl(A) and, for this case, we derive optimal ray
sequences of approximants to H. More specifically, we derive (in terms of the
analytic continuation properties of H) the asymptotically optimal proportion
of positive and negative powers of z in the best approximations Ry, , to H.
We also study the case where f is not analytic on JA and fill partially the gap
in the theory of the ONM, by showing that uniform convergence on A holds if
A 1s bounded by piecewise analytic curves without cusps. Finally, we consider
the convergence of the ONM approximants to the conformal module M and
present results that provide theoretical justification for certain experimental
observations concerning the quality of these approximants.

The organization of the paper is as follows: In Section 2, we state (without
proofs) our main results. In Section 3, we describe an adaptive version of the
ONM, based on the choice of optimal ray sequences of approximants, and also
present the results of some numerical experiments illustrating the application
of this adaptive method. Finally, in Section 4 we present the proofs of the
results of Section 2. Here, our analysis is based mainly on methods of proof
used in earlier papers ([1], [5], [6] and [7]) in connection with the problem of
approximating, by means of Bieberbach polynomials, the conformal mapping of
a simply-connected domain onto a disk.
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2 Main Results

2.1 Analytic Case - Optimal Ray Sequences

Let ¢ be the conformal mapping of G := Int(T';) onto the unit disk D := {w:
|w] < 1}, normalized by ¢(0) = 0 and qSI(O) > 0, and let ® denote the conformal
mapping of the unbounded domain € := Ext(T'.) onto the exterior of the unit
circle D' := {w : |w| > 1}, normalized by ®(o0) = oo and lim,_,c ®(z)/z > 0.
Next, assume that the function H of (1.3) is analytic on A and suppose that its
“nearest” singularities in G and in € are situated on the level curves L,, := {z:
|6(z)] =7, 0 <y <1} and Ly, :={z:|®(2)] = re, 1 <re < oo}, respectively.
In other words, we assume that the function H is analytic in the annular region

Ap = Ext(L,,) 0 Int(L,,), (2.1)

bounded by the curves L,, and L,_, and has singularities on each of these curves.
We now consider “ray sequences” {[2,,(j)n(j)};=; of rational functions of the
form (1.6) such that

m(j) — o0, n(j) — oo, as j — o0, (2.2)
and the following limit exists

X %::a, 0<a<l. (2.3)

i=eom(j) +n(j)

We also assume that there exists a constant ¢ > 0 such that
Im(j+ 1) —m(j)| <c and |n(j+ 1) —n())| < e, (2.4)

forall j =1, 2, ....

The result of the following theorem shows that the optimal proportion of
positive and negative powers of z in the best approximation Ky, , to H can be
described asymptotically in terms of the location of the nearest singularities of

H.

Theorem 2.1. Let H be analytic on A and let Ry, , be the best L3 (A) approz-
imation to H out of Ry . Then, a ray sequence {R:l(j)n(j)};?';l, satisfying
(2.2)-(2.4), is optimal in the sense of geometric convergence rate if and only if

m log r.

li = =:a". 2.5
J'Egom—l—n logr. — logr; “ (2:5)

In this case,

limsup |f = frunll ") = limsup | H = RE, ||/ = re™=t = pp”
Jj—o0

J—00
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Furthermore, an optimal ray sequence {R;‘mn} and the corresponding sequence
of approzimants { fm n} to the mapping function f converge locally uniformly in
the annular region A .

In the above and in what follows || - ||oo denotes the uniform norm on 4, i.e.
for any function & analytic in A and bounded on 4,

[1hf]eo := sup |A(z)] .
ZEA

Also, the statement that the rate of geometric convergence in (2.6) is optimal
means that for any ray sequence {R,,j)n(j)}5=, satisfying (2.2)-(2.4),

lim sup | = Ry al[L04) > 06

J—00

The following result gives the corresponding estimate of the error in the
ONM approximation to the conformal module M of A.

Theorem 2.2. Let {Mm(]’),n(]’)}}i1 be a sequence of approximants to M cor-
responding to an optimal ray sequence {R;"n(].) n(].)}}”;l. Then, this sequence of
approxzimants tends monotonically (with m+n) to M from above, and

lim sup{ My, , — M}/ (mn) = p2(a"=1) — 207 (2.7)

j—oo

2.2 Piecewise Analytic Boundary

Here we assume that the boundary components I'; and I'. of A are piecewise
analytic Jordan curves without cusps. This means that each of I'; and I', consist
of a finite number of analytic arcs, where two adjacent arcs meet at a corner
and form there an interior (with respect to A) angle vw, with 0 < v < 2. Thus,
in each case, the exterior (with respect to A) angle is Ax with v 4+ A = 2.

Our next result extends Theorem 1 of [7] (concerning the convergence of
Bieberbach polynomialsfor approximating the conformal maps of simply-connected
regions) to the mapping of annular regions.

Theorem 2.3. Suppose that the boundary components I'; and T, of A are prece-
wise analytic without cusps and let \im and Aew (0 < Aj, Ae < 2) be respectively
the smallest exterior (with respect to A) angles among all joints on T'; and T',.
Suppose, in addition, that m, n € N satisfy

0<c1§ﬂ§cz<oo, (2.8)
n

for some fizred numbers ¢1 and c¢y. Then, with fn, , defined as in (1.10), there
exists a constant K, depending only on ¢y, co and the geometry of A, such that
_log max(m,n)

Hf_ fm,n”oo < K—/—F—7—+ (29)

min(m?, nve)’
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with v, =X /(2= X)) and ve = A /(2= A.) .

