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Prologue

Given a closed, irreducible 3—manifold, its complexity li® tminimum number of tetrahedra in a
(pseudo—simplicial) triangulation of the manifold. Thismber agrees with the complexity defined
by Matveev [9] unless the manifold iS°, RP® or L(3,1). It follows from the definition that the
complexity is known for all closed, irreducible manifoldéiwh appear in certain computer generated
censuses. In general, the question of determining the @xibyplof a given closed 3-manifold is
difficult and one is therefore interested in finding both upaed lower bounds. Whilst an upper
bound arises from the presentation of a manifold via a s@rtdégeegaard splitting or a triangulation,
Matveev [10] states that the problem of finding lower boursdguiite difficult. Lower bounds using
homology groups or the fundamental group are given by Mataee Pervova [12], and lower bounds
using hyperbolic volume are given by Matveev, Petronio aednih [13]. These bounds are only
known to be sharp for a few census examples.

In [6] the authors found a lower bound for the complexity gstovering spaces and used it to classify
all manifolds realising this lower bound. In particulanstdetermined two infinite families of minimal
triangulations, and hence the complexity for infinitely mamanifolds. This lower bound supposes
the existence of a non-trivial ZZcohomology class (or, equivalently, the existence of aneoted
double cover of the manifold). The present paper uses ttstegxie of multiple Z—cohomology
classes to give a new lower bound for complexity using ancaned of Thurston’s norm, and the
minimal triangulations realising this bound are charasgel. Moreover, it is shown that an infinite
family of triangulations realises this bound. Whilst thasrfily already arose i [6], the methods are
more generally applicable and lead to a structure theorytHerminimal triangulations which are
close to realising the lower bound. The new lower bound algesgvery tight two sided bounds
for many new examples. Moreover, the bootstrapping methdé]aising covers can be combined
with this approach — using higher covering degree and thetemnxie of covers with arbitrarily large
Z,—cohomology.
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The effectiveness of the new bounds arising in this workltésam the desire not only to know the
complexity of a manifold but also some or all minimal triategions realising this complexity. The
combinatorial structure of a minimal triangulation is gowed by O—efficiency[[3] and low degree
edges|[5]. From this one can extrapolate building blocksviarimal triangulations. Understanding
how they fit together under extra constraints on the manifoédguiding principle in this work. Using
these ideas, one can effectively try to understand vewieations of the census which pick up a finite
cover of every manifold. Especially with view towards infenifamilies of minimal triangulations
of hyperbolic manifolds, this seems to be the most promisipgroach to date as the largest known
census at the time of writing goes up to complexity 12, butenlgplic examples only appear from
complexity 9 and are sparse amongst these low complexityfohds

1 Definitions, results and applications

Let M be a closed, orientable, irreducible, connected 3-mahifoet ¢ € H1(M;ZZ,), and S be a
properly embedded surface dual@io An analogue of Thurston’s norm [[15] can be defined as follows.
If Sis connected, lex_(S) = max{0,—x (S}, and otherwise let

X-(8) = stmaX{O, -X(S)},

where the sum is taken over all connected componen$ Nbte thatS is not necessarily orientable.
Define:
| ¢ || = min{x_(S) | Sdual tog }.

The surfaceS dual to ¢ € H(M;ZZ,) is said to be Z-tautif no component ofS is a sphere and
X(S)=—|| ¢ ||- Asin [15], one observes that every component of a-F2ut surface is non-separating
and geometrically incompressible.

Theorem 1 (Thurston norm bounds complexitylLet M be a closed, orientable, irreducible, con-
nected 3—manifold with triangulatiov, and denote by.7 | the number of tetrahedra. H <
H1(M;Zz,) is a subgroup of rank two, then:
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There is a nice characterisation for triangulations reaishe above lower bound. Le¥ be a trian-
gulation of M having a single vertex. Place three quadrilateral discaam éetrahedron, one of each
type, such that the result is a (possibly branched immenseaihal surface. This surface is denoted
Q and called theanonical quadrilateral surfaceSupposeQ is the union of three embedded normal
surfaces. Then each of them meets each tetrahedron in a sjingdirilateral disc and is hence a one-
sided Heegaard splitting surface. It defines a dua-Zohomology class and(M;ZZ,) has rank at
least two.

Theorem 2 LetM be a closed, orientable, irreducible, connected 3—mahifath triangulation.7 .
LetH < HY(M;Z,) be a subgroup of rank two. Then the following two statemerdsequivalent.

(1) We have

|7 =2+ el
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(2) The triangulation has a single vertex and the canonicalrijasetal surface is the union of three
ZZ,—taut surfaces representing the non-trivial elements .of

Note that (1) implies thatZ is minimal by Theorerl1. Moreover, (2) implies that each fronial
element oM has aZZ,—taut representative, which is a one-sided Heegaardisglgtirface, and that
each edge has even degree.

The proofs of the theorems are based on a refinement of theodsetti [5]. New results are given
concerning combinatorial constraints frompZtohomology classes and intersections of maximal lay-
ered solid tori. These results can be found in Secfidns 2 ed@ectively. In Sectiop] 4, we study
quadrilateral surfaces and their relationship with Heafjaplittings. It is interesting to note that one-
sided splittings of lowest complexity are obtained from mhi@imal triangulations in[5] and [6]. In
contrast, determining two-sided Heegaard splittings wielst complexity is in general very difficult.
The proofs of the main results are given in Secfibn 5.

In Sectior(®, we show that thevisted layered loop triangulationf S°/Qg, k any positive integer,
satisfies the equivalent statements in Thedrem 2. It waadiirehown in[[6] that this triangulation is
the unique minimal triangulation.

We conclude this introduction with a few open problems.

(1) Are there more manifolds (in particular with 2Zcohomology of rank three or more) satisfying
the equivalent statements of Theorgim 2?

(2) Are there triangulations with more than one vertex arathghat the canonical quadrilateral surface
is the union of three Z-taut surfaces?

