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Abstract

This paper examines the initial-value problem for the two-dimensional
magnetohydrodynamic equation with only magnetic diffusion (without
velocity dissipation). Whether or not its classical solutions develop finite time
singularities is a difficult problem and remains open. This paper establishes
two main results. The first result features a regularity criterion in terms of the
magnetic field. This criterion comes naturally from our approach to obtain
a global bound for the vorticity. Due to the lack of velocity dissipation, it
is difficult to conclude the boundedness of the vorticity from the vorticity
equation itself. Instead we derive and involve a new equation for the combined
quantity of the vorticity and a singular integral operator on the tensor product
of the magnetic field. This criterion may be verifiable. Our second main result
is a weaker version of the small data global existence result, which is shown
by the bootstrap argument.

Keywords: magnetohydrodynamic equations, global wellposedness,

partial dissipation
Mathematics Subject Classification numbers: 76W05, 76D03, 35Q35

0951-7715/15/113935+21$33.00 © 2015 IOP Publishing Ltd & London Mathematical Society Printed in the UK 3935


mailto:jiuqs@cnu.edu.cn
mailto:djniu@cnu.edu.cn
mailto:jiahong.wu@okstate.edu
mailto:xjxu@bnu.edu.cn
mailto:yuhuandreamer@163.com
http://crossmark.crossref.org/dialog/?doi=10.1088/0951-7715/28/11/3935&domain=pdf&date_stamp=2015-10-08
publisher-id
doi
http://dx.doi.org/10.1088/0951-7715/28/11/3935

Nonlinearity 28 (2015) 3935 QJiuetal

1. Introduction

This paper examines the initial-value problem for the 2D incompressible magnetohydrody-
namic (MHD) equations

ur+u-Vu=—-Vp+b-Vb,
bi+u-Vb=>b-Vu+ nAb,
V-u=0, V-b=0,

(u, b)(x,0) = (uo(x), bo(x)),

where u = u(x, f) denotes the velocity of the fluid, b = b(x, f) the magnetic field and
p = p(x, t) the scalar pressure. The parameter 1 > 0 denotes the magnetic diffusivity. Due to
the lack of the velocity dissipation, the global well-posedness issue is extremely difficult and
remains open.

The work presented here contributes to the efforts towards the resolution of the global
regularity problem on the 2D MHD equations with partial or fractional dissipation. We recall
some of the recent developments in this direction. For the convenience of the description, we
write the 2D MHD equations with general partial dissipation as follows,

(1.1

U+ u-Vu=>0-Vb—Vp+ 10,1 + V20,1,
bi+u-Vb=>b-Vu+n0ub+ 10ub, (1.2)
V-u=0,V-b=0.

The two extreme cases, (1.2) with v;,>0,v,>0,7,>0,7,>0 and (1.2) with
v =1y =1, = 1, = 0, are either too easy or too difficult. Whenv, = v, =71, =1,=0,(1.2)
becomes completely inviscid and the global regularity issue remains outstandingly open.
When v; > 0,v,>0,71,> 0 and 1, > 0, the global regularity can be established in a similar
way as that for the 2D Navier-Stokes equations (see, e.g. [24]). Mathematically it is very
natural to study the intermediate cases. In addition, some of the partial dissipation cases do
have strong physical backgrounds (see, e.g. [3, 26]). The global regularity issue on these cases
has attracted considerable interests in the last few years and progress has been made for some
cases (see, e.g. [4-9, 12, 13, 15, 16, 17-20, 22, 23, 27, 31, 33-37, 39-43]). Equation (1.2)
with v; = 0,1,>0,1,> 0,1, = 0 and (1.2) with v;> 0,1, = 0,7, = 0,71, > 0 were recently
examined by Cao and Wu and shown to possess global classical solutions for any suffi-
ciently smooth data [6]. Some partial results have also been obtained for the case (1.2) with
v1> 0,1, =0,1,> 0,71, = 0(4].

