CHAPTER 4

Parametrizations of Normal and Almost Normal
Surfaces

In this Chapter we present two quite useful features of normé (and almost
normal) surfaces. One is the parametrization of normal isobpy classes of normal
surfaces byn{tuples of nonnegative integers. This provides the descrition of nor-
mal and almost normal surfaces with notation useful for compitation and decision
problems. Secondly, the parameterizations have the addede&ture of connecting
standard cut-and-paste techniques from 3{manifold topolgy (geometric addition)
to the vector algebra of R". We give three of the most used methods of parametriza-
tion: normal solution space, quadrilateral solution spaceand edge-weight solution
space. All of these representation have similar features buo er computational
alternatives.

4.1. Normal Solution Space

SupposeT is a triangulation of the 3{manifold M. Choose some ordering

t is the number of tetrahedra of T. SupposeF is a normal surface inM (with
respect to T). The surface F meets each tetrahedron ofT in components that
lift to normal triangles and normal quads; we associate withF the 7t-tuple of
nonnegative integers inR"t

F1o(za22;00052);

where z; is the number of copies of the elementary disk typed; in the lift of F.
Actually, the association is between normal isotopy classeand nonnegative integer
Tt{tuples; however, we will assume this is understood and not acessarily distinguish
between a normal surface and its normal isotopy class. In Figre ?? (f-normal-
parameter) we give two examples. Part A is the one-tetrahedon triangulation T of
the solid torus T (minimal f 3;2; 1g{layered triangulation of the solid torus) along
with the parametrization of some normal surfaces. PartB is the one-tetrahedron,
two-vertex triangulation of S3. In each of these examples, there are 7 elementary
disk types, four normal triangles and three normal quadrilaerals. Thus there is
a parametrization of the normal surfaces in both of these exaples with certain
7{tuples of nonnegative integers inR’. Part C is a three-tetrahedron (two-vertex)
triangulation of the solid torus along with the parametrization of some normal
surfaces (see Exercis@?(from chapter 2)). Here the parametrization is to R?!.
Each normal surface can be associated with a unique integeattice point in
the positive orthant of R’t; however, if we allow singular normal surfaces, the cor-
respondence can be many-to-one. In Figur@? (f-normal-parameter), some of the
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2 4. PARAMETRIZATIONS OF NORMAL AND ALMOST NORMAL SURFACES

examples give multiple representations to the samen{tuple (see below). Further-
more, not every nonnegative integer lattice point in R’t corresponds to a normal
surface in M (with respect to the triangulation T). There is a constraint on an
integer lattice point in Rt for it to correspond to a normal surface inM and an
additional constraint so that it corresponds to a unique emtedded normal surface.
We now consider these constraints.

4.1.1. Matching equations. The rst constraint is a matching constraint
and is associated with matching the elementary disk types irone tetrahedron to the
elementary disk types in another tetrahedron, where the tetahedra have identi ed
faces. This can be overcome by requiring that a f{tuple also satisfy a system
of linear equations. Each face of a tetrahedron has three namal arc types; each
normal arc type is in the boundary of two elementary disk types in the tetrahedra,
one normal triangle and one normal quadrilateral. If F is a normal surface inM ,
~jand T are tetrahedra in T with faces ~ ~; and -0 ~j identi ed, and ~
and ° ~Oare identi ed arc types, we must have the same number of elenary
disk types in ~;j meeting ~in  as we have elementary disk types in~j meeting ~°
in % This is accomplished by requiring that a 7t{tuple satisfy the system of linear
equations

(4.1) Xpt Yq= Xr+Ys;

where x, and yq are the number of normal triangles and normal quads in~; that
contain ~ Tjandx, and ys are the number of normal triangles and normal
quads in ~j that contain © ~° ~;. See Figure (f-matching-equations). There
is a matching equation for each pair of identied arc types in the faces of the
tetrahedra in T ; hence, there are 6 such equations whenM is a closed 3{manifold
and 6t 3fy in the case@M6 ;, wherefg is the number of faces ofT in @M
We call these thematching equationsfor T. They are completely determined by T
and can be written from the face identi cations. In Figure (f -example-match-eqs),
we give the matching equations for the examples given in ParA and B of Figure
??(f-normal-parameter). These demonstrate the number of mathing equations in
the cases of a bounded and a closed 3{manifold; however, theglso show that
the equations are not independent. Below, we show that thereare e; dependent
equations, whereeg, is the number of edges of the triangulationT in the interior
of the 3{manifold M (e, = e, the number of edges wherM is closed). Notice that
the parameterizations given in Figure ??(f-normal-parameter) satisfy the normal
equations for the corresponding examples in Figur@?. See Exercise 4.1.5 for more
examples.