Remark. Because of (2.8), the result of the theorem is equivalent to the estimate

1f = fmnlles = O <log”) =0 <logm) , (2.10)

n” mY

where v := min(y;, v ). We note that the exponent 4 cannot be increased in gen-
eral. This is so because if ¥ > min(v;,7.), then the converse theorem argument
of [14] would imply that f € Lip 2 for some 8 > (2 — min(};, A;))~! and would
contradict the known boundary behavior of f (see Section 4, Lemma 4.4). Tt
follows that Theorem 2.3 is sharp up to the logarithmic factor in the numerator

of (2.9).

Theorem 2.4. Suppose that the annular region A satisfies the conditions of
Theorem 2.3. Then there exists a constant K, depending only on the geometry

of A, such that

0< My — M<K logmax(m, n)

min(m?h e’ m, n=2 3, ..., (2.11)
where v = i/ (2= X)) and ve = A /(2= A.) .

We end this section by noting that the results of Theorems 2.1-2.4 confirm
the experimental observation ([9, p. 47], [10, §5] and [11, §4]) that the ONM
approximations to the conformal module M are more accurate than the corre-
sponding approximations to the mapping function f.

3 Adaptive ONM - Numerical Examples

The results of Theorem 2.1 suggest a process for “balancing” the boundary
erToTS

max |f(z) — fm,n(2)| and gré%)§|f(z) — fmn(2)]. (3.1)

zel';

In this section we show how this idea can be used in order to develop an adaptive
version of the classical ONM, in cases when the function H(z) := log f(z)—log z
can be extended analytically to an open set containing A. We also present two
numerical examples illustrating the application of the adaptive ONM and the
convergence results of Section 2.1.

We let SZ»(m’n) and &Emm denote estimates of the maximum error in modulus
in the approximation f,, , to f on the boundary curves I'; and I', respectively.
These are obtained, as indicated in [10], [11] and [12], by means of

&7 1= max |l = | fma(z))] | (3.2)
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and

&gm’n) = m].aX|Mm,n =S (), (3.3)

where {z]l} and {z;} are two sets of “boundary test points” on I'; and I'c re-
spectively. (We expect (3.3) to be a reasonable estimate of the actual error in
modulus on I', because, as we remarked at the end of Section 2, the approxima-
tions {Mp, »} to M are more accurate than the corresponding approximations
{fmn}to f; see Theorems 2.1-2.4 and also Lemma 4.3 in Section 4.) Then, the
adaptive ONM algorithm can be described as follows:

1.

5.

Set m := Mypin and n = nupin, where My, and n.,g, denote respectively
the minimum number of negative and positive powers of z to be used in
the basis set.

Compute the ONM approximations fp, », to f and M, , to M, using the
basis set

(=Y k£ -1 (3.4)

Compute the error estimates SZ»(m’n) and &Emm, by means of (3.2)-(3.3).

I SZ»(m’n) < &Em’”) then:

e Introduce into the basis set (3.4) the next positive power of z, i.e.
set n:=n+4 1.

Otherwise:

e Introduce into the basis set (3.4) the next negative power of z, i.e.
set m:=m+ 1.

Check the termination criterion and either terminate the process or go to
Step 2.

Regarding Step 5, the procedure is terminated when after a certain pair
(m,n), due to the numerical instability of the Gram-Schmidt process, the max-

imum error max(

gi(m,n)’ g(gm,n))

does not decrease any further.

In presenting the numerical results we make use of the following notations:

e (; and (.: These denote the locations of the nearest singularities of H in

G and € respectively.

e r; and r.: As in Section 2, these denote the level indices of the nearest

singularities of the function H, i.e. r; := |¢(()| and r. := |®(¢.)|. (The
values of r; and r, are obtained by using either the exact mapping func-
tions ¢ or ®, when these are available, or are computed in approximate
form by using the conformal mapping package BKMPACK of Warby [17].)
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e «”: This denotes the optimal ratio given by (2.5), i.e.
. log r. (3.5)
" logr, —logr; '
. S}m’n): This denotes the larger of the two error estimates (3.2) and (3.3),
le.

((/‘J(Cmyn) = max(gl(myn)’ gcgm’n)). (3.6)

. Sﬁl’n): This provides an estimate of the error in the approximation M, ,
to the conformal module M by means of

ETM = Mo ~ = My, (3.7)

where m + n is the largest value of the sum of indices m + n used in the
adaptive ONM algorithm. (That is, this estimate is computed by using,
instead of the exact value of M, the most accurate approximation to M
that we have available.)

e 6; and 6pr: These are respectively estimates of the orders of the errors
(2.6) and (2.7). They are determined as follows: Let (1, n1) and (ma, na)
be two pairs of indices such that

my msa

2 ~ ot (3.8)

mi + ny ms + N2

and let £ and Sﬁ”’nj);j = 1,2, denote the error estimates (3.6) and
(3.7) corresponding to the pairs (m;,n;); j = 1,2, respectively. Then, we
assume that

gj(tm,n) ~ O} rffoz*(m‘l'”) and gﬁ%”) ~ (5 rfMa*(m-I—n), (39)

and seek to estimate 6; and 637 by means of the formulae

5 = 1 [log(£]+"*) &)™ ™)) (3.10)
F= a*(ma +ny —my —ny) log r; ’
and
Sap = 1 log(&x " /&3 )] (3.11)
M a*(ma + ng — my —ny) log r; ’ ’

see (2.6) and (2.7

). (That is, from the theory we expect to obtain values
(Sf ~ 1 and (SM ~ 2)
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Ezample 3.1. Square with circular hole.
Let A be the annular region bounded internally by the circle

T, :={z:]z| = 0.8}
and externally by the square
T.={z:z==21+41iy, |y <1} U{z:z =2 %1, |z| < 1}
Then, the nearest singularities of H occur at the points
;=04 and (. = 1.6;

see [11, p. 95]. Also, the mapping function ¢ is known trivially,i.e. ¢(z) = 1.25z.
Therefore,
ry = 0.5.