Another prominent partial dissipation case is when there is only velocity dissipation (no
magnetic diffusion), namely, (1.2) with v; = v, > 0 and 1, = 7, = 0. The global well-posed-
ness for this case is open. The velocity dissipation alone is not enough to prove global bounds
in any Sobolev space. Very recent efforts are devoted to global solutions near an equilibrium
and progress has been made ([15, 22, 27, 37, 43]). The pioneering work of Lin et al in this
direction reformulated the system in Lagrangian coordinates and estimated the Lagrangian
velocity through the anisotropic Littlewood—Paley theory and anisotropic Besov space tech-
niques [22]. The paper of Ren et al obtained this global well-posedness near an equilibrium
without resorting to the Lagrangian coordinates and rigorously confirmed an numerical obser-
vation by establishing explicit large-time decay rates [27]. Wu et al recently considered the
MHD equations with a velocity damping term and obtained the global solutions near an equi-
librium [37]. The approach in [37] is completely different from those in [22, 27, 43]. Wu
et al [37] offers a systematic new procedure for diagonalizing the system of linearized equa-
tions and converting the differential equations into an integral form.
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When there is only magnetic diffusion and no velocity dissipation, namely, v; = v, = 0
and 7, = 1, > 0 in (1.2), the global regularity problem remains open. But we do have global
H'-bound for (u, b) in this case [6, 20], which ensures the global existence of weak solutions.
It is not clear if such weak solutions are unique or if they can be improved to classical solu-
tions when the initial datum is sufficiently smooth. In addition, the work of Cao et al [7] indi-
cates that this case is critical in the sense that a slight more dissipation would yield the global
regularity. More precisely, if we replace Ab by —(—A)%b with any 3> 1, then the resulting
equation does have a global classical solution [7]. A different approach from [7] was later
obtained by Jiu and Zhao [18].

The aim of this paper is to gain further understanding of the global regularity problem for
the MHD equation with only magnetic diffusion, namely (1.1). We present two main results in
hope that they shed light on the eventual resolution of this difficult global regularity problem.
The first result features a regularity criterion, which may be verifiable and thus leads to the
global regularity.

Theorem 1.1. Let s > 2. Assume (ug, bo) € H*R?) with V - ug =V - by = 0. Let (u, b) be
the local (in time) solution of (1.1) on [0, T*). Let Ty > T*. If there is o > 0 and an integer
ko > O such that b satisfies

To
M(Ty) = 37 2% 1Sk 1(b @ b) |~ dt < oo, 1.3
(1.3)

k=ko

then the local solution can be extended to [0, Ty]. Here b @ b denotes the tensor product and
S; denotes the identity approximator defined through the Littlewood—Paley decomposition (see
section 2 for details).

We describe the difficulty in dealing with the global regularity problem and explain how
the condition (1.3) naturally comes out. The magnetic diffusion does provide certain global
regularity, but it fails to produce the crucial global bounds we need when they are applied
on the vorticity equation. More precisely, energy estimates do yield the global H'-bound for
(u, b). In addition, by taking advantage of the regularizing effect of the heat kernel, we can
also show that, for any 2 < p < 00,2 < g < 00,

b € L0, T; W*P(R?)), w € 10, T; LP(R?))

for any 7 > 0, where w = curl u. However, it is not clear if ||w||z=(,7:15) < oo for all T < oo.
The lack of the global bound for || V|| =g with j = curl b makes it impossible to obtain a
global bound directly from the vorticity equation

wi+u-Vw=>b-Vj. (1.4)
To circumvent this difficulty, we consider the combined quantity
G=w+RMbRDb), R = (—A) 'curl div.

It is shown here that G satisfies

2
0G+u-VG=—[R,u-VIbob)—2> R(Ob @ Ohb)
k=1
+RNVu (b b))+ R((b@Db)(Vu)), (1.5)

where Vu (b ® b) denotes the standard multiplication of two matrices Vu and b ® b, and (Vu)T
denotes the transpose of Vu. Although (1.5) looks more complex than the vorticity equa-
tion (1.4), some of the terms on the right of (1.5) are less regularity demanding and can be
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suitably bounded via commutator estimates. Since the singular integral type operator R is not
bounded in L, we intend to bound G in the Besov space BgO,I (see section 2 for its definition).