(3) The small Seifert fibred space
Mm.n = Sz((lv _1)7 (27 1)7 (2m+ 27 1)7 (2n + 27 l))>

where m and n are positive integers, is triangulated byagered chain pairhaving 2Zm+n) + 2
tetrahedra (seé[[1]). This satisfie§’| =4+ 5 || ¢ ||. Theoren[ R therefore implies thy,, has
complexity Zm+n), 2(m+n)+1 or Am-+n)+ 2. What is the complexity oM n?

(4) The Seifert fibred space
Mk.m.ﬂ = SZ((L _1)7 (2k+ 27 1)7 (2m+ 27 1)7 (2n + 27 l))>

wherek, m andn are positive integers, is triangulated byaugmented solid torusaving X+ 2m+
2n+ 3 tetrahedra (se€l[1]). Is this a minimal triangulations$ging |7 | =3+ 5 || ¢ ||?

(5) In general, the above theorem gives a very good estimatidé complexity of manifolds having
triangulations satisfying.7 | =3+5 || ¢ || or | 7| =4+5 || ¢ ||. Determine a complete profile of all
minimal triangulations satisfying these equalities. Froork of Martelli and Petronid [8], it appears
likely that the minimal triangulations for many Seifert ok spaces with the appropriate cohomology
fall into this range.

(6) Determine an effective bound for the complexityMfusing a rankk subgroup oH(M; ZZ,) for
k>3

The first author is partially supported by NSF Grant DMS-@@@band the Grayce B. Kerr Founda-
tion. The second and third authors are partially supporteteuthe Australian Research Council's
Discovery funding scheme (project number DP0664276).
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(a) Rank-1 colouring
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(b) Rank-2 colouring

Figure 1: Colouring of edges and dual normal discs

2 Normal surfaces dual toZ,—cohomology classes

Throughout this section, leZ” be an arbitrary 1—vertex triangulation of the closed, deble, con-
nected 3—-manifoldVl. A non-trivial class inH'(M,ZZ,) was used in[[5] to study?. This naturally
generalises to subgroups Ef (M, ZZ5) of arbitrary rank. For the purpose of this paper, it suffices t
consider rank—2 subgroups. To fix notation, assumedghap, € H1(M,ZZ,) such that

H = (¢1,¢2) = Zr© Z>.

We let ¢3 = ¢1 + ¢». A colouring of the edges arising froid is introduced and a canonical surface
is associated tél. It is shown that this yields a combinatorial constraint fog triangulation.

2.1 Triangulations

The notation of([3[ 4] will be used in this paper. Henge consists of a union of pairwise disjoint
3-simplices,A, a set of face pairingsp, and a natural quotient map: A — A/® = M. Since the
quotient map is injective on the interior of each 3—simplieg,will refer to the image of a 3—simplex
in M as atetrahedronand to its faces, edges and vertices with respect to thenpagd. Similarly
for images of 2— and 1-simplices, which will be referred tdeagesandedgesn M. For edgee, the
number of pairwise distinct 1-simplices pT1(e) is termed itdlegree denotedd(e). If e is contained
in dM, then it is aboundary edgeotherwise it is annterior edge

2.2 Rank-1 colouring of edges and canonical surface

Let 0# ¢ € HY(M,ZZ,). The following construction can be found inl [5]. Edgds given an ori-
entation, and hence represents an elenf@rt m(M). If ¢l =0, e is termed¢—even, otherwise
it is termed ¢—odd. This terminology is independent of the chosen oriemtefor e. Faces in the
triangulation give relations between loops representeedgges. It follows that a tetrahedron falls into
one of the following categories, which are illustrated igu¥ie 1(a):

Type 1: A pair of opposite edges age-even, all others ar¢ —odd.
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Type 2: The three edges incident to a vertex ¢rendd, all others arg —even.

Type 3: All edges arg —even.

If ¢ is non-trivial, one obtains a unique normal surfaBg= Sy (.7), with respect to7 by introduc-

ing a single vertex on eaah—odd edge. This surface is disjoint from the tetrahedraué 8; it meets
each tetrahedron of type 2 in a single triangle meeting albdd edges; and each tetrahedron of type
1in a single quadrilateral dual to tife-even edges. Moreovesy is dual tog¢ and will be termed the
canonical surface dual tgp. SinceS, meets each edge in the triangulation at most once, we have:

Lemma3 LetM be a closed, orientable, irreducible, connected 3—-mahifoll. 7 be a triangulation
with one vertex. Givel® # ¢ € HY(M,ZZ,), we have

o] <—Xx(S)
unlessM = RP3.

2.3 Rank-2 colouring of edges

Given the subgroupd = (¢4, ¢o) = ZZ,  Z, of Hl(M;Zz), we now introduce a refinement of the
above colouring. Since1 + ¢, = ¢3, there are four types of edges:

edgee is H—evenor O—evenif ¢;[e] =0 for eachi € {1,2,3}; and
edgee is i—even if ¢j[e] = 0 for a uniquei € {1,2,3}.

Let {i, j,k} ={1,2,3}. The normal corners of the normal surfegg(.7) are precisely on th¢—even
andk—even edges. Edgeis ¢j—even if it isi—even or 0—even. It follows that a face of a tetrahedron
either has all of its edges 0—even; or it has tweven and one 0—even edge; or it has one 1-even,
one 2—even and one 3—even edge. Whenceri@mtedtetrahedron falls into one of the following
categories:

Type I: One edge is 0—even, the opposite edge-@ven, and one vertex of the latter is incident
with two j—even edges, and the other with tkseeven edges, wherg, j,k} ={1,2,3}. (There
are six distinct sub-types.)

Type |l: A pair of opposite edges are 0—even, all othersiasven for a uniqué € {1,2,3}.
(There are hence three distinct sub-types.)

Type Ill: The three edges incident to a vertex areven for a fixed € {1,2,3}, and all others
are 0—even. (There are hence three distinct sub-types.)

Type IV: All edges are 0—even.

Type V: Each vertex is incident to areven edge for eaahe {1,2,3}. (In particular, no edge is
O—even, opposite edges are of the same type, and there agéstimot sub-types of tetrahedra.)

For each type, one sub-type is shown in Fidure]1(b); the bémides correspond to O—even edges
and the normal discs iy, have the same colour as theeven edges. The remaining subtypes are
obtained by permuting the colours other than black.