Finally, the value of r, is found in approximate form by using BKMPACK for
the approximation of the mapping function ®. In this way we find that (correct
to six decimal places) r, is given by

re = 1.413129.
Hence, from (3.5), o is given (correct to two decimal places) by
a” =0.33.

Ezample 3.2. Ellipse with circular hole.

Let A be the annular region bounded internally by the circle

D= {20 |2 = 2/3)
and externally by the ellipse
[o={z:z=x+iy, (x+1)?/44+y* =1}
In this case, the nearest singularities of H occur at the points
¢ =0.113004586+10.279 182239 and (. = 4/(9¢;),

where (; is correct to all figures quoted; see [11, p. 100]. Also, the mapping
functions ¢ and ® are known exactly, i.e.

. 1/2
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see e.g. [2, p. 225]. In this way we find that (correct to six decimal places) r;
and 7, are given by

r; = 0.451778 and r. = 1.409707.
Hence, from (3.5), a* is given (correct to two decimal places) by
a* =0.30.

The results for Examples 3.1 and 3.2 are given in Tables 3.1, 3.2 and 3.3,
3.4, respectively. All these results were obtained by using the adaptive ONM
algorithm with starting pairs of indices (Mmumin, Pmin) = (9,7) for Example 3.1,
and (Mmin, Nmin) = (4,4) for Example 3.2.

Tables 3.1 and 3.3 contain, in each case, the values of the pairs (m, n) that
were chosen by the adaptive process at each step of the algorithm, the corre-
sponding values of the ratio m/(m + n) and the values of the boundary errors
SZ»(m’n) and &E”“”? These results illustrate how the algorithm seeks to balance
the magnitude of the two errors (by introducing the “appropriate” power of z
into the basis set) and show that, for the “optimal” values of (m,n) chosen by
the algorithm, the ratios m/(m + n) are (as predicted by Theorem 2.1) close
to the value of a*. The domain of Example 3.1 has 4-fold rotational symmetry
about the origin. Because of this the corresponding approximations (1.7) take

the following form:
Ron(z)= 3 e,

with
m::m(j):4j—|—1, n::n(j):4j—1;j:1, 2, ...

Tables 3.2 and 3.4 contain the ONM approximations My, ,, for some of the
optimal pairs (m,n) of Tables 3.1 and 3.3, together with the corresponding
estimates 0y and 0ar that measure respectively the orders of the errors in the
approximations fp, , to f and M,, , to M. These estimates were computed
from (3.10) and (3.11) by keeping the pair (m1,n1) fixed, as the initial pair in
each table, and taking recursively (ma, ns) to be each subsequent pair shown in
the table. As expected (see (2.6) and (2.7)), the values of é; and 637 are, in all
cases, close to 1 and 2, respectively.
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(m,n) m/(m+n) SZ»(m’n) glmn)
(9,7) 0.56 6.5e-04 3.7e-03
(9,11) 0.45 7.6e-05 6.1e-04
(9,15) 0.38 4.5e-05  1.5e-04
(9,19) 0.32 5.3e-05  6.6e-05
(9,23) 0.28 5.1e-05  4.3e-05
(13,23) 0.36 2.7e-06  7.1e-06
(13,27) 0.32 2.8¢-06  3.2e-06
(13,31) 030  2.9¢06 2.2¢-06
(17,31)  0.35 14607 3.4e-07
(17,35) 0.33 1.5e-07  1.6e-07
(17,39) 0.30 1.5e-07  1.1e-07
(21,39) 0.35 7.4e-09 1.7e-08
(21,43) 0.33 7.4e-09 8.1e-09
(21,47) 0.31 7.5e-09  5.7e-09
(25,47) 0.35 3.8¢-10  9.3e-10
(2551) 033 3.8¢10 4310
(25,55) 0.31 3.8¢-10  3.0e-10
(29,55) 0.34 2.0e-11  5.1e-11
(29,59) 0.33 2.0e-11  2.4e-11
(29,63) 0.32 2.0e-11  1.7e-11
(33,63) 0.34 1.1e-12  3.6e-12

(m, n) Mm,n (Sf (SM
(9,19) 1.342 990 380 6369 - -

(9,23) 1.342990 374 7144 0.20 0.54
(13,23) 1.342 990 365 9443 1.20 2.05
(13,27) 1.342 990 365 6469 1.09 2.08
(13,31) 1.342 990 365 6320 0.85 1.66
(17,31)  1.342 990 365 6002 1.14 2.10
(17,35)  1.342 990 365 5994 1.09 2.08
(17,39) 1.342 990 365 5993 0.95 1.84
(21,39) 1.342 990 365 5992 1.12 2.10