We remark that Bgoy, is a natural choice due to the fact that Bgo‘l C L™ is slightly smaller than

0

L and the operator R functions well in B‘;O,l. However, if the setup is B, ;, the estimate of G

in this space generates a multiplication factor in terms of Vu, namely

t
IGllp , < CAGONg0 + Il ,1>(1 + J IVl dT), (16)

where G(0) denotes the initial data of G and f denotes the right-hand side of (1.5). We need
(1.3) in order to show that

WA Do, 78,y < 00

In fact, (1.3) is needed only in controlling part of the last two terms in f. As a consequence,
we can then show that

||w||1‘°°([0,76];32c.1) <00,

which is sufficient for further higher regularity of (u, b). Thus the local solution can be
extended to [0, T].

Our second result elucidates a basic fact on the 2D MHD equations (1.1) with or even
without a magnetic diffusion. Given any fixed time 7" > 0. We can find sufficiently small data
such that (1.1) always possesses a unique solution on [0, 7T']. More precisely, we have the fol-
lowing theorem for (1.1).

Theorem 1.2. Consider (1.1) with n>0. Assume (ug,by) € HR?) with s>2 and
V uy=V-by=0.Let T > 0. Then, there exists § = 6(T) > 0 such that, if

1ol < O, (1.7)

then (1.1) has a unique solution (u, b) on [0, T] satisfying
(u,b) e L*([0, TI; H'(R?)) and b e L*([0,T]; H " '(R?).

We remark that theorem 1.2 requires only the smallness of by (¢y needs not be small). For
(1.1) without magnetic diffusion, namely (1.1) with 7 = 0, we need the smallness of both
and b.

Theorem 1.3. Consider the inviscid MHD equation, namely (1.1) with n = 0. Let s > 2.
Assume (ug, bo) € HH R withV - ug = V - by = 0. Let T > 0. Then there exists § = 6(T) >0
such that, if

| (o, bo) | < 6,

then the inviscid MHD equation has a unique solution (u, b) on [0, T] with
u € C([0, T1; HS(R?), b € C([0, T1; H(R?).

We note that the results in theorems 1.2 and 1.3 are weaker than the standard small data
global regularity results, which require the choice of the smallness fits all time 7. However,
for (1.1), it is not even clear whether sufficiently small data would yield global classical solu-
tions. The Lorentz forcing term and the lack of dissipation in the velocity equation make it
very difficult to control the Sobolev norms of the solutions. Even if u is uniformly Lipschitz
in time, namely
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IVu(, D~ < C,

the Sobolev norm of b depends on the time integral of ||Vu|| =, which still grows without
bound. This simple reasoning indicates that the issue of small data global well-posedness may
be as difficult as the well-posedness issue for general initial data.

Theorems 1.2 and 1.3 are proven through the bootstrap principle and their proofs are not
very difficult. A good reference for the abstract bootstrap principle is the book by Tao [30,
p 20].

The rest of this paper is divided into four sections. Section 2 makes several preparations
including presenting the Littlewood—Paley decomposition, functional spaces and related ine-
qualities. Section 3 provides the global H' bound and the LIL? estimates on the solution and
its derivatives by making use of the regularizing effects of the heat kernel. Section 4 proves
theorem 1.1 while section 5 proves theorems 1.2 and 1.3. Throughout the rest of this paper, C
stands for a generic constant. The L”- norm of a function fis denoted by || f||.», and the Sobolev
norm by || fllwer.

2. Preparations

This section includes several parts. It recalls the Littlewood—Paley theory, introduces the
Besov spaces, provides Bernstein inequalities as well as a commutator estimate.

We start with the definitions of some of the functional spaces and related facts that will be
used in the subsequent sections. Materials on Besov space and related facts presented here can
be found in several books and many papers (see, e.g. [1, 2, 25, 28, 32]).

