Blow-ups of ideal triangulations

Definition. A blow-up of an ideal triangula-
tion 7* of )O( the interior of the compact 3—
manifold X, is a minimal-vertex triangulation
7 of X having normal boundary so that crush-
ing 7 along 0X gives T*.

I AM THE WALRUS,
GOO, GOO, GOO, JOOB!



Definition. A triangulation 7 of a 3—manifold
M is said to be a minimal-vertex triangula-
tion iff for any triangulation 77 of M,

7O < |79,

o (OM = 0) minimal-vertex = one-vertex.

o (OM # () minimal-vertex = all vertices in
OM and just one-vertex in each component of
OM (no component of OM = S2,RP?).

Remark: M irreducible and o—irreducible, then
minimal triangulation = minimal-vertex trian-
gulation, or M = S3,RP3, (3, 1), or B3.



Definition. Triangulation 7 of 3—manifold M
is said to have normal boundary if the frontier
of a small regular neighborhood of OM is nor-
mal; the frontier is called *“the normal bound-

"

ary'" .

solid torus solid torus
(normal boundary) (no normal boundary)

A5

¢ layer

20K

Remark: M irreducible, 0—irreducible and anan-
nular, then minimal triangulation of M has nor-

mal boundary.



e Crushing triangulations along normal sur-
faces

Set Up:

- M a 3—manifold, 7 a triangulation (or ideal
triangulation) of M

- S a normal surface

- X the closure of a component of M \ S and
X does NOT contain any vertices of 7

Goal: To construct a “nice” ideal triangula-
(@)
tion of X from the tetrahedra of 7.




X receives a “nice” induced cell-decomposition
from 7, denoted C

the cells of C are;:

truncated-tetrahedron truncated-prism

N ™ trapezoid
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combinatorial product of C,P(C)
and
induced product of X, P(X)

P(C) = {edges of C not in S} U {triangular and
quadrilateral product cells in C} U {all trape-
zoidal faces of C}.

P(C), Combinatorial Product

D1XI




Definition. P(X) product I-bundle and each
D; simply connected planar complex, then P(X)
Is trivial.

Chains of truncated prisms.

4} truncated tetrahedron

chain terminates

'..Or 4‘

4} truncated prism
.~ 7 chain continues

ap

Definition. Chain of truncated-prisms ends in
a truncated-tetrahedra, then chain terminates;
otherwise, chain a cycle.



Example. Case of too many products. Here
M = RP3,
S =52 and P(X) = X.

Example. Case of a cycle of prisms. Here
M = L(3,1),
S =52,




Example. Crushing along a 2—sphere.
Here M = L(4,1), S = S=2.




Theorem. 7 is a triangulation of a closed, ori-
entable 3—manifold or an ideal triangulation
of the interior of a compact, orientable 3—
manifold M. S a normal surface embedded
in M, X is the closure of a component of the
complement of S and X does not contain any
vertices of 7. Suppose there is an induced
product region, P(X), for X. If

i) X #P(X),
ii) P(X) is a trivial product region for X, and

iii) there are no cycles of truncated prisms in
X, which are not in P(X),

then the triangulation 7 can be crushed along
O
S and T* is an ideal triangulation of X.

Definition. X compact 3—manifold, 7 a trian-

gulation of X with all vertices in 90X, and X has

normal boundary. By crushing 7 along 0X we

mean crushing 7 along the normal boundary.
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e Blow-ups of ideal triangulations

Method of Construction via Example: Blow-
up of two-tet ideal triangulation of figure eight
knot complement.

STEP 1. Given an ideal triangulation of )O(
(Example: figure eight knot complement).

p E . “’"E r

(p)(012) « (p')(012);

(p)(013) « (p")(312); £ A4

(p)(023) « (p')(310);

(p)(123) < (p')(320)



STEP 2. Construct the vertex-linking sur-
face, S, and choose a frame, &.

Definition. S a triangulated surface. A graph
in 1—skeleton with complement an open cell is
a spine and a minimal spine is a frame.

p = (1), meridian
£ =(1)U(9,3,6,4) A= (9,3,6,4), longitude
s 2 2
1N s 8/%1 I:}/ V’y‘w £L
a4 v

¢ =(1)u{4,6,12,11)

V//ﬂ

STEP 3. Direct each branch, successively la-
bel edges, and determine transverse directions.
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Step 3. Add a tetrahedron for each edge in
the frame.

For this example we have 5 edges: (1)(0123),
(9)(0123),(3)(0123),(6)(0123) and (4)(0123).

Frame meeting faces of 7*

(')
AR
\
1 or 2 or 3

edges of frame in the face o
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STEP 4. Blow-up at the faces of 7*.

- Blow-up at the face (p)(023) « (p')(310);
contains the single edge 9.

 (9)
N\ (')

(p)(203) < (9)(230);
A (9)(231) < (p')(130)

1

2 2
(1\0
E
3

- Blow-up at the face (p)(012) « (p')(012);
this face contains the two edges 1 and 3.

(p)(210) < (1)(230);

(1)(231) « (3)(023);

(3)(123) < (»')(210)
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- Blow-up at the face (p)(013) « (p')(312);
this face contains the two edges 6 and 4.

3 3 2 2

(6) (4) () (p)(031) < (6)(231):
(p) /0\4‘%{\ SO\ 3
% 6‘ : 5 ®030) - @a123)
E
‘ . 0 4 1 (4)(023) <« (p')(321)

1

Question. What faces of added tetrahedra have
not been identified?