If we add the conditions that x, 0;yq 0;8p;q, then there is a cone in the
positive orthant of R, denoted S(M; T), all points of which satisfy the matching
equations. We callS(M; T) the (normal) solution cone for (M; T).

Note, in general, we use the convention of ordering the elenméary disk types
by rst listing the 4 t normal triangle types and then listing the 3t normal quad
types. Following this we use the variablesx,, for the number of normal triangles of
type dp and yq for the number of normal quads of typed;.

4.1.2. Quadrilateral conditions. If the integer lattice point ( X1;:::; Xat;

meets each tetrahedron in such a way that the lifts are colleions of elementary
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disks; however, there are many possible such surfaces forahsame T{tuple and
some may not even be realized by immersed surfaces. In Figurg?(f-singular-
normal-parameter) Part (B), we have the solution (0;0;0;0;0;1;1) for the one-
tetrahedron (two-vertex) triangulation of S3. There is no way to make the two
guads intersect so that we can match the edges of the quads witthe corresponding
face identi cations unless we have the quads meet as shown.nlthis case we get
a singular (immersed) mapping of the projective plane intoS3. Similarly, we have
the same triangulation of S® and the solution (0; 0; 0; 0; 2; 0; 0). Here we have two
possibilities for this solution: two embedded tori or a singilar (immersed) torus;
these are distinct normal surfaces having the same represtation into R’. Finally,
in Part (A) we have an immersion of an annulus, which is normaly homotopic to
an embedding; in this case, the singular surface results fro just badly placing the
elementary disks in the tetrahedron.

So, in most situations we want to add a second constraint; naraly, we want
at most one of the quadrilateral types in a tetrahedron to have nonzero entries. If
a normal surface has the property that for any tetrahedron in the triangulation,
the surface meets the tetrahedron so that the lift of the surfice has at most one
guadrilateral type in the lift of the tetrahedron, we say the normal surface satis es
a quadrilateral condition. There are 3 possible quadrilateral conditions, which are
determined by restricting to certain coordinate subspacesn R’t. This is done by
adding a pair of equations

for each tetrahedron of T, whereyi, ;Vi,;Vi, represent the variables for the three
quad types in the tetrahedron ~i;j 6 k;j;k 2 f1;2;3g. Such a quadrilateral

condition adds 2 additional equations to the matching equations.

The points in R’ satisfying both the normal equations and a quadrilateral
condition also determine a cone in the positive orthant of R’ which is a face
of S(M; T). We will add a subscript and distinguish these cones byS;(M; T),
understanding that J runs over the 3 possible quadrilateral conditions.

4.1.1.Lemma. Let T be a triangulation of the 3{manifold M. For each quadri-
lateral condition J, there is a one-one correspondence between embedded normal
surfaces inM satisfying the quadrilateral condition J and the integral lattice points
satisfying both the matching equations fofT and the quadrilateral condition J.

Proof. If an integral solution satis es the quadrilateral conditi ons, then the
elementary disks in each tetrahedron can be arranged to be djoint. Since the
solution also satis es the matching equations, after a posble normal isotopy, the
face identi cations match the edges of the elementary diskggiving an embedded
surface.

It is possible that a particular solution satis es numerous quadrilateral con-
ditions. Also, we remark, again, that in both Part A and Part B in Figure ??(f-
normal-parameter) there are singular normal surfaces thatsatisfy the matching
equations and a quadrilateral condition. There is, however a unique embedded
such surface.

4.1.3. Dimension of the Normal Solution Space. From the above exam-
ples, we see that it is possible to have dependencies betwettie matching equations.
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Below, we show that, indeed, one has a dependency for each edigterior to the tri-
angulation. So, assume, for now, that we do have as many depdancies among the
matching equations as we have edges of the triangulatiom in the interior of M. Let
e = e + ep denote the number of edges in the triangulation, whereg, is the number
of edges in the interior ofM and ey is the number of edges in@M Then, for M a
closed 3{manifold, we have 7 variables and & equations with e dependencies. Thus,
dimension of S(M; T) = dim(S(M; T)) 7t 6t+e=1t+ e For M a 3{manifold
with nonempty boundary, we have the 7 variables but we have only @ %f@ equa-
tions and e; dependencies; sadim(S(M; T)) 7t 6t+ gf@+ e = ttete = tte
So, in both cases, we have thadim(S(M; T)) t+ e

Motivated by these observations, we consider two families bsolutions to the
matching equations. For each tetrahedron™; of T, let d,; di,;di,;di, denote the
four normal triangle types and let d;, ; di, ; di, denote the three normal quadrilateral
types in ~. For eachi (for each tetrahedron), 1 i t, let

(BQ AT)i=(z1;::5;2Z5:00, Z7);
where
zi= 1j=ikk=1;2342z=1;j =ikk=5;6,7z =0;j 6 i1 k T
If e is an edge in the triangulation T and ~¥ is a tetrahedron of T containing an

edgee that projects to e, then there are two normal triangle types in ~§ that meet
e, say dig and dig, and a single normal quadrilateral type in ~§ that does not meet

e, say dig. Now, for each edgee and each tetrahedron ~§ that contains an edgee
that projects to e (there are valencee entries in this count and if e is the image of
more than one edge in~§, then we count D{ repeatedly), let

where
zj= Lj=igk=1;22z2=1;j=i;k=3;z;=0;j 6i;1 k 3
See Figure??(f-basis).