2.1. Fourier transform and the Littlewood—Paley theory

We start with several notations. S denotes the usual Schwarz class and &' its dual, the space of
tempered distributions. Sy denotes a subspace of S defined by

So= {¢e$: [ 6w ar=o0.|4|= 0,1,2,~.}
R
and Sj denotes its dual. Sf, can be identified as
0= SISy = SIP,

where P denotes the space of multinomials. On the Schwartz class, we can define the Fourier
transform and its inverse via

_
@m?

1

f@©= on

[rwear, fo=—— [ Feea
R? R

To introduce the Littlewood—Paley decomposition, we write for each j € Z
Aj={€eR!: 271g|¢ <2/

The Littlewood—Paley decomposition asserts the existence of a sequence of functions
{®}jez € S such that

supp B C A, B(E) = Bp(27E) or  B(x) = 211(2x),

and
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X s o 1L ifEeRIN(0),
Z(I)’(g){o, if £=0.

j=—00
Therefore, for a general function ¢ € S, we have
f: QOY () =¥ (&) for E€RIN\{0}.
j=—00
In addition, if ¢ € Sy, then
’fj BV () = (&) forany L€ RY,
j=—00
That is, for i € S,
¥ @eu=v
j=—00
and hence
i bxf=f,  fe€S
j=—00

in the sense of weak-x topology of ;. For notational convenience, we define

Af=dxf, jeL @.1)

We now choose ¥ € S such that
V) =1-Y 9. EeRre
j=0

Then, for any ¢ € S,

NS Y T

j=0

and hence

Teft S @afof

j=0
in &’ for any f€ S’. We set

0, if j<—2,
Aff =W xf, if j=—1, (2.2)
D« f, ifj=0,1,2,---.

For notational convenience, we write A; for Aj when there is no confusion. They are dif-
ferent for j < —1. As provided below, the homogeneous Besov spaces are defined in terms of
Aj while the inhomogeneous Besov spaces are defined in A;. Besides the Fourier localization
operators A, the partial sum S; is also a useful notation. For an integer j,
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j—1
Si= > A

k=—1

where Ay is given by (2.2). For any f€ &', the Fourier transform of S; f is supported on the
ball of radius 2/ and

Sif—f inS'.
In addition, for two tempered distributions u and v, we also recall the notion of paraproducts

Ty =Y 8_wAp, Ru,v)= > Auly

J li—jl<2
and Bony’s decomposition

w =Ty + Tu+ R(u,v). 2.3)

2.2. Besov spaces

Definition 2.1. For s € R and 1 < p, ¢ < 0o, the homogeneous Besov space ﬁ;’q consists of
fe Sy satisfying

11z, = 12718l s < oo,

Definition 2.2. The inhomogeneous Besov space B;,’ q with 1 <p,g < oo and s € R consists
of functions fe& &' satisfying

1A, = 127114 fllee e < 0.

2.3. Bernstein inequalities

Bernstein’s inequalities are useful tools in dealing with Fourier localized functions and these
inequalities trade integrability for derivatives. The following proposition provides Bernstein
type inequalities for fractional derivatives.

Proposition 2.3. Lera>0. Letl <p<g< oo
(1) If f satisfies
suppf C{&€€R? : 161K K27},

for some integer j and a constant K > 0, then
(1]
+jd( -+
1A gy < G 25~ e,

where C| is a constant depending on K, o, p and q only.
(2) If f satisfies
suppf C{{ER?: K2 <IEI< K2/}

for some integer j and constants 0 < K| < K, then
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) ’ a1 1
G2 sty < 1ALty < Ca 2= 0 fll .

where C, is a constant depending on Ky, K>, o, p and q only.

2.4. Commutator estimate and propagation of a Besov norm

The following commutator involving a standard singular integral operator will also be used
(see, e.g. [29]).

Lemma 2.4. Let R denote a standard singular integral operator, say Riesz transform or
R = (—A) 'curldiv. Let 1 <p<oo. For any integer k, for 0< sy, 5o < 1 and s1+ s:< 1, we
have

AR, u - V10)|lr < G205 2K At | || A6 2 2.4

1 1 1
wherel < p;,p, <ocand - = —+ —
P P P2

In addition, we need the following estimate on the propagation of the Besov norm Bg‘l of
solutions to a linear equation (see, e.g. [1, 14, 25]).