11

Table 3.2: Square with circular hole: Orders of the errors S}m’n) and Sﬁl’n) .
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(m,n) m/(m+n) SZ»(m’n) (min)
(4,4) 0.50 1.8e-02  4.5e-02
(4,5) 0.44 1.0e-02  3.3e-02
(4, 6) 040  5.2003 1.5¢-02
(4,7) 0.36 5.7e-03  9.7e-03
(4,8) 0.33 5.5e-03  9.5e-03
(4,9) 0.31 5.4e-03  6.6e-03
( 4,10) 0.29 5.6e-03  5.4e-03
(5,10 0.33 6.5e-03  6.3e-03
(6,10) 0.38 1.5e-03  2.3e-03
(6,11) 0.35 1.6e-03  2.2e-03
(6,12) 0.33 1.5e-03  1.8e-03
( 6,13) 0.32 1.56-03  1.20-03
(7,13) 0.35 6.7¢-04  1.1e-03
(7,14) 0.33 6.7e-04  8.1e-04
(7,15) 0.32 6.7¢-04  8.0e-04
(7,16) 0.30 6.7e-04  6.9e-04
(7,17) 0.29 6.8e-04  5.7e-04
(8,17) 0.32 3.9e-04  3.4e-04
(9,17) 0.35 4.6e-05 1.1e-04
(9,18) 0.33 4.8¢-05  9.6e-05
(9,19) 0.32 4.6e-05 7.9e-05
(19,20) 0.31 4.6e-05 4.7e-05
(9,21) 0.30 4.6e-05 4.5e-05
(10,21) 0.32 5.9e-05  8.3e-05
(10,22) 0.31 5.9e-05  7.4e-05
(10,23) 0.30 5.9e-05  7.1e-05

Table 3.3: Ellipse with circular hole: Steps of the adaptive algorithm

12
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(m ) Mm,n (Sf (SM
(4,9) 1419811519 -
4
6

(4,10) 1.419765672 .70 1.87
(6,12) 1.419699 037 1.08 1.82
(6,13) 1419694052 1.03 181
(7,14) 1419686002 1.10 2.36
(7,15)  1.419 686 000 .98 2.10
(7,16) 1419685652 .94 201
(7,17)  1.419 685406 .87 1.93
(8,17) 1419685112 98 1.94
(9,18) 1419684686 1.26 2.33
(9,19) 1419684675 123 2.24
(9,20) 1419684652 1.29 2.32
(9,21) 1419684651 1.22 2.19
(10,21) 1419684 641 1.01 231
(10,22) 1419684 636 .99 2.75
(10,23) 1419684635 -~ -

Table 3.4: Ellipse with circular hole: Orders of the errors S}m’n) and Sﬁl’n) .
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4 Proofs

4.1 Proofs of Theorems 2.1 and 2.2

For the proofs of our main results we shall make use of several lemmas. The
first of these is an analogue, for rational functions, of the well-known Bernstein-
Walsh lemma for polynomials.

Lemma 4.1. For any rational function of the form

n

rma(z) = Y apzt (4.1)

k=—m
we have that
[, (2)] < lrmoplloa @), 2 €9, (4.2)
" Il
"mnl|l8G
|rm7”(z)| S : m oy < € G, (43)
lo(2)]
where || - ||aq and || - ||log denote the uniform norms on IQ and G respectively.

Proof. The function ry, ,(z)/[®(2)]" is analytic in  and continuous on €. Thus,
by the maximum modulus principle,

[ (2)]
o) =

from which (4.2) follows.
Similarly, the function r,, ,(2)[#(2)]™ is analytic in G and continuous on G.
Hence,

Tmn

(I)n

50 = Hrm,nHaQ’ z €4,

[P (2)] - )™ < rmnd™ g = lrmnllye, 2 € G,
from which (4.3) follows. [ |

Lemma 4.2. For any rational function of the form (4.1) there exists a constant
K, depending only on the geometry of A, such that

||H - (rm,n - a—l/z)HZ <K

H — rm,n||2~

Proof. Let T' := {z : |f(2)| = r}, where r € (1, M) is fixed. Then, since the
indefinite integral of H is single-valued in A,

/{H(t) — o (t)}dt = —27ia_;.
r

On the other hand by [4, p. 4]

0 = nnat] < W ) = 0]

Tl

Sy gr—
Jrdistr, oy 1A~ rmanlle
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Thus,
IH = (rmn —a1/2)l2 < [[H = rmallz +laca] - |]1/2]]
< K||H = rmall2.
|
Proof of Theorem 2.1. Our first task 1s to show that
limsup ||H — R}, n||(1>é(m+n) > max (r?_l, rla) (4.4)
j—oo '
for any ray sequence satisfying (2.2)—(2.4). We do this as follows:
Suppose that
limsup ||H — RS, ,||X/+") < max (re=trfy, (4.5)
j—oo ’
and assume that the max in (4.5) is equal to r{*, so that
limsup||H — R:%anlxém < 7y (4.6)

J—00

Next, suppose that the value of lim sup in (4.6) is equal to ¢ < r; and let £ > 0 be
such that ¢4+ ¢ < r;. Then, by making use of Lemma 4.1 (and Inequalities (2.4))
, we find that for z € L. :={z:|¢(2)| = ¢+ ¢}

> R +1)mG+1)(2) = By n) (2]

ji=1

<D NRRG+1)nG+1) = Biniynilloo (g + &) 7m0 1mGH)

ji=1

S Z {HH - an(]),n(])||00 + ||H - R:1(J+1),n(]+1)||oo} (q _|_ 5)_ maX(m(j)ym(j+1))
ji=1

e min(m(j),m(j+1)) R .
- < — max(m(j),m(j+1))
<Y (a+3) (a+2)