5



2.4 Combinatorial bounds for triangulations

The set-up and notation of the previous subsection is aoadinLet

A(7) = number of tetrahedra of type I,
B(.7') = number of tetrahedra of type I,
)

O

D
E
¢(.7) = number of O—even edges,

(
(
() = number of tetrahedra of type I,
(7)) = number of tetrahedra of type 1V,
() = number of tetrahedra of type V,

¢(.7) = number of pre-images of O—even edge&?&in

The number of tetrahedra if is T(7) =A(7)+B(J)+C(J)+D(J)+E(7). For the remain-
der of this subsection, we will writd = A(.7), etc.

Lemma4 C andE are even.

Proof The colouring of edges is pulled back 0 Then the number of faces i having all edges
O—even iC 4 4D. Since faces match up in pairs and no face is identified widifjts follows thatC
is even.

Now consider the normal surfac, (.7). It meets an edge in a normal corner if and only if the edge
is either 2—even or 3—even. We examine the sum ofQhenatching equations of all 2—even edges
(seel[17]). This sum3, must equal zero. Sindd is orientable, opposite corners of each quadrilateral
disc have the same sign, and adjacent corners have oppgsisg(see[[16]). Lefd be a quadrilateral
disc in S, (7). If O is contained in a tetrahedron of type | and meets a 2—even duge it has
precisely two adjacent corners on 2—even edges; hence ifrgbction to > of the normal corners of
Ois (+1)+(—1) = 0. If O is contained in a tetrahedron of type Il, and meets a 2—evge, ¢kden it
meets a 2—even edge with each of its corners; hence thelmdidr toX is 2(+1) +2(—1) =0. If

(J is contained in a tetrahedron of type V and meets a 2—even Hugeit meets 2—even edges in a
pair of diagonally opposite corners; hence the contriloutmX is either Z+1) or 2(—1). It follows
that the number of tetrahedra of type B/, must be even. O

Lemma 5 Let M be a closed, orientable, irreducible 3—manifold with miairtriangulation .7 .
Suppose that all edge loops are coloured by the rank—2 supdtoof HY(M;ZZ,). Suppose that
A+C < 3. Then(A,B,C,D,E) is of one of the following forms:

(0,0,0,0,E),(2,B,0,0,E),(3,B,0,0,E),
and if A= O, then there is a unique edge incident with all tetrahedra g ty

Proof We distinguish the cases= 0 andA # 0.

(Case 1lap =0 andE # 0. Since each face of a tetrahedron of type Il, Il or IV contaandd —even
edge andM is connected, we hale=C =D =0.

(Case 1b)A =0 andE = 0. In this case, the Haken suBy, + Sy, + S, is defined and is isotopic to
the boundary of a regular neighbourhoddl, of the complexK spanned by all 0—even edges. Then
M\ N therefore meets a tetrahedron either in the empty set or idupt region and hence each
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component ofM \ N is an|—bundle or a twisted—bundle over a surface. € = 0, then either all
tetrahedra are of type Il or all tetrahedra are of type IV. dickecase, this contradicts the fact that
H1(M;Z,) has rank two. Henc€ = 2 sinceC is even. Moreover, the two tetrahedra of type IlI
must be of distinct sub-types since otherwis&(M;ZZ,) has rank one. We may assume that one of
them has three O—even and three 1—even edges. Pulling &cklturing of faces ta?&, we have an
odd number of faces with one 0—even edge and two 1-even etigisontradicts the fact thal is
closed. HenceA = 0 andE = 0 can not both occur.

(Case 2)A #£ 0. The abstract neighbourhood of each 0—even edge contairgegtirahedron of type |
contains either at least two distinct tetrahedra of type gree tetrahedron of type one and at least two
tetrahedra of type lll. Sinc€ is even andA+C < 3, we have the following casesA {1,2,3},C =
0)and(A=1,C=2).

We first show thatA = 1,C = 2) is not possible. Note that there is a unique O—even eglgéncident
with the tetrahedron of type Igy. It follows that it must be incident with the two tetrahedratybe
Ill, g, and g,. Denote the two remaining 0—even edges incident wittby e, ande,, oriented such
that gp + 01 + 0» is homologically the boundary of the face. Consider therabsineighbourhood
B(e1) of e1, and recall that no face can be a cone or a dunce hat. It folloatseitheroy # 01 = 0>
or gp = 01 = 0. Give B(ep) an orientation. Then two of the tetrahedra mapping{ander the map
B(e1) — M induce opposite orientations @n, contradicting the fact tha¥l is orientable.

It is easy to see thatA = 1,C = 0) is not possible by examining the neighbourhood of the unique
O—even edgegy, incident with the tetrahedron of type I.

The remaining cases af& = 2,C = 0) and (A= 3,C =0). In each case, there is a unique O—even
edge,gy, contained in all tetrahedra of type |. Note tlegtcannot be of degree three since otherwise
the classification of degree three edges In [5] implies &ds contained in a maximal layered torus
subcomplex and hence every tetrahedron incident withstaf itype Il or IV. Moreover, ifA # 0 but

C =0, then necessaril{p = 0 sinceM is connected. O

Let K be the complex itM spanned by all 0—even edges. Iebe a small regular neighbourhood of
K. ThendN is a normal surface; it meets each tetrahedron in the sambéeruand types of normal
discs asSy, U Sy, U Sp, except for the tetrahedra of type V, which it meets in foutidet normal
triangle types instead of three distinct normal quadnildtéypes. The normal coordinate N is
thus obtained by taking the sum of the normal coordinateSyof S,, and Sy,, and adding to this
thetetrahedral solutiorof each tetrahedron of type V. (The tetrahedral solutiorbigined by adding
all triangle coordinates of a tetrahedron and subtractinguadrilateral coordinates; see, for instance,
[7].) Hence

X(Spy) + X(Sp,) + X(Sps) + E = X(ON) = 2x(N) = 2x(K) =2—2¢ +C+ 2D,

where the Euler characteristic &f is computed from the combinatorial data. In particujafsy, ) +
X (Sp,) + X(Sp,) is even. Rearranging the above equality gives