4.1.2. Lemma. If M is a compact 3{manifold and T is a triangulation of M
havingt tetrahedra ande edges, the+ evectors(3Q 4T);;1 i t,and (Q 2T)e,
where e runs over the e edges ofT, are a basis for the vector subspace determined
by the matching equations.

Proof. NEED TO ADD PROOF.

4.1.3. Corollary. If M is a compact3{manifold and T is a triangulation of
M having t tetrahedra and e edges, then the dimension o§(M; T) ist + e.

4.1.4. Almost Normal Surfaces. We can incorporate almost normal sur-
faces into the above parametrization. A lift of a tetrahedron in the triangulation
T, has three elementary octagonal disks and twenty- ve elemstary tubed-disks
(which are not disks but annuli). So, if we add to the normal triangle and nor-
mal quad types the almost normal octagonal disk types and thealmost normal
tubed-disk types in each tetrahedron, then we can adjust thematching equations
to include variables corresponding to the elementary octagnal disks and the el-
ementary tubed-disks. However, since we want at most one ofhiese exceptional
pieces to appear in an almost normal surface, we set dtlut one of these additional
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variables equal to zero. Furthermore, the quadrilateral canditions also need to be
adjusted. Namely, if for some ~; we have one of the elementary octagonal disks
0i;;j = 1,23, then a quadrilateral condition must also include that all the vari-
ables corresponding to the three quadrilaterals in™; be set equal to zero. If we
have a tubed-disk in ~j, then the quadrilateral condition must also include that
any quadrilateral type in ~; that can not be made disjoint from the tubed-disk in
~i be set equal to zero.

The parametrization of almost normal surfaces allows surfaes that have multi-
ple copies of the distinguished octagonal disk or tubed-dis so, integer lattice points
in the solution space will correspond to embedded surfaceat are neither normal
nor almost normal. This does not cause a problem; one just muse cautious that
an almost normal surface has precisely one of these exceptial elementary types
and be cognizant that there are both normal and neither normd nor almost nor-
mal surfaces parameterized in the solution space. In Figur@?(f-an-parameter) we
give examples of parameterizations of almost normal surfaes for the examples we
gave above in Figure??(f-normal-parameter). In Part A, we give an almost normal
octagonal annulus. In Part B, we give an almost normal octagoal 2{sphere and a
tubed almost normal 2{sphere.

EXERCISES:

4.1.4. Exercise. Give the coordinates in the parametrization of the normal
surfaces in the triangulations given in Figures (8-1@?-??) in Chapter 1.

4.1.5. Exercise. Give the matching equations for each of the triangulations
in Figure ??(f-exer-matching-egs). What are the dimensions of the comsponding
normal solution spaces?

4.1.6. Exercise. How many distinct cones do we get for the quadrilateral
conditions in each of the examples in the preceding exercige

4.1.7.Exercise. From the normal equations in Exercise 4.1.5 nd the embed-
ded, connected normal surfaces in each of these examples. teg compare your
result to what you get using the algorithm in Section ??.

4.2. Quadrilateral Solution Space

In this section we show that the quadrilaterals in the induced cell decomposition
of a normal surface completely determine the normal surfaceThis is then used to
parameterize normal surfaces via their quadrilaterals.

4.2.1. Edge Relations. SupposeM is a compact 3{manifold and T is a
triangulation of M . Furthermore, supposee is an edge off and e is in the interior of
M . Select a direction one (we will use a right-hand-rule for ordering the tetrahedra
around e) and let e, and e denote the ends ofe determined by the chosen
direction on e. We call e, and e the tip and baseof e, respectively.