Lemma 2.5. Consider the linear equation

{a,a +u-VO0+uv(—A)0=f,

0(x,0) = Go(x), (2.5)

where v>= 0 and o € (0, 1). Then, there exists C > 0 such that
t
10050, < C (folly + IIfIIL;BgJ)(l + [ vl dr),
where g € [1, 00].

3. Preliminary bounds

This section proves some of the a priori bounds to be used in the subsequent section. It is
divided into two subsections. The first subsection contains the global H'-bound while the sec-
ond subsection proves the global bounds for [|w]|;»g2) and ||b|ly2, g2 for p € (2, 00).

3.1. Global H'-bound for (u, b)

This subsection provides the global H'-bound. This bound has been known before (see, e.g.
[6, 20]), but it is presented here for the sake of completeness. For the rest of this paper, as
defined before, w = curl ¥ and j = curl b.

Proposition 3.1.  If (u, b) solves system (1.1), then, for any t > 0,

. L . C(lluolP, +lbolP
() B> + 1) I + fo IVj(s) B> ds < (llwo s + [l g IR,)ee Mol ool 3.1

and consequently
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t
2 2 2
@) By + 16y + [ 16 ds

. C| 2 bolP?
< Clllwo Py +I1jp 1) Mz W0 4 g |2, 4+ 11Bo B, . (3.2)

Proof. It follows easily from (1.1) that, for any 7 > 0,
t
) 1B + 160 = +2 [ 196(5) I ds = ol + llbolE: - (33)
To prove (3.1), we employ the equations of w and j,
w+u-Vo=0>b-Vj, 3.4
Jo+u-Vi=b-Vw+ Aj+ 0(Vu, Vb), (3.5)

where

O(Vu,Vb) = 20:b1(O1ur + Oruy) — 201u(01b2 + 02b1).

Taking the [*-inner products of (3.4) with w and of (3.5) with j, we obtain
SIIBs +1 1B + 219)1E= 2 [V, Vb
dar ;2 J 2 J 2= s ).

By the Holder inequality and the Gagliardo—Nirenberg inequality,

[ovu Vb <Vl ITBI 1,1
<Cllwllz 1 1
<Cllll 1712 19711

By Young’s inequality,

d . . . .
SR 171 + 20V7IB: < Cllw B IR + IV IR -

In particular,

d
2 112 112 7112 2 7112
dt(”w“Lz + ||J||L2)+ I CJ“Lz <y ”Lz (“W”Lz +||]||L2)-

Recalling the global L>-bound in (3.1)—(3.3) then follow from Gronwall’s inequality. This
completes the proof of proposition 3.1. [

3.2. Bounds for ||w|l ez, @nd ||blly2sge With p € [2,00)

In order to obtain the desired global bounds, we need to use a regularization property involv-

Xz
ing the heat operator. Let K;(x) = (47rt)’§e’ . and write

e'Sf = Ki(x) #f.
Then the following lemma holds (see, e.g. [21]).
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Lemma 3.2. (Maximal L{L? regularity for the heat kernel) Define the operator A by
t
Af= f =98 Af(s) ds.
0

Let p,q€(1,00). Then A is bounded from LP(0,T;LI(RY)) to LP(0,T;LI(RY)) for every
T € (0, o0l

We are ready to prove the desired bounds.

Proposition 3.3. Assume that (ug, by) satisfies the conditions in theorem 1.1. Let p € [2, 00)
and q € (1, 00). Then the corresponding solution (u, b) of (1.1) obeys, for any T > 0,

Iwllzao, ;) < C, 6| o0, 7, w2y < C,s

where C is a constant depending on p, q, T and the initial data only.
Proof. We write the second equation in (1.1) as
b,— Ab=divf
with f, = bju — u;b (i = 1, 2). The global bound in proposition 3.1 and Sobolev’s inequality
indicate, for any p € [2, 00),
i €L>0,T;LP).