C+2D—E=2¢—2+X(Sp,) +X(Sp,) + X (Sps)> (2.1)
and hence:
¢e=A+2B+3C+6D
=2T-A+C+4D-2E
=2T —A—C+4e—4+2(x(Sp,) + X(Sp,) + X(Sps))- (2.2)
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(a) The solid torus¥; (b) Layering along a boundary
edge

Figure 2: Layered triangulation of the solid torus

Lemma6 LetM be a closed, orientable, irreducible 3-manifold, and sgpplatpy, p» € H(M; Z5)
are non-trivial withg1 + ¢> = ¢3 # 0. Let 7 be a minimal triangulation witf tetrahedra, and let
Sy be the canonical surface dual ¢o. Letting eq denote the number di—even edges of degreg
we have:

5= 4+ At-C— 2T+ X(Sp.) + X(Spp) + X(Sps)) + ; (d—4)eq. (2.3)
=5

Proof First note that the existence ¢f and ¢, implies thatM is not homeomorphic to one &,
L(3,1), RP3, or L(4,1). It now follows from [3], Theorem 6.1, thaZ has a single vertex; hence
Sy ande; are defined. Moreovel, [3], Proposition 6.3 (see also Piitpns8 of [5]), implies that the
smallest degree of an edge.ifi is three. One haé= Y deg ande = eq. Putting this into[(2.R) gives
the desired equation. O

3 Intersections of maximal layered solid tori

Throughout this section, lé¥l be a closed, irreducible, orientable, connected 3—mahikath trian-
gulation.7. We extend results of [5] concerning maximal layered soliditoM.

3.1 Layered solid tori

The following definitions and facts can be found with moreadeh [4] and [5]. A layered solid
torusis a solid torus with a special triangulation: the triangiola is obtained from the triangulation
given in Figurd 2(3) by iterativellayering along boundary edgekayering along a boundary edge is
illustrated in Figur¢ 2(BH). Namely, suppoBkis a 3-manifold,.7; is a triangulation o®/N, ande is

an edge in7; which is incident to two distinct faces. We say the 3—simpieis layered along df
two faces ofg are paired, “without a twist,” with the two faces of; incident withe. The resulting
3—manifold is homeomorphic witN. If .7 is the restriction of a triangulation &f to N, then we
get a new triangulation dfl and a new triangulation aN which differs from.7; by a diagonal flip.
For every edge iM, we will also refer to its degree as idd—degree, and its degree with respect to
the layered solid toru¥ in M is called itsT —degree.

Definition 7 (Layered solid torus itM) A layered solid torus with respect t§” in M is a subcom-
plex in M which is combinatorially equivalent to a layered solid tru
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Definition 8 (Maximal layered solid torus itM) A layered solid torus is anaximal layered solid
torus with respect ta7 in M if it is not strictly contained in any other layered solidusrin M.

Lemma9 [5] Assume that the triangulation is minimal and O—efficidhtM is not a lens space with
layered triangulation, then the intersection of two didtimaximal layered solid tori ib consists of
at most a single edge.

Lemma 10 [5] Assume that the triangulation is minimal and O—efficjemtd suppose thad contains
a layered solid torusT, made up of at least two tetrahedra and having a boundary edgich has
degree four irM. Then either

(1) T is nota maximal layered solid torus M; or
(2) e isthe univalent edge fof and it is contained in four distinct tetrahedraNin or

(3) M is alens space with minimal layered triangulation.
Recall the notion of rank—2 colouring from Subsecfiod 2.3.

Lemma 1l Assume that the triangulation contains a single vertex aatéll edge loops are coloured
by the rank—2 subgroud of H(M;ZZ,). Then all tetrahedra in a layered solid torusMnare either
of type Il or type 1V, but not both.

Proof The colouring of the layered solid torus is uniquely detemmli by the image of the longitude
under the elements &4 ; the result now follows from the layering procedure. O

Definition 12 (Types of layered solid tori)Assume that the triangulation contains a single vertex
and that all edge loops are coloured by the rank—2 subgkbab H'(M; Z5). A layered solid torus
containing a tetrahedron of type Il (respectively 1V) is@actingly termed of type Il (respectively 1V).

3.2 Maximal layered solid tori in atoroidal manifolds

An orientable 3—manifold is termealtoroidal if it does not contain an embedded, incompressible
torus.

Lemma 13 [5] Assume that7 is minimal and O—efficient and th&t is atoroidal. Then every torus
which is normal with respect t& bounds a solid torus iN on at least one side.

Note that if there is a rank—2 subgrotp of H(M;ZZ5), then every minimal triangulation d¥l is
O—efficient.

Lemma 14 Assume that7 is minimal and thaM is atoroidal. Suppose the edges are coloured by
the rank—2 subgroupl of HY(M;Zz,), and that three pairwise distinct maximal layered solid ébri
type Il meet in aH —even edge. Then these are the only maximal layered solidfttype Il in the
triangulation andM is a Seifert fibred space with baS& and precisely three exceptional fibres.



Proof Denote the three maximal layered solid tori By T», T3, and the commond —even edge bg.

If TiNT; properly containse for i # j, thenM is a lens space with layered triangulation according
to Lemma[®. But this contradicts the assumption tH&{M;ZZ,) has rank at least two. Hence
T ﬂTj = {e}

Let N be a small regular neighbourhood ®f U T, U Ts. Then dN is a (topological) torus and a
barrier surface. Hence, eithéN is isotopic to a normal surface &1\ N is a solid torus. In the
first case, LemmBg_13 implies that eithidror M\ N is a solid torus. Howevei\ cannot be a solid
torus ase is not a longitude of eithef;, T, or Ts. HenceM \ N is a solid torus and, in particulak
admits a Seifert fibration with three exceptional fibres, &h@dmits a Seifert fibration with three or
four exceptional fibres. IM admits a Seifert fibration with four exceptional fibres, tlitezontains an
embedded, incompressible (vertical) torus, contradidtire assumption thadl is atoriodal. Similarly,
if M admits a Seifert fibration with three exceptional fibres bt base is no&, then M contains
an embedded, incompressible (vertical) torus. HeMces a Seifert fibred space with ba§® and
precisely three exceptional fibres.