As we cycle about the edges, we determine an (ordered) sequence of the lifts of
the tetrahedra that contain e as an edge. Say™,;:::; 7j;:::; i, is the ordered
sequence of lifts of tetrahedra andej; ;1 j  n, the edge in 7 corresponding to
the lift of e. It is possible thei; = ix even thoughj 6 k. See Figure?? (f-edge-
cycle) and Example ?? below. Now, for eache; that is a lift of e, there are two
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normal triangles and two normal quadrilaterals in ~;; that meet e;, . We will denote
the variables corresponding to the two normal triangle types by x; and Xio, using
xj; for the normal triangle at the base of the edgeej, and Xio at the tip of the edge
e, . We will denote the variables corresponding to the normal qadrilateral types
by yi, and yie; here we will usey;; for the normal quadrilateral at the base of the

edgee;, , whose edge agrees with an edge ®f upon entering the tetrahedron ~j
in our selected cyclic ordering anob/iio for the normal quadrilateral at the base of the

edgee;; , whose edge agrees with the edge &f upon exiting the tetrahedron ~j; in
our select cyclic ordering. Note that at the tip of the edgee;; , the roles of the two
normal quadrilaterals is exchanged; i.e., it is the quadriateral having the variable
yie that has an edge in common with the triangle having variablexijo at the tip of

the edgee;, upon entering the tetrahedron ~j in our selected cyclic ordering and
it is the quadrilateral having the variable y;; that has an edge in common with the
triangle having variable Xijo at the tip of the edge e;, upon exiting the tetrahedron
~j; in our selected cyclic ordering. Again, see Figure@? (f-edge-cycle).

Using this notation, we have two matching equations for the ac types in the
face of 7, at the base ofe;; :

i
Xij + FVYij 1+ = Xijp *Yio;

upon entering the tetrahedron ~j

Xip Yip = Xijy +VYio,

in our selected cyclic ordering, and

upon exiting the tetrahedron ~; in our selected cyclic ordering. Similarly, we have
two matching equations for the arc types in the face of ™, at the tip of e;; :

Xio | FYio | = Xio * i

upon entering the tetrahedron ~;

, in our selected cyclic ordering, and

XiJO + Yijo = Xijo+1 + Yiju s

upon exiting the tetrahedron
ventions and starting in the tetrahedron
the two systems of equations:

i in our selected cyclic ordering. With these con-
~i, containing the lift e;, of e, we have

Xip ¥Yi, = Xj, + Yig and Xio + Yio = Xig + Vi,
Xip * Vi, = Xiz + Yig Xig + Yig = Xig + Vi,
Xip *Yip = Xija T VYio, Xio +Yio = Xjo + Vi,
Xi, + VYi, = Xip T VYio Xig + Yie = Xjo * Vi,
wherexi,,, = X Yio,, = YigiXig, = Xig andvi,., = Vi,-
If we add the equations in each of the columns we have:
n — .
(4.2) = (Vi Ye)=0;

with the subscripts reduced modulon. There are e such equations, wheree is the
number of edges of the triangulationT in the interior of M.
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Either column of equations sum to give us the same equation. btice that
it follows from this that there are e redundancies among the normal matching
equations, 4.1 above. This provides us an alternate methoda get at the dimension
of S(M; T). Namely, for M a closed 3{manifold, there are T variables, & normal
matching equation with e redundancies €, = €); hence,dm(S(M; T)) t+e. To
get the dimensiont + e exactly, using this method, we need to show that there are
exactly e redundancies. In the caseM is a bounded 3{manifold (@M#& ;), there
are 7t variables, & %f@ normal matching equations ande; redundancies. Hence,
dm(S(M; T)) t+ %f@ +e =t+e+ e = t+ e exactly the same as in the
closed case. See Exerci®.

SupposeF is a normal surface

If the triangulation T hast tetrahedra, there are 3 normal quadrilateral types.
From the above we havee quadrilateral matching equationsor e Q{ matching equa-
tions given in 4.2.

4.3. Normal Equations: The Projective Solution Space

If in addition to the matching equations, we add the equation

Wt
zi=1;
i=1

the solution set (again with z;  0;8i) is a compact, convex, linear cell inR”. It
is the intersection of the \standard" (n  1){simplex with the cone S(M; T) and
has one less dimension thar5(M; T). We call this compact, convex, linear cell
the projective solution spaceand denote it by P(M; T). We use P3(M; T) for the
intersection P(M; T)\S 53(M; T); P3(M; T)isa faq@ ofP(M; T).
Let kX k denote the “3{norm on R" (kXk = ?:ljxij). If X is a solution

to the matching equations, we let X = X=kX k denote its projection to P(M; T),
gle unique point where the ray from the origin through X meets the hyperplane

