IV A. Prime Decomposition
of 3—manifolds

Abstract: This lecture will provide the exis-
tence and uniqueness theorems of H.Kneser
and J.Milnor for the prime decomposition of
3—manifolds.



Definition. connected sum, capping-off, prime,
irreducible, punctured 3—sphere, independent
2—spheres

Capping-off 2—sphere boundary components:

3-cells
N e M = M’ (capped off)
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Proposition (Kneser-Haken Finiteness). Sup-
pose M is a closed 3—manifold and T is a tri-
angulation of M having t tetrahedra. Further-
more, suppose Fq,..., Fyi is a pairwise disjoint
collection of distinct normal surfaces none of
which are vertex-linking or edge-linking. Then
K < 2t.

Proof:(Outline)

e At each vertex, remove an open vertex-linking
3—cell, getting the manifold M* with v (the
number of vertices) 2—spheres in its boundary.

e Split M* along Fjy,..., Fg; result has “nice”
cell-decomposition.

Truncated Truncated

L~ Tetrahedron 4‘ Prism
Triangular A$> Quadrilateral
i Product Product



Proof:(Outline Continued)

Definition. “good” and “bad” components; ‘“good”
and “bad” remnants; ‘““good” and “bad” nor-
mal triangles and quads; “bad disks”

e 2K = g+b, g is number of “good” remnants;
b is number of “bad” remants

e the number of “bad” normal triangles, s < 4¢
and number of “bad” normal quads g < 2t

e the number of “good” remnants g <t+1

e [ here are at least two “bad’ disks in each
remnant; so, b < (s 4+ ¢)/2 < 3t

e 2K <g+b<t+1+4+3t=4t+1: so, K <2t

Discuss Examples.

QUESTION: Can we improve this number; e.g.,
t/2 should suffice?



Lemma. Suppose M is a 3—manifold and Fq, ..., Fy
is a pairwise disjoint collection of independent
2—spheres. Then for any triangulation 7 of
M, there is a pairwise disjoint collection of K
independent, normal 2—spheres.

Theorem (Existence of Prime Decomposition
(Kneser, 1927)). A compact 3—manifold M #*
S3 can be written as a connected sum M =
M1# ... # My, where each M, is prime (M; #*
S3).



Theorem (Uniqueness of Prime Decomposi-
tion (Milnor, 1962)).If M = Mq# ... # M, and
M = Mi#...#M;l, are prime decompositions
of the 3—manifold M, then n’ = n and af-
ter possibly reordering, MZ-’ iIs homeomorphic
to M;,1 <1< mn.

NOTE: A prime decomposition of M # S3
can be written M = Mi# ... #My#m(S2xS1),
where each M; # 53,1 < i < ¢ is irreducible.

RESTATEMENT:If M = M{#... #Mg#m(SQX
S1) and M = M# ... #M,#m'(5% x S1) are
prime decompositions of M, where each M; #
S3,1 < i < ¢ and each M! # S3,1 < i </,

is irreducible, then ¢ = ¢, m' = m and af-
ter possibly reordering, MZ-’ IS homeomorphic
to M;,1 <</



Proof: (Outline)

e [ here is a pairwise disjoint collection § of 2—
spheres embedded in M so that the closure of a
component of M\S is a punctured M;,1 <</
or a punctured 3—sphere.

o If S’ is a pairwise disjoint collection of 2—
spheres embedded in M and & DO 8, then the
closure of a component of M\S’ IS a punctured
M;, 1 <q¢</{ or apunctured 3—sphere.

e [ here is a collection R of such 2—spheres for
the decomposition M = Mj# ... #Mé,#m’(szx
S1) so that the closure of a component of M\R
is a punctured M;-(l < 5 < /" or a punctured
3—sphere.



Proof: (Outline continued)

o If S/ and S/ are obtained by surgery on S;,
then the closure of each component of the
complement of the collection (S\ S;)U{S,, S/}
is a punctured M;,1 < ¢ < ¢, or a punctured
3—sphere.

Surgery
D Disk

Punctured
3-sphere

e [ here are two collections of pairwise disjoint
2—spheres embedded in M, say S’ and R/, so
that S'/NR’ = 0 and the closure of a component
of M\ & is a punctured M;,1 < i < £ or a
punctured 3—sphere; whereas, the closure of a
component of M \ R’ is a punctured M/, 1 <
i < ¢ or a punctured 3—sphere.



Proof: (Outline continued)

e The closure of a component of S'U R’ is
a punctured M;,1 < < ¢ or a punctured 3—
sphere but is also a punctured M/, 1 <i¢</¢ or
a punctured 3—sphere.

e [ hus for some reordering Mi’ = M;, 1 <1</,
we have M = Mi#...#M,#m(S2 x S1) and
M = Mi# ... #M#m/'(S% x S1). It follows

m’=m.