Resorting to the heat kernel, we further write

t
b(x,t) = e'®bg —|—L e=92 div f(s, -)ds. (3.6)

For any p € [2,00) and p’ > 1satisfying % + pi =1

1610, :%) < CUK 0,70y 1ol + VKl 1o 7oy 1 20, 7:2))
Clbolle= + Il fllz=.7:27)

Clbollze =+ llell <o, 7;020) 1Bl <0, 75020))

C

/

bollggs—1 + Meall <o, 710 1M 220,72 111)
C, 3.7)

INININ N

where C is a constant depending on p, T and the initial data only. By (3.6) and lemma 3.2,

IVl 7y < CUIKI oo, 7.0 IV Bollr + 1| fllzao,7:20))
< CUIVboller + Nl f e, 7;07))
< Cllbollgz + Neellzco, 7. 101 (0, 7:1))
<C. (3.8)
Multiplying (3.4) by |w[P~2w with p € [2, o), we obtain

1d . _ ; -
;allw IIZp:fb'VJ'WIw\” 2Bl IVjller llw 177

Therefore, for g € (1, co) and i + é =1,
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t
Ol < Neollr + [ 1BOI 1Vl ds
< Cllwollr + bl NVl
< Cllwoller + 1AblLszr). (3.9)

In addition, applying A to (3.6) and using lemma 3.2, we have
1Abllgr< CUIAbollr + 116 - Vi — u - Vbl ger)

< C(IIAbollLP F Wl Nollorr + Null 22 IVEN 20 )
L

—qr2
F

< C(IIAboIIU 1Bl Nl + lull 2 VO 20 ) (3.10)
L

By inserting (3.10) into (3.9) and applying the Gronwall inequality, we obtain the desired
bound for ||w/|z¢,7.2r). By Sobolev embedding, u € L9(0, T'; L*). As a consequence,

ldiv fllze,7:0y < Nl - Vbllpao,r:ey + 16 - Vullpao, .10
< ||14||L24(0,T;L0°) ||j||L2q(0,T;LP) + ||b||LZq(0,T;L°c) ”w”LZ”I(O,T;LP)
<C.

By (3.6) and lemma 3.2 again, we obtain, for any p € [2, ), g € (1, 00),

1ADIao, 7 < CUIAbollr + 11div fllso,7:10))

<C. (3.11)

This completes the proof of proposition 3.3. O
We also need the global bound in the following proposition.

Proposition 3.4. Assume that (ug, by) satisfies the conditions in theorem 1.1. Let (u, b) be the
corresponding solution of (1.1). Let p € [2,00). Then, for any T > 0,

1 jllz=@,7:7) < C, IWllz=@,7:27) < C,

where C depends on p, T and the initial data.

Proof. Multiplying (3.5) by | j|?~2j, we obtain after integration by parts

1d, N
;allj 7> +(p = DI 2 IVl = K + K, (3.12)

where

Klsz~va;j|j\1’*2,

K= [0vu,Vb)jljr2.

The estimate for K is given by

3945



Nonlinearity 28 (2015) 3935 QJiuetal

Ki=—(p—1) [b-9jljp-2

p—2 p—2
< (p = DIbI= N2 IVl 2wl N1, 2
R .
5”7 W12 IVjlll,2+Cp = DIb = w iz 1122, (3.13)

where A < Bmeans A < C B for a constant C. By integration by parts,
fa1b131142]'|]'|p72: - f”Zallblj‘j|p72_(p -1 f”zalbl‘ﬂpizalj,
f81b182u1j|j|”‘2= - fM1312b1j|j|p_2—(P -1 fu131b1|1'|"_zazj,
- fa1bza1ulj\j|p72: f’ft1311b2]|j|p72+(1’ -D fu181b2|j|p’281j,

— Joaidunjlir=2= [udiabijl jr2+(p = 1) [udabilir>di

Therefore,
K=((p-1) fulalbzalj|j|p_2+(l9 - 1)fulazb151j|j|p_2
—(p= 1) [wdbi02jjir 2 =(p = 1) [wdibidnjijir?