It follows that e is homotopic to a longitude df1\ N and eachp < H restricted toM \ N is trivial.
SupposeT, is a maximal layered solid torus of type Il which is distinobrh Ty, To, T3. Then the
longitude of T, is notH—even. But it is clearly homotopic intdl \ N, contradicting the fact that each
¢ restricted toM \ N is trivial. WhenceT;, T, and Ts are the only maximal layered solid tori of type
Il in the triangulation. O

Lemma 15 Assume that7 is minimal and thaM is atoroidal. Suppose the edges are coloured by
the rank—2 subgroupl of HY(M;ZZ,), and that precisely two distinct maximal layered solid tdri o
type Il meet in arH —even edgege. Thene is the onlyH —even edge in the triangulation which is
contained in more than one maximal layered solid torus o tyandM is a Seifert fibred space with
baseS’ and precisely three exceptional fibres.

Proof Denote the two maximal layered solid tori of type Il meetingiby T, T>. Then, as above, the
boundary of a small regular neighborhobdof T; U T, is a (topological) torus and a barrier surface,
and it follows thatM \ N is a solid torus. Ife is homotopic to a longitude df1\ N, thenM admits

a Seifert fibration with two exceptional fibres. Hence eitMeiis toroidal orM is a lens space; the
first is not possible and the second contradicts the assomitatH(M; ZZ,) has rank at least two.
Hencee is not homotopic to a longitude df \ N. Hence,M is a Seifert fibred space with precisely
three exceptional fibres, and the base mus¥bsince there are no vertical incompressible tori.

Now assume thalf; and T; are two distinct maximal layered solid tori of type Il meefim the H—
even edge? # e. Then€ cannot be the longitude of eithd nor T,. But this contradicts the fact
that the interiors off{ and T, are contained in the solid torid \ N. O

4 Quadrilateral surfaces and Heegaard splittings
Let M denote a closed, orientable, irreducible, connected 3iabdthroughout this section.

4.1 Quadrilateral surfaces

Let .7 be a triangulation oM. Place three quadrilateral discs in each tetrahedron, oraaf type,
such that the result is a (possibly branched immersed) ricsoréace, denoted) and called the
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canonical quadrilateral surface The surfaceQ can be viewed as the image M of a surfaceQ’
with a cell decomposition into quadrilaterals, and the imafja connected component Qf will be
termed a component @.

If Sis a component of) and meets some tetrahedram, in i normal quadrilaterals, € {0,1,2,3},
then the same is true for each tetrahedron meedimg a face. SincéVl is connected, the same is true
for every tetrahedron in the triangulation (and in particul£ 0 sinceS=# 0). It follows thatQ has
at most three components.

Suppose that the componedibf Q is embedded. TheS meets every tetrahedron in a single quadri-
lateral disc. Such an embedded normal surface consistimglgrof quadrilateral discs, one in each
tetrahedron, is called @uadrilateral surface

Let S be a quadrilateral surface, and [{S) denote the 1-complex iM consisting of all edges
disjoint from S. Notice thatS divides each tetrahedron into two prisms. Thdn C(S) is foliated by

S and infinitely many copies of the boundary of a regular nedgithood ofS. It follows that M \ S

is either an open handlebody or the disjoint union of two dpamdlebodies having the same genus,
depending on whethe® is non-separating or separating. In particul@rs either a one-sided or a
two-sided Heegaard splitting surface figr. A set of discs for the Heegaard splitting is dual to the
set of edges II€(S). The disc associated to edgen C(S) is naturally triangulated with one triangle
for each prism inM \ S containinge. This system of discs is possibly larger than a standard set of
meridian discs if the triangulation has many vertices.

Let e be an edge which the quadrilateral surf&meets. Sinceé& meets each tetrahedron in a single
quadrilateral disc, ané is incident with as many quadrilateral discs of positivepsl@s of negative
slope by theQ—matching equations [17], it follows th& must have even degree. In particular, if
the canonical quadrilateral surfa@has three components, then each is a quadrilateral surfiddé a
follows that every edge in the triangulation has even degree

It follows from this discussion that the existence of a cacainquadrilateral surfac€ with three
components places strong constraints on the Heegaarddiaagsociated to each of its components.
For instance, (1) the intersection of compon&nivith any of the two other components Qf is a
spine forS, and (2) since edges dual to the other surfaces must be ofoeslen it follows that each
meridian onS contains an even number of intersections with itself anérotheridians.

4.2 Heegaard splittings

The above construction of a Heegaard splitting from a glatdral surface can be reversed. Given
the one-sided (resp.two-sided) Heegaard splitting serfador M, choose a complete system of
meridian discs. Thets together with the discs is a simple spine for the once (respe) punctured
manifold. The usual dual cell decomposition gives a tridagon with one (resp. two) vertices and
one tetrahedron for each intersection point of the meraidoreover,S sits in this triangulation as
a quadrilateral surface.

It follows that the complexity oM gives a lower bound for the complexity of a Heegaard sptjttiim
case of a two-sided Heegaard splitting, these complexitikgot coincide unlessvl has a two-vertex
minimal triangulation. But thetM = S*, RP? or L(3,1), whence the complexities only coincide for
M = S%. In contrast, the minimal triangulations inl [5] arid [6] aré @lial to one-sided Heegaard
splittings and hence determine least complexity one-siflseaard splittings.
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4.3 Consequences for one-vertex triangulations

Lemma 16 LetM be a closed, orientable, irreducible, connected 3—mahifath one-vertex trian-
gulation 7 . If the canonical quadrilateral surfa€® has three component®,, Q»,Qs, then each);
is dual to some elemeft+ ¢; € HY(M; ZZ,), and(¢1, ¢2, §3) = Z> © Z,. Moreover,

71+ X(@)=2.

Proof Let v denote the single vertex. Then each componer® & non-separating. Since (M;Vv)

is generated by the edges, an elem@ant H1(M; ZZ,) is defined by lettingp;[€] = O if e is contained

in M\ Q, and ¢;[e] = 1 otherwise. Hence; # 0 and ¢; + ¢; = ¢«, where all three indices are
distinct. In particular,H'(M;ZZ,) has rank at least two. The first equation follows from a simple
Euler characteristic argument. O

5 Proofs of the main results

Let M be a closed, orientable, irreducible, connected 3—-mahifdth minimal triangulation.7 .
Suppose that there is a rank—2 subgréupf H1(M;ZZ,). Then every minimal triangulation d¥l is
O—efficient. In particular, there are no normal projectil@ngs, and every normal 2—sphere is vertex
linking.