I. faces at F II. faces at F
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STEP 5. Blow-up at the edges of 7*,

Blow up at edges is determined by local view
of frame at edges and configuration polygons
(generic, crossing, and branch configurations).

local view of

frame at edges configuration polygons
_|_

» +

D +
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STEP 6. Determine the configuration poly-
gons; using transverse directions, direct edges
of configuration polygons.

- Blow-up at the edge FE
(generic and branch polygons)
(1)(012) « (b*)(120);
(9)(012) « (v*)(230)
(1)(013) « (b*)(b30);
(6)(012) < (3)(013) (F)(013) < (5)(160)




- Blow-up at the edge F' (crossing polygon)

(6)(013) « (c)(021)
(4)(012) « (c)(023)
(3)(012) < (¢)(310)
(9)(013) < (¢)(312)

STEP 7. C(Collect remaining face identifica-
tions of 7T*

One (of four) original face identifications of 7*
remains:

(p)(123) < (p")(320)
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STEP 8. FINISH
- Subdivide branch polyhedra

(b1)(020) — (b3)(02b)

- Collect all face identifications.

blow-up at faces

blow-up at edges

Crossings

remaining original face identifications

subdivided branch polyhedra
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Triangulation 7’5

tet

(p)
(")
(1)
(3)
(4)
(6)
(9)
(c)
(b1)
(b3)

(012)
(1)(032)
(3)(321)
(b1)(120)
(c)(310)
(¢)(023)
(3)(013)
(b5)(230)
(6)(031)
(1)(201)
(b71)(0b2)

(013)
(6)(213)
(9)(123)
(b5)(b30)
(6)(012)
(b1)(100)
(c)(021)
()(312)
(3)(210)
(4)(301)
(1)(301)

(023)

(9)(320)
(p)(321)
(p)(021)
(1)(231)
(p")(321)
(4)(312)
(p)(320)
(4)(012)
(05)(02b)
(9)(201)

(123)
(p")(320)
(4)(320)
(3)(302)
(p")(210)
(6)(230)
(p)(103)
(p")(013)
(9)(130)
bddry
bddry

Theorem. T* ideal triangulation of X, A col-
lection of frames in vertex-linking surfaces, the
3—complex (Tp) is a compact 3—manifold home-
omorphic to X and 7p is a blow-up of T*.
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Applications
1. Blow-ups with complexity.

7* ideal triangulation of )O(; A\ collection of
frames in vertex-linking surfaces

v(A) = number of branch points
b(A) = number of branches

e(A\) = number of edges

x (A) = number of crossings

Definition. The complexity of A

C(A) = e(N\) + x(A) + 2[b(A) — v(A)]

Theorem. 7* ideal triangulation of )O( N\ col-
lection of frames in vertex-linking surfaces, the
blow-up triangulation Tp has |T*|+ C(N\) tetra-
hedra.

21



Blow-ups with complexity. (con't)

Question. 7* minimal ideal triangulation of)O(,
N frame with minimal complexity. Is Tpn mini-
mal triangulation of X7

2. Triangulations with normal boundary.

Theorem. M compact, irreducible, O—irreducible
and anannular 3-manifold. Any triangulation T
of M can be modified to a minimal-vertex tri-
angulation T' with normal boundary. Further-
more, |T'| < |7T| with equality iff T is minimal-
vertex triangulation with normal boundary.
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3. Closed normal surfaces.

NOTATION. 7 triangulation or ideal triangula-
tion of 3—manifold M, then P(M,T) is projec-
tive solution space of closed normal surfaces.

Theorem. 7 * ideal triangulation of)o(, Ta blow-
up of T, then

P(X,T*) ~ P(X, Tp).

Question. What can be said of a relationship
O

between spun normal surfaces in (X,7*) and

bounded normal surfaces in (X,7p)7
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4. O—efficient triangulations.

Definition. Triangulation 7 is O0—efficient iff

e (0 = () all normal 2—spheres are vertex-
linking.

e (0 # 0) no normal 2—spheres and all normal
disks are vertex-linking.

Proposition. If M has a O—efficient triangula-
tion 7, then

e (0 =0) M is irreducible, M # RP3, and T
has either one vertex or two vertices, in which
case M = S3.

e (0#0) M is irreducible, O0—irreducible, T has
all vertices in OM, and either there is just one-
vertex in each component of OM or M = B3.
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O—efficient triangulations.(con't)

Theorem. 7* a minimal ideal triangulation of
O

X (hence, T* is O—efficient), then T is O—
efficient for any .

Corollary. X a link-manifold and T* a minimal
ideal triangulation of)O(. For any frame N\, the
triangulated Dehn fillings Tp(«) are O0—efficient
for all but finitely many slopes «.
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5. 1—efficient triangulations.

Definition. Triangulation 7 of a closed 3—manifold
is 1—efficient iff it is O—efficient and the only
normal tori are edge-linking or cabled.

Proposition. If M has a 1—efficient triangula-
tion T, then in addition to satisfying the condi-
tions for a O—efficient triangulation, M is atori-
dal.

Theorem. X a (non-trivial) link-manifold and

T* a minimal ideal triangulation of X. If T*
is 1—efficient, then for any frame N\, Tp is 1—
efficient.

Corollary. X a (non-trivial) link-manifold and

T* a minimal ideal triangulation of X. If T* is
1—efficient, then for any frame N\, the triangu-
lated Dehn fillings Ta(«) are 1—efficient for all
but finitely many slopes c.
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