This shows that the series
> {R:’L(j-l—l),n(j-l—l)(z) - R:@(j),n(j)(z)} + Ry 1),n(1)(7) (4.7)
ji=1

converges uniformly on L,i.. Since (by (4.6)) the series converges uniformly
to H on A, it follows that it converges in the region between I'; and L,y.. In
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other words, we have shown that (4.7) converges to an analytic continuation of
H through the level curve L., which is a contradiction. A similar argument can
be used to establish a contradiction in the case when the max in (4.5) is equal
to r®~1. This proves (4.4). (Observe that the right hand side of (4.4) takes
its minimal value when « is given by (2.5), i.e. when « satisfies the equation
Pl =),

We shall now show that (2.6) holds for a ray sequence defined by (2.5). For
this, we first note that the function H can be expressed as

H(z) = Ho(2) + Hi(2), =€ An,

where H, is analytic inside L, and H; is analytic outside L,, (including the
point at co) and H;(co) = 0. Also, by the results of Walsh [16, pp. 75-80],
there exist two sequences of polynomials {P,(2)}2%,, where deg P, < n, and
{Qm ()}, where deg @, < m, such that

n 1
limsup |[|[H, — P, |5 = -, (4.8)
and
~ LN jjm _
limsup || H; — Qm . Iy = 7 (4.9)
Further, from Lemma 4.2,
1 1 1/(m+n)
limsup ||H — R}, n||2/(m+n) < limsup HH - (Pn + Qm <—))
j—00 ’ J—o0 z 2
1 1/(m+n)
< limsup{HHe — Pl + HHZ —Qm (—) H }
Jj—co z [ee

*

a®—1 a
S Te =T,

where, for the last step, we made use of (4.8), (4.9) and (2.5). Next, by using
Lemma 4.1 and the estimate (cf. [4, p. 4])

1

H() = B < )

I1H = Ry, all2, 2 € A,

we can show (with the help of series (4.7)) that

limsup ||H — R:z,nﬂié(m”) < limsup||H — an,nH;/(m*'”)

J—00

which, in view of (4.4) and (4.10), gives that

lim sup | H — R}, , |0+ = limsup |1 — &5, [,/ = 2"t =0
j—oo j—oo

(4.11)

(4.10)
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In order to show that an optimal ray sequence {R}, ,}32, converges to H
locally uniformly in Ag, we consider again the series (4.7) and repeat the ar-
gument of the first part of our proof for z lying respectively on two level curves
Lyje ={z:|¢(z)|=r +et and L, _. := {z:|®(2)| = r. — ¢}, where £ > 0 is
sufficiently small. The local uniform convergence of {R}, 172, to H in Ap is
then established by letting ¢ — 0 in the two resulting estimates.

To complete the proof we recall that H is analytic and single-valued in the
annular region Az and that

z Z
1= Zew ([ nc). (1.12)
where the integration is carried over a rectifiable path v, lying in Ag (see (1.2),

(1.3) and (1.4)). Since for z belonging to any compact subset of Ay there is an
upper bound for the length of ~,, it follows from (4.12) and (1.10) that

16 = faG)] = |2 fexo ( / H<<>d<)—exp ( / R;,n<<>d<)‘
< alf / [H(Q) = Ry n(C)} de
< |2 hlmax |0 - R O

This shows that {fm,n}]oil also converges locally uniformly to f in Ag. Thus,

by choosing arbitrary z € A and 7, C A, we obtain from the previous estimate
and (4.11) that
lim sup||f = fon,n [l < g

J—00

To prove that equality holds, we recall that

9(2) = glz0) = / H(Q)C, = € A,

let
Gm,n(2) ::/ R:%n(C)dC, €Ay, m,n=2,3, ...,

and observe that for z € Agy

Cs

= / {H(Q) ~ Ry, (O} dc‘ < |f(2) = fmn(2)].
Z0 Zo
This gives

limsup [lg — g(20) = gm,nl |2 < limsup | f — foon |27
J—00

J—00
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Finally, if we assume that

thUpr— fm,anlxé(m-I—n) < r?*a

J—00

then by applying the same argument as in the first part of this proof to the
sequence of rationals {gm »}72, (instead of {R}, ,}72,) we can show that this
sequence converges to g(z) — ¢g(zp) in a region that contains Ay in its interior.
That is we can show that ¢, and hence H, are analytic on Ay which is a
contradiction. |

Lemma 4.3. For the ONM approzimation M, , to the conformal module M
we have that

0< M — M~ [[H = Ry |15 (4.13)

where a ~ b means that there exist two constants Ky and Ko (that depend only
on the geometry of the annular region A) such that bK; < a < bK,.

Proof. One can readily see from (1.5) and (1.11) that

M = M ~ | H|3 = (| RS, ][5

*

The result follows because, since Ry, , is the Fourier sum of H,

N5 = (1R, nll5 = 1 = Rl

Proof of Theorem 2.2. The sequence of approximations { M, » } to M, given by
(1.11), decrease monotonically with m + n. This is so because, from (1.7),

1Ry all3 = D 1(H )l

k=—m

k#t—1

Therefore, the result of Theorem 2.2 follows immediately from Lemma 4.3 and

(4.11). |

4.2 Proofs of Theorems 2.3 and 2.4

We shall follow essentially the methods of proof used by Andrievskii [1] and
Gaier [6], in connection with the use of Bieberbach polynomials for the con-
formal mapping of simply-connected domains. In particular, the proof of The-
orem 2.3 involves the following three steps: (i) estimating the Ls-error in the
approximation R}, , to H, using the extremal property (1.9); (ii) relating the
NOrMmS ||7m n|leo and ||7“;nyn||2, where rp, , is a rational approximant of the form
(4.1); (iil) estimating the uniform error in the approximation f,, , to f, thus
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proving (2.9). First, however, we present a lemma concerning the boundary be-
havior of the mapping function f and its derivatives. This extends a well-known
result of Warschawski [18] (for the conformal mapping of simply-connected do-
mains) to the mapping of annular regions. The lemma follows immediately from
Warschawski’s result through the localization principle, i.e. by considering a
small simply-connected neighborhood of a boundary point.