5.1 Promoting triangulations using edge flips

The material of this subsection refines the argument in tbefpf Theorem 5 in[[6]. A maximal
layered solid torus isupportiveif it is of type Il and eachH—even edge incident with it has degree at
most four. A maximal layered solid torusasmost supportivéf it is of type Il and eachH —even edge
incident with it hasM —degree at most four except for ore-even edge which hdd —degree five. A
maximal layered solid torus is @ype (l1,4)if it is of type Il and its H—even boundary edge has—
degree four. Every supportive maximal layered solid tosus itype (11,4). A minimal triangulation is
termed(ll,4)—freeif it does not contain any maximal layered solid torus of tyivg).

An edge flipis the replacement of an edge of degree four which is incidéhtfour distinct tetrahedra
by another edge incident with four distinct tetrahedra, Biggre[3. An edge flip may change the
triangulation and the degree sequence associated to tles,elolgt it does not alter the number of
tetrahedra.

Lemma 17 Let M be a closed, orientable, irreducible 3—manifold with miairtriangulation.7 .
Suppose that all edge loops are coloured by the rank—2 subgtoof H(M;ZZ,). Then there is a
minimal triangulation which is (Il,4)—-free and which is abted from.7 by a finite number of edge
flips.

Proof LetT be a maximal layered solid torus of type (l1,4). Lenima 10 iegpthate is the univalent
edge of T, and that it is contained in four distinct tetrahedra in thengulation. The argument
proceeds by replacing the four tetrahedra aroeibgt a different constellation of four tetrahedra using
an appropriate edge flip. The resulting triangulation is afsnimal, and it is shown to either contain
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Figure 3: Edge flip: Labels indicate the changes in edge degre

fewer maximal layered solid tori of type (I,4) or fewer tahedra of type IV. Since both of these
numbers are finite, we arrive at a (I,4)—free minimal trialagjon after a finite number of edge flips.

It remains to describe the re-triangulation process. Thegevarious different cases to consider; they
are listed below using the types of tetrahedra orderedaajtfiaround the edge, starting with the
supportive maximal layered solid tords The arguments given in|[5] apply almost verbatim, and we
therefore merely list the case [0 [5], the correspondingmeburhoods and the appropriate flip.

(1,1,1,2) in [5]: Corresponds to (I11LILIY, (1L, (LLILD, (11, LL), (1L1LLD; any edge flip de-
creases the total number of maximal layered solid tori oét{lp4).

(1,2,2,1) in[5]: Corresponds to (ILILILIY, (11, [} 11, 1); the edge flip with the property that the
H—even edges (other tha) contained in the faces of the type Il tetrahedra remain@tdme degree
decreases the total number of maximal layered solid togaé (11,4).

(1,1,2,2) in[5]: Corresponds to (ILILILII, (I, I, I, 11); the edge flip with the property that the
H—even edges (other tha) contained in the faces of the type Il tetrahedra remain@tdme degree
decreases the total number of maximal layered solid tosé (11,4).

(1,2,3,2) in[[5]: Corresponds to (ll, Il IV, Ill); any eddép reduces the number of tetrahedra of type
V. O

5.2 Controlling triangulations using degree three edges

The proof of the following lemma contains a more explicit lggs which is not contained in the
Sstatement.

Lemma 18 Let M be a closed, orientable, irreducible 3—manifold with miairtriangulation.7 .

Suppose that all edge loops are coloured by the rank-2 supdtoof H1(M; ZZ,) and that.7 is
(I1,4)—free. Lettingey denote the number ¢ —even edges of degree we have:

83<2+C§(d—4)ed. (5.1)
=5

Proof Assume, by way of contradiction, that

6322+(§(d—4)ed. (5.2)
=5
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The argument refines the counting argument in the proof obfigme 5 in [5]. Each edge of degree
three isH—even, so[(5]2) implies that there are at least two edgesgrédehree. Since the triangu-
lation contains at least three tetrahedra, it follows frompg@sition 9 in[[5] that each edge of degree
three,e, is the base edge of a layered solid torus subcomplex isorieaipty, = {4,3,1}. This sub-
complex is contained in a unique maximal layered solid tofiis). Conversely, if a maximal layered
solid torus,T, contains an edges, of degree three, theais unique and we write= (T ); otherwise,
we let €T) = 0.

It follows from Lemmd® that any two distinct maximal layerealid tori share at most an edge. We
seek a contradiction guided by inequality {5.2). The pradfasic counting argument, is organised as
follows. The set of all edges of degree thr&e,is divided into pairwise disjoint subsets; denote the
set of these subse&Y). The set of allH—even edgesX, is similarly divided into pairwise disjoint
subsets, giving a s&(X). In defining these subsets, we also define an injective 8p — S(X). If

Y € ) is associated wit; € S(X), then the quantity

i — %(d(e)—4)

is termed adeficitif it is negative, acancellationif it is zero, and again if it is positive. Then[(5.R)
implies that the total gain is at least two.

Let ecY such that Te) is of type IV. Then.”, = To C T(e). Denotegy the longitude ofTy. This is

a 0—even boundary edge willa—degree 5 and/l—degree 5 m for somem > 1. The total number
of maximal layered solid tori ifM meeting iney is bounded above b¥£!, since no two meet in
more than an edge. Hence the maximal layered solid tori tontpa degree three edge and meeting
in the O—even edgey contribute at most%1 to the left hand side of (5.2). The contribution &f

to the right hand side id(ey) — 4 = 1+ m. One therefore obtainsdeficitless or equal tc#“*Tl To

Xo = {ep} associate the seYy, of all degree three edges such that T€') containsey.

We now proceed inductively. Letbe an edge of degree three such th@)Ts of type IV ande is not
contained in the collection of subsef, ...,Y;_1 of Y. Then Te) contains a subcomplex isomorphic
to %, whose longitudeg, cannot be any of the edges,...,g_1. Consider the seY; of all degree
three edge€ such that T€') containse and€ is not contained in any of, ...,Y;_1. Then the above
calculation shows that there is a deficit associate¥ te {e } andY;.