zi = 1. If X is an integer lattice points, then X is rational; conversely, every
rational point in P(M; T) is the projection of an integer lattice point in the normal
solution space, S(M; T). Two solutions X and X°in S(M; T) are said to be
projectively equivalentif X = X% If X and X ° are also are both integer lattice
points, then there is a unique smallest (smallest norm) intger lattice point Y
and positive integersk and k% so that X = kY and X°= kO . Of course,Y is
projectively equivalent to both X and X °. The compact, convex, linear cellP (M; T)
has a natural cell structure determined by its intersections with the coordinate
planes. If X is a solution in S(M; T) and C(X) is the smallest (lowest dimensional)
cell in P(M; T) containing X, we call C(X) the carrier of X. Each compact,
convex, linear cellP3(M; T) is a face of P(M; T) and if the carrier of F is a face
of P3(M; T), then every surface that projects into the carrier of F satis es the
guadrilateral condition J. In particular, if F is an embedded normal surface, then
there is a unique embedded normal surface for every nonnege¢ integer lattice
point that projects into the carrier of F. Finally, if the integer lattice point F in
S(M; T) can be written as a sumF = X + Y, where X and Y are also integer
lattice point in S(M; T), then X and Y are in C(F), the carrier of F; speci cally,
C(X) and C(Y) are faces ofC(F).
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4.3.1. Vertex solutions.  The vertices of P(M; T) are rational points (all
coordinates are rational); so, for any vertex there are nonegative integer lattice
points projecting to that vertex. If V is an integer solution in S(M; T) and V is
a vertex of P(M; T), we call V a vertex solution A vertex solution is an integer
solution that projects to a vertex in the projective solution space. For any of the
guadrilateral conditions, the vertices of P3(M; T) are vertices of P(M; T); so, the
vertex solutions for S;(M; T) are just those vertex solutions of S(M; T) that are
in S3(M; T).

We have the following very useful characterization of vertex solutions.

4.3.1.Lemma. For any 3{manifold M and triangulation T, an integer lattice
point V in S(M; T) is a vertex solution if and only if kV = X + Y implies that X
and Y are projectively equivalent toV.

Proof. If V is a vertex solution, thenC(V) = V is a vertex. So, ifV = X + Y,
then both X and Y project to faces of C(V) = V and so are projectively equivalent
to V.

To complete the proof, we will prove the negation; namely, weshow that if V is
not a vertex solution, then there are nonnegative integers; n; m and nonnegative
integer lattice points X and Y in S(M; T) so that kV = nX + mY and neither X
nor Y are projectively equivalent to V. Let C(V) be the carrier of V. Since we are
assumingV is not a vertex-solution, the dimension ofC(V) 1 and so, there are
distinct rational points X andY in C(V) so that V = gx + “TpY, where 0< p < q
are relatively prime integers. Thus we havekV = nX + mY for k = gkX kkYKk,
n= pkVkkYkandm=(q p)kVkkXk.

4.3.2. Fundamental solutions. One of the important properties of the nor-
mal solution space is that there is a nite set of nonnegativeinteger lattice points in
the coneS(M; T) so that any nonnegative integer lattice point in S(M; T) is a lin-
ear combination of elements from this set, using nonnegati¥ integer coe cients; in
fact, there is a unique minimal such set. Following the usagdy W. Haken, who in-
troduced this to normal surface theory [], we call this Hilbert basis the fundamental
solutions of the matching equations.

4.3.2. Theorem. SupposeT is a triangulation of the compact 3{manifold M.
There is a unique (minimal) set of nonnegative integer solubns F1;:::; Fk of the
matching equations (for T) so that if F is any nonnegative integer solution of the
matching equations, then

X
F= " niF;
i=1
where n; is a nonnegative integer for alli =1;:::;K.

Proof. We will say a collection of integer lattice pointsfFq1;:::;Fkgin S(M; T)
is asppnnlng setfor S(M; T), if for any integer lattice point F in S(M; T), we have
F = 2, hiFj; , where n; is a nonnegative integer8i. We rst prove that there
exists such spanning sets.

Let Vp;:::;Vnh be the vertices of the compact, convex, linear cellP (M; T).
For eachj; 1 | n, there is a unique integer lattice point V; so that every

integer lattice point that projects to Vj is a nonnegative integer multiple ofV;. Let



4.3. NORMAL EQUATIONS: THE PROJECTIVE SOLUTION SPACE 9

R= P ?ij k. There is a nite set of integer lattice points Fi;:::;Fmn in S(M; T)
with kFik R. We claim that this set spans S(M; T).
If this is not the case, tp,en there is some integer lattice pait X 2 S(M; T) and
X can not be written X = T niFi, wherenj;1 i m,is a nonnegative integer.
Select such anX having smallest norm among all such integer lattice points m
S(M; T) that can not be written an a nonnegative integer linear combnation of
Fi;:::;Fm. Note that since Vj;1 j  n, are the vertices of the compact, convex
linear cell P(M; T),
X0
X = 1V
1

where 0 rj < 1 are rational. Thus we have

X
X = SjVj;
1
where s; = rj(kX k=kVjk). But since kXk > R = P kvjk, somes; > 1. There
i§ no loss in generality to assumes; > 1. Butthen X = V; +(s; 1)V +
i 25iVip Vi+ X% Butthen kX% < kX k and by our selection ofX , we must
have X °= " nfF;, where eachn? is a nonnegative integer. However, then

X
X =V + n%Fi;

but V; is an F; and we have a contradiction to our assumption onX. Hence,

the only possibility is that X can not exist and the set of integer lattice points
Fi;::0Fm in S(M; T) with kFik R spanS(M; T).