Lemma 4.4. With the hypotheses of Theorem 2.3, suppose that two analytic
arcs, of either I'; or I'e, meet at a point { and form there a corner of interior
(with respect to A) angle v, 0 < v < 2. Then, all the limits

lim(f(2) = [(O)/(z =¥ = Ao, Ao #0, (4.14)
and
liné(z—C)”_%f(”)(z):An, n=1,2 ..., AL #0, (4.15)

exist for unrestricted approach z — (, z € A. Similarly, for the inverse mapping
7= f71, all the limits

Jim (r(e) = Of(w = FO) = Ay, Ay #0. (4.16)

and

i

lim (w— f(O))" 7™M (w)=A,, n=1,2, ..., A} #0, (4.17)

w—f({)
exist for unrestricted approach w — f({), w € E.

(I) The Ls-error in the approximation to H

Lemma 4.5. Under the hypotheses of Theorem 2.3, there exists a constant K,
depending only on the geometry of A, such that

{ log max(m, n)}l/2

min(mY:, n7e)

|H — R, |l < K ,m, n=23, ..., (4.18)

where v = A/ (2= X)) and v = A /(2 — A.).

Proof. The proof consists of the following three main steps: (i) reducing the
problem of estimating the Lo-error of the approximation to H to that of estimat-
ing the uniform error of an approximation to a modified function; (ii) estimating
this uniform error by making use of results from the theory of uniform approxi-
mations; (iii) establishing the result of the lemma by making use of the extremal
property of R, .

(i) Let h denote the function

h(z):=(H(z)+ 1/2)w(z), (4.19)
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where
1
H (z —z;),
and the product extends over all corner points z; € 94, j =1, 2, ..., {. Also,
let v;m, 0 <v; < 2,5=1, 2, ..., [ be respectively the inner angles at the
points z;. Then, (1.3) and (4.15) imply that for z € A, near z;, j =1, 2, ..., {,

1
|h(2)] = O(|z — 2| ),
and this in turn implies that A is continuous on A.
Consider the set of rational functions of the form

n

rmn(2) = Y a2k, (4.20)

k=—m

and let 7%, . be the best uniform approximant to h on A out of this set. Next,
for n > 1, let pi—1 be the Lagrange polynomial interpolating »*  at the points

{z }jzl, le.

m,n

l

pi- 1 Zw Z] Z—Z]) mn(z])

ji=1

and define the function 7, ,—; by means of the equation

T (2) = pie1(2) = w(2) Timn—i(2). (4.21)

Our next task is to consider using the function 7, ,—; — 1/z in order to

approximate H in the L,(A) norm. For this we first note that, since h(z;) = 0,
j=1,2, ... [ and the degree of p;_; is fixed,

l
: ()
— < y T 7/ ~ - [ool] )
P-a(@)] < max, I n(5)1 D S S OB = rhlleo, 2 € B
j=1
(4.22)

where B C C is an arbitrary compact set. Next, we choose a positive number
8mn < 1 small enough so that each disk S; = {z : |z — z;| < b}, § =
1, 2, ... ,l is contained in the annular region A,,, bounded by the level
curves Liyq/n =12 |®(2)| =1+ 1/n} and Li_y/p, := {2 : |[6(2)| = 1 = 1/m}.
(For this it is sufficient to take

Smn = o(min(m_z, n_z)), m, n=1, 2,

see [15, p. 181].)
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Since r};, ,(2)—pi—1(z) is uniformly bounded on ‘A, by a constant independent

of m and n, it follows (from Lemma 4.1) that the same is true for Zmyn. Thus,
by the maximum modulus principle,

= w(2) Gy
rm,n—l(z)z — Zj S 6m,n » 2 € Sj’
and therefore,
() < 57—, 2 € U S;. (4.23)
Let s; = {z: |z — z| < 6,27”1}, j=1,2, ..., 1 and note that

1 (=) - <rmnl—1/z||2—2//m ) 1z = ot o

+//A\Ul . |H(2) + 1/2 = Pron—i(2)Pdo.,  (4.24)

7=1

where, as before, do, denotes 2-dimensional Lebesgue measure. Then, for the
integrals in (4.24), the triangle inequality gives that

(//A T rm,n_,@)pd@)m (//A 94 1/2) daz)l/z

1/2
// [P n—1(2)|*do, ,
Aﬂs]'
j= , {, where from (4.15) and (1.3),

// —|—1/z|d02<0// |z—z]|1 dO’Z—O( n)s
Aﬂsj ANs;

and from (4.23),
I el = 006,
h(z) = Py poi(2)w(2)

IN

+

Also, from (4.21) and (4.22),
//A\U’ - (Z)

//A\ l |H(z)+1/z—ffmyn_l(z)|2daz
Ut S
daz
C'lh_rmnHoo// )
A\Ul 157

=1 53

IN
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where it is easy to see that

do, Lod
// 7 _ <o == 0(|1og b ).
A

Wi REP =

Hence, by combining all the above estimates we find that
1H = (P n-1 = 1/2)[13 = O([1og 8m,n DlIh = 77, 12 + O(67, ),
le.
1H = Tt = 1/2)l2 = O 10g 6|2 1 = 15, lloo + 6mn). (4.25)