It follows that there must also be a maximal layered solidigasf type Il which contains an edge of
degree three not inY;. Let T be such a maximal layered solid torus, andddte its unique 0—even
boundary edge. Sincg is (ll,4)—free, we havel(e) > 5. If e is the longitude of a maximal layered
solid torus of type 1V, then @) is contained in one of the se¥s Hence assume this is not the case.
We make the following observations (with the amount of detséful for future applications):

(1) If eis notincident with another maximal layered solid torusygpfe Il containing a degree three
edge, andr is almost supportive, thefe} is associated witfe(T)} and gives a cancellation.

(2) If eis not incident with another maximal layered solid torusygfe Il containing a degree three
edge, andr is not almost supportive, theh also has arH—even interior edgeegr, of degree
at least five. Hence associafe er } with {e(T)}, giving a deficit.

(3) SupposeT; is the uniqgue maximal layered solid torus of type Il contagna degree three edge
which meetsT in e

(3a) Assume that no other maximal layered solid torus of tiypentainse. Then Lemma1l5 implies
that T, T; are the only maximal layered solid tori of type Il meeting mta—even edge.
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If d(e) > 7, then{e} is associated wit{e(T),e(T1)} and we have a deficit.
If d(e) = 6 and one ofT, T; contains arH—even interior edgeg’ of degree at least five, then
{e,€} is associated witHe(T),e(T1)} and gives a deficit. Ifi(e) = 6 and allH—even inte-
rior edges ofT,T; are of degree four, thefie} is associated wit{e(T),e(T;)} and gives a
cancellation.
If d(e) =5 and bothT, T; are almost supportive, thefe} is associated withe(T),e(T;)} and
gives a gain of+-1. If d(e) =5 and one ofT,T; is almost supportive and the other contains a
unique H—even interior edge’ of degree five and all others have degree four, thee'} is
associated wit{e(T),e(T1)} and gives a cancellation. Otherwise a deficit is associatédat/
most threeH —even edges. Ifi(e) =5 and neither ofl, T; is almost supportive, then there are
distinct H—even interior edge¥ , €’ of degrees at least five afeé, €,€’} is associated with
{e(T),e(T1)} and gives a deficit.

(3b) Suppose the maximal layered solid torus of typ&ImeetsT andT; in e. Lemmd14 implies
that T, T, T, are the only maximal layered solid tori of type Il in the trjpmation. Hence
Y = UY;U{e(T),e(T1)}. Since no two of the three can meet in a face, we hadfe > 6. It
follows that there is a cancellation if al —even interior edges have degree four, and a deficit
associated t@ together with a collection of interior edges otherwise.

(4) Supposel; and T, are distinct maximal layered solid tori of type Il contaigidegree three
edges meeting in e AsaboveY =UY;J{e(T),e(T1),e(T2)} andd(e) > 6. Hencee together
with a collection of interior edges can be associated W&t ),e(T1),e(T2)} giving a deficit
unless one of the following cases occursd(€é) = 7 and everyH—even interior edge of, T1, T»
has degree four, then there is a cancellationd(¥) = 6 and everyH—even interior edge of
T,T1, T, has degree four, then there is a gain-ef. If d(e) = 6 and there is precisely one
H—even interior edge of degree five and all others have degteethen there is a cancellation.

It follows that the maximal gain which can be achieved-is; whence[(512) cannot be satisfied.n

5.3 Proofs of the main results

Proposition 19 Let M be a closed, orientable, irreducible 3—manifold with mialrtriangulation
. Suppose that is a rank—2 subgroup ¢1*(M;ZZ,). Then

|7 >2+ o1l
04¢eH
Suppose further that all edge loops are colouretibgnd that7 is (Il,4)—free. Then
T ol >[7]+ X&) =2
0#£¢p€H 0#pcH

Proof First replace.7 by a (Il,4)-free minimal triangulation,%. Then |7 | = |%|. If | %]+
S X(Sp) < 1, then equation[{Z]3) in Lemnid 6 and inequalffy {5.1) in Leni@egilve a contradic-

tion. Hence
%F}HMQ%H}X@BZ
0£peH O#£¢pecH

where the first inequality follows from Lemrha 3. O

The first part of the above proposition directly implies Trezo[1 by definition of a minimal triangu-
lation. The implication (2= (1) in Theorenl PR is a consequence of Lenimia 16 and Theldrem 1. The
reverse is contained in the following statement:
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Figure 4: The twisted layered loop triangulation

Proposition 20 Let M be a closed, orientable, irreducible 3—manifold with adjt one-vertex tri-
angulation.7 . Suppose thatl is a rank-2 subgroup di'(M;ZZ,) and that

|\ 7| =2+ 19|l
O#£¢eH

Then.Z is minimal. Moreover, every minimal triangulation Bf has the property that each canonical
surface dual to a non-zero elementbfis a ZZ,—taut quadrilateral surface.

Proof Every minimal triangulation oM has a single vertex. Lefhp be a minimal triangulation
which is (I1,4)—free with respect to the colouring of edgesHb, and denoteS the dual surfaces.
Then

2<%+ IX(S) < |71 =S 1 6] =2

by Propositiori 10 and Lemni& 3. This forces equality and sjige< |.7| and x(S) < —|| ¢i ||, we
have equality for all terms. In particulaf7 is minimal and each canonical surface is taut. Lemma
implies thatA(%) + C(%) < 1, and using Lemmal5, this implie&(%) = |%]. This gives the
desired conclusion for a (I,4)—free minimal triangulatioGiven an arbitrary minimal triangulation
which is not (ll,4)—free, one may perform a finite sequencedde flips to arrive at a (ll,4)—free
minimal triangulation. The latter must have an edge of defwear which is contained in four distinct
tetrahedra. Since each tetrahedron is of type V, this irmpliat there is a compression disc for one of
the canonical surfaces, contradicting the fact that itus. ta D

Remark 21 Under the hypothesis of Propositibnl 20, if there is a rankt®ysoupG # H, then