S(M; T). Then we have

X X .
Fi=  njF} FP= miF;
J 1

where n} is a nonnegative integer for eachi and for everyj; 1  j K ? and

mi is a nonnegative integer for eachj and every i; 1 [ K. If the sets

fFy;::;Fkgand fF:::;F2.g are not equal, then we can assume notation cho-

sen so thatfFy;:::;Fkg 6 fFY:::; F,°<og and, in particular, we can assumeF; 62

fF2:::;F200. The above equations give

X o, X X ; X X ;
F]_: nijZ nj miFi: ( njmi)Fi:
i i i i
P ; P ; , P ;

It follows that = ;njm} = 1 and ;nim} = 0;i 2. Fom ;njm} = 1,
e have that there is ajo so that njmy’ = 1 and nfm} = 0;j 6 jo. From
jnfmi =0;i 2, we havenim] =0;8j;i 2, and so, in particular, for j = jo,

we have

1 X Jo — X 1 o =
nj, m;° = nj,m;" =0

i 2 i 2
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P : _ _ P :
and thus nj =0or ; ,m{° =0. Since nj, =1, it follows that ; ,m{* =0
and therefore m{" =0;i 2. This gives that

: : X .
Fo= mPFi=mPFi+ m°Fi=Fy
i i 2

But this is a contradiction to F; 6 Fj0 for any j.

The unique (minimal) nite set of integer lattice points F1;:::;Fk irbe(M; T),
having the property that for any lattice point F in S(M; T), F = :21 n;iFi,
where eachn; is a nonnegative integer, is called thefundamental solutions for
S(M; T). The subcollection Fy,;:::;Fy  corresponding to those fundamental

mental solutions for the coneS;(M; T).
As for vertex solutions, we have the following very useful chracterization of
fundamental solutions.

4.3.3.Lemma. For any 3{manifold M and triangulation T, an integer lattice
point F in S(M; T) is a fundamental solution if and only if F = X + Y implies
that X =0 or Y =0.

Proof. See Exercise??.

EXERCISES:

4.4. Geometric Addition of Normal Surfaces

4.4.1. Canonical form.  Normal surfaces provide an environment for the
study and understanding of intersections between surfaceand, in some cases, the
self intersections of a surface. In order to take advantagefdhis, we choose a canon-
ical form for an embedded normal surface. IfT is a triangulation of the 3{manifold
M and F is a normal surface inM, then the lift of each component of F in a
tetrahedron of T is an elementary disk. For an embedded normal surface, if the
tetrahedron ~; projects to j, then the components ofF in lift to a pairwise
disjoint collection of normal triangles and normal quadrilaterals in ~;. The idea of
a canonical form is to select the normal triangles and normabuadrilaterals nicely.

If isanormal triangle in the tetrahedron ~;, then meets three edges ofj in
three distinct points and these three points determine a ungue normal triangle in
~i, which is the convex hull of the three points. If is a normal quadrilateral, then
it meets the edges of™; in four points. If these points are not coplanar (lie in the
intersection of the tetrahedron with a hyperplane), then there are two \canonical”
choices for a nice normal quadrilateral in ~; having the same set of vertices as;
the di erence is in our choice of a diagonal for the canonicalquadrilateral, which
is the same as choosing a preferred pair of vertices of in opposite edges of the
tetrahedron. See Figure??. There is no reason to select one over the other;
however, for each tetrahedron ofT , we make a choice (assign the preferred opposite
edges) once and for all for each of the three normal quadrilaral types. A normal
guadrilateral that is the union of two convex triangles is sad to be nearly convex
A normal, convex triangle or normal, nearly convex quadrilaeral in a tetrahedron,
where the quadrilateral satis es one of our preferred choies for its diagonal, is



4.4. GEOMETRIC ADDITION OF NORMAL SURFACES 11
called a canonical elementary diskin ~;. Notice that a canonical elementary disk
in Tis invariant under a normal isotopy that is identity on the e dges of =

4.4.1. Lemma. A pairwise disjoint collection of elementary disks in a tetahe-
dron ~ is normally isotopic to a pairwise disjoint, collection of canonical elementary
disks in ~ via a normal isotopy that is identity on the edges of ™.