(ii) In order to investigate the rate of decrease of ||[h — 77, |lc We need to
consider the smoothness properties of h on 94, i.e. we need to determine the
behavior of h in the neighborhood of every corner z;, j =1, 2, ... , [. For this
we proceed as follows:

By differentiating (1.3) and applying induction we find, from (4.15), that for
z€0A, near z;, j=1,2, ... [

k-1

(H(2)+ 1) = Ol — 5|5, k=0, 1, 2, ... .
Hence, by using (4.19), we can verify that for z € 04, near z;, j =1, 2, ..., [,
B = Oz — %175, k=0, 1, 2, ... ; (4.26)
see the proof of Theorem 3 in [7]).
Next, with the help of Cauchy’s formula we express h as
h(z) = he(2) + hi(2), 2z € A, (4.27)

where h. is analytic inside and continuous on I', := 0f2 and h; is analytic outside
and continuous on I'; := 0G. Moreover, since h, is analytic on I';; the function
h; has the same boundary properties on I'; as the function k. Similarly, the
behavior of & on T, is inherited by h.. Thus, in particular, from (4.26) we have
that .

hB(2) =0z — %% "), k=0, 1,2 ..., (4.28)

for z € I'; near a corner point z; € I'..

Let ¥ be the conformal mapping of D' = {w : |w| > 1} onto the exterior of
I'. normalized by ¥(o0) = oo and limyco ¥(w)/w > 0. Then, by following the
proof of Theorem 3 of [7], we find that (k.o ®¥)—1 € Lip B; in a neighborhood
of wj = ¥~1(z;), z; € I, where

2
;qu'-l-ﬁj, g €N, 0< g <1
J
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Further, since A, = 2 — max; cr, v;, there exists a polynomial P, of degree at
most n in z such that

lhe = Palloa = O(n™), n=1, 2, ..., (4.29)

where v. = Ac/(2 — A¢); see Equation (2.3) of [7]. Similarly, there exists a
polynomial @, of degree at most m in 1/z such that

[|hs — Qm(1/2)|log = O(m™ "), m=1, 2, ..., (4.30)
where v; = A; /(2 — A;), Ay = 2 —max;, er, vj. Thus, since
1o =77 nlloo < lhe = Palloa + [|hi — Qm(1/2)llac,
(4.29) and (4.30) give that
[|h—r

monlleo = O(max(m™ n77¢)), m, n=1, 2, ... .

Finally, we recall that the quantity é,, , in (4.25) can be made sufficiently
small so that
8 < max(m™ ", n77e).

Therefore,

{log max(m, n)}l/2

min(mY:, n7e)

VH = (Foni—1/2)]2 = o( ) ,m, n=23, ... (431)

(iii) Let
n—I
Fran—i(2) —1/z = Z Gzt

k=—m

Then, from Lemma 4.2 we have that
1H = (Pt =1z —a1/2)ll2 < KIIH = (Fmn—1 = 1/2)]|2,

where K depends only on the geometry of A. Therefore, (4.18) follows from
(4.31) and the extremal property (1.9) of R}, .. |

(IT) Relating the Norms

The result of this subsection (i.e. of Lemma 4.6) holds under much weaker
assumptions about the geometry of A than those of Theorem 2.3. In fact, for
our purposes here we need only assume that the two boundary components I';
and [', of A are arbitrary Jordan curves.

We note that Lemma 4.6 is the doubly-connected analogue of Andrievskii’s
lemma [1] for simply-connected domains with quasiconformal boundaries. We
also note that a simpler proof and some extensions of Andrievskii’s lemma were
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given by Gaier [b], that Gaier’s approach served as the basis for generalizing
the lemma to arbitrary Jordan domains in [13] and that our method of proving
Lemma 4.6 is also based on Gaier’s approach.

Lemma 4.6. Let B := {w: 1 < |w| < M} and assume that the mapping
function 7 := f~1: B — A satisfies a Holder condition

|T(w1) — T(wa)| < Clwy — wa|”, wy, ws € E, (4.32)

for some v € (0,1]. Also, let rp, 5 be a rational function of the form

n

Pmn(z) = Z apz®, m, n=23 ..., (4.33)

k=—m

such that there exist a point { € A and a constant b > 0 for which |rm, ,(¢)] < b.
Then, there exists a constant K, depending only on (, b and the geometry of A,
such that

Ironnlloe < B {logmax(m, )} [l Jo (4.34)

Proof. In the proof we shall use the letter K to denote constants (not necessarily
the same), depending only on ¢, b and the geometry of A.
We assume, without loss of generality, that ||r < 1 and note that the

monll2
function h(w) := rm o(7(w)) is analytic in E. Therefore, h has a Laurent
expansion
h(w) = Z cpuwt, weE, (4.35)
k=—o0
and hence

//E B (w)[Pdoy =7 > kle[2(M* - 1). (4.36)

k=—o0

On the other hand,

] wwrdn, = [[ 1, P <1 (437

Thus, for |w| = p, 1 < p < M, the use of Schwarz’s inequality gives that

1/2
(o]

1 o p2k
h(w) < Y lelp® < leol + N > RO : (4.38)
k=—oc
k#0

k=—o0

Regarding the sum on the right of (4.38), this can be estimated by means of
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o M2 2k M2 1
< < 1
;kM% = ME 1A kM S MT o1 BT M
MZ
NV log i (4.39)
and
-1 ka 1 1
— < 1
k_z_:oo k.(Mzk _ 1) — Z k.pzk - M2 08 1 1/
M? M
< 1 . 4.4
< qpoqlee s (4.40)
Also, for any fixed pg, 1 < po < M, we have that
1 h
leo| < —/ P o) < max [ron (). (4.41)
2 |lw]|=po |w| [f()]=ro