¢l < eIl

0#£¢eG 0#¢peH

6 The twisted layered loop triangulation

This section shows that the twisted layered loop triangaabf My = S*/Qu, k > 1, satisfies the
hypothesis of Theoreid 2 wheais even. Ifk is odd, thenH;(My; ZZ) = ZZ4 and the results of this
paper do not apply.
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6.1 The twisted layered loop triangulation

Starting point is the triangulation with two faces of the alus shown with labelling in Figurlg 4. The
edges corresponding to the two boundary components areedengor top and b for bottom and
oriented so that they correspond to the same element inffiuekzl group. The remaining two edges
aree; andey, oriented fromt to b. Tetrahedrono; is layered alongg;, and the new edge denoteg
and oriented front to b. The annulus is thus identified with two facesaf. Inductively, tetrahedron
o; is layered along edge,, and the new edge, . 2 is oriented fromt to b. Assumek tetrahedra have
thus been attached; K= 0 we have an annulus, K= 1 a creased solid torus andkf> 2 a solid
torus. Denote the resulting triangulati@i.

The two free faces of tetrahedramy in Cy are identified with the two free faces of tetrahedmn
such thatoy is layered alongec.1 with e; « —e.1, €& «— —6e2 andt « —b. The result isMg
(seel[1], Theorem 3.3.11, 6ri[6]), and the triangulatiomaledC,, is termed itswisted layered loop
triangulation

6.2 One-sided incompressible surfaces

Note that there is a normal, one-sided Klein botttg, in M, obtained by placing a quadrilateral
in each tetrahedron dual to the edgéNhenKk is even, then there are two more embedded normal
surfaces,S and Ss, just containing quadrilateral discs. One is dual to the satl@dgese, wherei

is even; the other is dual to the set of all edge#/herei is odd. We have tha¥lk \ S is a torus; and
M\ S and M\ S; are genu% handlebodies. Using singular homology withy, Z¢oefficients, the
intersection pairing induces homomorphisths 7 (Mg) — ZZ» defined by:

$1]/e] = 1 for eachi and ¢;[t] = O.
¢o[e] =0 if i is even,gz[g] =1 if i is odd andgs[t] = 1;
¢3[e] =0 if i is odd, ¢3[e] = 1 if i is even andpa|t] = 1.

We haveg; + ¢ = ¢3, andH(M; Z,) = (¢1, ¢-). Since§ is dual tog;, it follows that we have found
a representative for each non-trividl—cohomology class. To show that the triangulation satisfies
hypothesis of Theorefd 2, we need to show that these surfages fact representatives of minimal
genus. This follows from the following application of worly BValdhausen [18], Rubinstein [14] and
Frohman[[2].

Lemma 22 If k is even, thers,, S andS; are, up to isotopy, the only connected, one-sided incom-
pressible surfaces Mly.

Proof Let N; be a small regular neighbourhood &f in M. ThenNj is a twistedl —bundle over the
Klein bottle. MoreoverN; is homeomorphic to th&'—bundle over the Mdbius band with orientable
total space. This has a Seifert fibration over the disc with ¢@ne points of order two. Denote the
base orbifoldD, its cone pointg; and p,, and the fibratiorp: N; — D. Equivalently, this description
of N; can be obtained by cuttinlyly = $( (2,1),(2,1),(k,1—k) ) along the vertical torus which is
the pre-image of the boundary of a small regular neighbadtad the cone point labelletk, 1 — k).

Waldhausen [([18], Section 3) showed that the only connedteotsided incompressible and non-
boundary parallel surfaces My are a vertical annulus which is the pre-image of a properlgedded
arc inD separatingp; and py; and a horizontal annulus which is a branched double cover. afsing
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the methods of Frohmahi[2], one can similarly show that thg connected, one-sided incompressible
surfaces inN; are a Klein bottleK, (which is the pre-image ilN; of an arc inD joining p1 and py)

as well as two Mobius band&; andB,, (whereB; is the pre-image ifN; of an arc inD joining p;

to dD). Note that the Mobius bands have parallel boundary curmesN;.

Similarly, it is known through the work of Waldhauseh ([18kction 2) that a connected, two-sided
incompressible surface in the solid torMg \ N; is either a meridian disc or a boundary-parallel disc
or annulus. Rubinstein [14] showed that a one-sided incesgile surface ik \ N; has boundary

a single curve which uniquely determines the surface upotojisy.

SupposeS is a connected, one-sided, incompressible surfadéginand isotopeS such that it meets
JdNz1 minimally in a collection of pairwise disjoint curves. Th&m JN; is either empty or consists of
finitely many parallel, essential curves oi;.

If SNJdN; =0, thenS= K, since the complement i, is a solid torus. Hence assurSe)dN; # 0.
We have thaSn N; (respectivelySn (Mg \ N1)) is incompressible imN; (respectivelyMy \ Np).

First assume thaBN N; is two-sided. TherSNN; is a family of parallel annuli anén dN; has
an even number of components. It follows tf&t (M \ N1) must also be a family of parallel an-
nuli. Since an outermost annulus in the latter family is g compressible, there is an isotopy
of Sreducing the number of curves BN dN;. This contradicts the assumption thaimeetsdN;
minimally.

Hence assume th&nN N; is one-sided. It follows tha$ is eitherBs, B, or ByUBy. If SNN; is
B; or By, then SN (Mk\ N1) has a single boundary component and hence is a uniquelyrdeést
incompressible one-sided surfade, If SN N; = B; UBy, then SN (Mg \ N1) is a boundary parallel
annulus, and there is an isotopy maki&g dN; = 0, which contradicts the assumption ttameets
JN1 minimally.

It follows that, up to isotopy, a connected, one-sided, inpressible surfaces My is one ofK, By U
F andB,UF. SinceH(M;ZZ,) has rank two, each of these three surfaces must be incoriijieess

It follows from the construction thak = S;. We claim that, up to re-labelings = B; UF and
S = B, UF. Notice that the boundary curve &f is a regular fibre, and hence (& 1)—curve on
Mg \ N1 with respect to the standard longitude and meridian. It naifoWs from [14] (see alsd [2]
and [4]) that

X(&) = Xx(S) =x(B1UF) = x(B2UF).
This completes the proof. O
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