Proof. First, observe that any one of the elementary disks in a pairvise dis-
joint collection of elementary disks separates™into two cells and any other ele-
mentary disk in the collection has its vertex set entirely cantained in one of these
cells. Next, if an elementary disk ®and a canonical elementary disk in “have the
same set of vertices, there is a normal isotopy oftaking °to  which is identity
on the edges of~

If the collection has only one elementary disk, then we are dee by our second
observation. Thus, we suppose the statement is true for a pawise disjoint collection
of n elementary disks in "and assume our collection has n+1 such disks. If one of
the disks, say in the collection is a canonical elementary disk, then it seprates 7
and the remaining elementary disks in our collection, into wo sets havingk and k°
disks, where 0 k;k® n. By induction we can nd an appropriate normal isotopy
of ~taking each of these collections to a pairwise disjoint collection of canonical
elementary disks; however, such a normal isotopy must be idgity on  (a canonical
elementary disks acts as a barrier for such normal isotopig¢s Hence, we have the
desired result.

So, we have the situation where we have +1 elementary disks in our collection
and none of them are canonical. Let ° be any of our disks. Then there is a normal
isotopy that is the identity on the edges of taking  °to a canonical elementary disk

. Furthermore, the image of each of the remaining elementarylisks are elementary
disk and together with  form a pairwise disjoint collection of elementary disks in
7 But now, this new collection has one of its members a canonical elementary
disk and we can use the preceding argument to complete the ingttion step.

We will say a normal surface is acanonical normal surface if the lifts of its
components in each tetrahedron ofT form a collection of canonical elementary
disks. After the next proposition, we will typically drop th e \canonical" and assume
that a normal surface under consideration is canonical. Ndte that there is a unique
canonical normal surface having a given set of vertices in th 1{skeleton of T, up
to normal isotopy that is identity on the 1{skeleton; however, there are in nitely
many that are distinct in this sense but equivalent up to normal isotopy.

4.4.2.Proposition.  SupposeT is a triangulation of the 3{manifold M. Then
any embedded normal surface irM is normally isotopic to a canonical embedded
normal surface via an isotopy that is identity on the 1{skeleton of T .

Proof. Let F be a normal surface inM (with respect to T).

SinceF is a normal surface, we have that its intersection with any térahedron
of T lifts to a pairwise disjoint collection of elementary disks and from the previous
lemma, there is a normal isotopy of that tetrahedron, which is identity on its edges,
taking the given set of elementary disks to a pairwise disjait collection of canonical
elementary disks. Furthermore, if we have two points on disinct edges in a face of a
tetrahedron, there is a unique straight edge in the face betwen this pair of points.
Now, this and the fact that our face identi cations are a ne m aps, enables us to
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match the normal isotopies, which take the elementary disksn each tetrahedron to
a collection of canonical elementary disks in that tetrahedon. So, we can construct,
from the special normal isotopies on each tetrahedron, an abient normal isotopy

of M, which is identity on the 1{skeleton of T, and takesF to a canonical normal
surface. Note that to extend each of the isotopies on the vadus tetrahedra, it is
su cient that each of the normal isotopies on the tetrahedra be identity on the

1{skeleton.

4.4.2. intersection curves. Given two embedded normal surface§ and F©,
we can assume each is a canonical normal surface and the tworfaces meet trans-
versely. Thus the components of intersection between two ebedded normal sur-
faces consists of simple closed curves and spanning arcs agakch is a normal curve
in the induced cell-decompositions of the normal surfacesIn particular, a curve
of intersection between two normal surfaces consists of a uon of arcs, each an
intersection between a pair of elementary disks in a tetrahdron; one of the ele-
mentary disks in F and the other in FC These intersections may come from any
of the possible pairings of disks taken over the seven disk pes in a tetrahedron.
Pairings between distinct quadrilateral types give exceptonal problems. If a curve
of intersection between two normal surfaces contains an arthat is the intersection
of two quadrilaterals of di erent type, we say that it has an exceptional pairing
and we call the curve asingular curve of intersection; otherwise, we say all pairings
are regular pairings and we call the curve aregular curve of intersection. Regular
curves of intersection between normal surfaces have a spatiplace in the theory
and provide a direct link between the algebra of coordinatewise addition in R"
and standard \cut-and-paste” techniques in low-dimensioral topology. Notice that
if two normal surfaces F and F° satisfy the same quadrilateral conditions, then
either F\ F%=; or all curves of intersection betweenF and F° are regular curves
of intersection.