Further, it is easy to see that the point { can be connected to any other point
z € {t:|f(¥)| = po} by a path v, such that |y,| < K; and dist(y,,0A4) > Ko,
where Ky and K5 are positive constants independent of z. Thus, with the help

of

. Y
WL S S dist(t, 0A) | 2 S rdist(t, 04) ’
we find that
| ()] < | |—|—/ t)ydt| < b+ K (4.42)
T'm,n m n \/—[7 s .
for z € {t : |f(t)] = po}. Hence, from (4.38)—(4.42),
K M M? 12
h(w)| < b+ —2 4 (10 —) (443
Ih(w)l VK, A=)\ P (M= p)(p - 1) ()
for jw|=p, 1<p< M.
Consider now an annular region A,, ,. = {z : p; < |f(2)] < pe}, where

1 < p;i < po < M, and denote by L, and L, its outer and inner boundary
components. Also, let 2, and G,; denote respectively the domains exterior to
L,. and interior to L,,, and let ®, and ¢,, denote the conformal mappings
o, :Q, — D' = {w:|w| > 1}, with P, (00) = o0 and lim,_.oo @, (2)/z > 0,
and ¢,, : G,, — D = {w : |w| < 1}, with ¢,,(0) = 0 and (blpl(O) > 0. Next,
denote by A, , the annular region bounded by the level curves L, , := {z:
|®,.(2)] =1+1/n} and L,, m = {2 :|¢,,(2)] = 1—1/m}, and note that p; and
pe can be chosen so that the region A lies entirely within A,, ,. The latter can
be shown as follows:
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iFrom [15, p. 181] we have that

~ diamZ,, : dist(0, L,,)
dist(Lpen, Lp.) 2 — == and  dist(Ly,m, Ly,) > — 552
On the other hand,
Ir(Me'®) — 7(pee’®)| < C(M = p.)”
and ' '
[7(e"?) — m(pie®)| < Cpi — 1),
where @ € [0, 27). Therefore, by choosing p; and p. so that
diamZ dist(0, L
e > C(M = pe)”  and M > Clp;— 1),

4n? 4m?

we can ensure that A C Amon-
Finally, from Lemma 4.1 and (4.43) we find that

Irmallee < max frmn(2)]

K{logmax(m, n)}l/2 max ((1 +1/n)" (1 - 1/m)_m)

IN

A

< K{ logmax(m, n)}l/z.

We remark that the result of Lemma 4.6 is sharp in the sense that the factor

{ log max(m, n)}l/2 cannot be improved even for £ = {w: 1 < |w| < M }. This
can be seen by considering the functions

n k
z
ron(:) = 2 e
k=1

and

Tm,o0(z) = Z e
k=—m
(III) Estimating the errors ||f — fmnl||lw and |M — M, |

Proof of Theorem 2.3. We now use the letter C' to denote constants, not neces-
sarily the same, that depend only on the geometry of A.

We first integrate along some rectifiable path in A, from zy to z, and obtain
the single-valued analytic functions

g(z) —g(z0) = /Z H(Q)d¢, z € A, (4.44)
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and

Gmon(2) :/ Ry, (Q)dG, 2 €A, myn=2,3, ... (4.45)

We then seek to estimate the error ||g — ¢(20) — ¢m n||oo, by following the tech-
nique of [1] and [6]. For this we proceed as follows:

For any m, n € N satisfying (2.8) we choose k(m) and k(n) so that 250" <
m < 280+l and 28(0) < < 2800+ Then, it follows from Lemma 4.5 that

{ log max(m, n)}l/2

min(mY:, n7e)

||92k(m)+1,2k(n)+1 - 9m,n||2 <C (4.46)

Next, we note that the function gox(m)+1 9x(n)+1 — gm,n satisfies all the conditions
of Lemma 4.6. (This follows from Lemma 4.4 and the fact that R}, , converges
to H locally uniformly in A.) Therefore,

logmax(m, n)

l|gorcm+1 ok = gmonlloo < min(m7, ) (4.47)
Similarly,
max(j+1,k+1) .
||92j+172k+1 — g2j72k||oo < min(?j%,Qk%) s g, k=12, ... (4.48)
Since, for any z € A,
9(2) = 9(20) = gmn(2) = {goromss gr1(2) = gmn(2)}
(o]
+ Z {gzj+172k(n)—k(m)+j+1 (Z) — §25 2k(n)=k(m)+i (Z)}a

it follows, from (4.47) and (4.48), that

log max(m, n)
— — < 2RI
llg = 9(z0) = gmnllee < min(m?i, nve)

00 max(j+1,/€(n)—k(m)—|—j—|—1)
O Z min(207i | 20k(n)=k(m)+j)ve)

Therefore, in view of (2.8),

log max(m, n)

min(m?, nve)’

where K depends on the geometry of A and the numbers ¢; and ¢; in (2.8).
Finally, by recalling

f(Z) = Zeg(z) = ieg(z)—g(zg)’ z € Z
20
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and taking into account (1.10), we obtain

If = fmnlleo < [[fllecllt = finin/ flleo < ML= exp{gmn — (9 = 9(20)) H]oo
S CHgm,n - (g - g(ZO))Hoo

Thus, (2.9) follows from (4.49). |

Proof of Theorem 2.4. This follows at once from Lemmas 4.3 and 4.5. |
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