We set up an environment to study and discuss curves of interction between
two normal surfaces. SupposeC is a curve of intersection between the normal
surfacesF and F% Then C is transverse to the 2{skeleton ofT and thus if C meets
a face of T it meets it in a collection of points, each the intersection between two
normal arcs in that face. In Figure ??, we show this situation and provide notation
to consider C. The two intersecting segments in Part A provide a \schemati;"
these segments are shown again in Part B as they might appeania face of the
triangulation T; and in Part C, we see the origin of the schematic and the face
intersections, where we have two elementary disks meetingnia tetrahedron. In
Part C, we show an exceptional and a regular pairing.

For any two normal arcs in a triangle there is at least one edgef the triangle
that contains an end point of both of the normal arcs. If the normal arcs intersect,
the intersection point and the two end points on the same edgdorm a triangle in
the face. A vertex angle of the two intersecting normal arcs bhat is interior to such
a triangle is called afold. Of the four vertex angles determined by the intersecting
normal arcs, we have at most two that are folds and then the twofolds must be
opposite vertex angles. See Figur@?. Now, supposeis a tetrahedron and d and
d°are two elementary disks intersecting in the arca in ~ The elementary disks d
and d° separate ~into four components. If ag and a; denote the end points ofa
in faces v and ~; of Tthen the elementary disks d and d° meet ~ in intersecting
normal arcs meeting inag and meet ~ in intersecting normal arcs meeting inay.
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The pair of intersecting normal arcs in each face determinen that face four vertex
angles about eachs;;i = 0;1. Each of the four vertex angles aboutg; is in a unique
and distinct component of the complement ofd [ d°in T~ We will say a vertex
angle at ap corresponds to a vertex angle afa; if the two vertex angles are in the
same component of the complement ofl [ d°in T If mathitd and d° are not
di erent normal quad types, the pairing is regular, then corresponding angles are
either both folds or neither are folds; furthermore, opposie vertex-angles that are
not folds correspond to opposite vertex angles that are notdlds. However, this is
not the case for an exceptional pairing; in particular, for an exceptional pairing a
vertex angle with a fold always corresponds to a vertex anglevithout a fold and,
more importantly, opposite vertex angles that are not folds can never correspond
to opposite vertex angles that are not folds. See Figur&?.

These elementary observations lead to the following usefuemma; below they
serve in de ning a geometric addition for certain normal surfaces.

4.4.3.Lemma. SupposeT is a triangulation of the 3{manifold M, F and F%are
normal surfaces. Each regular curve of intersection betweeF and F°is orientation
preserving in M ; hence, a regular curve of intersection betweer and FCis either
orientation preserving on bothF and F° or orientation reversing on both.

Proof. SupposeC is a regular curve of intersection betweerF and F% C is
transverse to the 2{skeleton and can be decomposed as a callon of arcs, each of
which is a component of intersection between an elementaryidk in F and one in
FO As we traverseC, since C is regular, we have that opposite vertex angles on
a face, as we enter a tetrahedron, correspond to opposite vex angles on a face,
as we exit that tetrahedron. Hence, as we traverse&, we preserve opposite vertex
angles. It follows that C is orientation preserving (see Figure??).

Since a small regular neighborhood o€ is a solid torus and the surfaced- and
F % meet transversely, it follows that C is either orientation preserving on both F
and F 9 or orientation reversing on both.

4.4.3. Regular and irregular exchanges. If we have two intersecting nor-
mal arcs in a triangle, there are two ways to exchange the paings of their end
points to give two disjoint embedded spanning arcs in the trangle; but there is
a unique one of these that gives a pair of disjoint normal arcs Similarly, if two
elementary disks meet in a regular pairingin a tetrahedron, there are two ways
to \cut-and-paste" these disks to give two disjoint, properly embedded disks; but
there is a unique one that gives a pair of disjoint elementarydisks. In the case of
intersecting normal arcs in a triangle, if the exchange give disjoint normal arcs, we
call the exchange aregular exchange similarly, for intersecting elementary disks in
a tetrahedron, if the exchange gives disjoint elementary diks, we call the exchange
a regular exchange Notice that for a regular pairing, the unique regular exchange
for the elementary disks corresponds to the unique regularxxhanges for the two
pairs of intersecting normal arcs in the faces of the tetrahdron. On the other hand,
there is no way to make a \cut-and-paste" along an exceptionhapairing so that one
has the unique regular exchanges for the two pairs of intersging normal arcs in the
faces of the tetrahedron. A \cut-and-paste" between two elenentary disks meeting
in a regular pairing that is not regular is called an irregular exchange See Figure
??. It is easy to see from this gure why we chose the term \fold" above.
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If d and d°are two elementary disk in a tetrahedron that intersect in a regular
pairing, then following a regular exchange, we have two digjint elementary disk;
however, we remain with the same disk types asl and mathitd °

4.4.4. Geometric or Haken sum.
4.4.5. Schubert sum.