+ f - V(o) jIr2j.

Integrating by parts in the last term yields
Ke=—(p—1) [wdbdnijr>~(p = 1) [wowbioaijr->

+(p=1) [udbdnljir2=(p = 1) 0202172,

Therefore, by the Holder and the Young inequalities,

P2 =
K< 4(p = Dllulle= N1 2 IVilll2 Vel 1l 2
p—2 P2
S 4(p = Dllullz= 1712 IVl il 2
p—1  .r=2_ 2 ;
S — 12 Vil 24+Cp — Dllueliz= 111125 - (3.14)

Inserting (3.13) with (3.14) in (3.12), we obtain
1d p=2
ld .» B . .
pdtlljllﬂ" +(p = DI 2 IVIIIE:

S (p = DIBIE= w122 + (p = Dllaliz=117 17
S (p = DIbI=llwlls +(p — DAl + 1111, -

Gronwall’s inequality yields the desired result. The bound
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IWllz=,7;0) < C

follows from the vorticity equation and the bound for j. This proves proposition 3.4. O

4. Proof of theorem 1.1

This section proves theorem 1.1. The main effort is devoted to proving a global a priori bound
for [[wl| o - Due to the lack of a global bound on Vj in L™, the global bound for ||w||.~ does not
follow directly from the vorticity equation

w; +u - Vw = curldiv (b ® b). “4.n
To overcome this difficulty, we consider the combined quantity
G=w+ROLRD), R = (—A) curl div 4.2)

in order to eliminate the regularity-demanding term curl div(b ® b) in (4.1). More details will
be provided in the following proof.

Proof of theorem 1.1.  As mentioned previously, a key step is to control ||w|| 1 and this is
achieved through the consideration of a new quantity G, as defined in (4.2). We first derive
the equation for G. Multiplying the i-th component of the magnetic equation by b;, we have

(bi)lbj +u- Vbibj =b- Vuibj + Ab,bj (43)

Similarly,

(bj)lbi +u- Vbjbi =b- Vujb,- + Abjb, “4.4)
Adding (4.3) to (4.4), the (i, j)-th component of b ® b satisfies

2
(bib); + u - NV (biby) = (bib)) (Vu)T + Vu (bib)) + Abib) — 2> OibiOkbj,
k=1

or simply

2
GRb)+u-Voeb)=Vubeb)+ (bb)(Vu) + A(b®b)—22(3kb®8kb).

k=l (4.5)
Applying R = (—A) 'curl div to (4.5) yields to
(Rb@b))+u-VR(b®b) =—[R,u-VI(b®Db)
2
+R(Vu (b ®b)+ (b@b)(Vu)) —curldiv(b®b) —2 > R(Ob ® Ob). (4.6)

k=1

Adding (4.6)—(4.1) and setting G = w + R(b ® b), we get

2
0G+u-VG=—[R,u-VIbob)—2> R(Ob® Ob)
k=1
+RNVu (b ® b))+ R((b&b)(Vu)). 4.7)
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According to lemma 2.5,

t
||G||LrocBgoV]<C(||Go||BgC‘l+||f||L;BgC‘l)(1+ S il dr), 4.8)
where

2
f=—[R,u-V]beb)—2 Z R(Okb @ Okb) + R((b R b)Y(Vu)) + R(Vu(b ® b)).
k=1
If
11l < o0, 4.9)

then we would be able to obtain a global bound for ||w|| zo , which would imply global regular-
ity. In fact, if we have (4.8) with (4.9), then B

t
el <Gl -+ b @bl <Ilb @ bllyn +c(1 + J IVl dT)

t
<@ bl +C (14 [ Al + ol a )
o0, O 00,

Gronwall’s inequality and |6 @ b|| S |16 ||éf < 0 (0 < €< 1) then imply that
0, 0,1

lellye | < 00

and then higher regularities follow.

It then suffices to check (4.9). The terms in f can be estimated as follows. By the commuta-
tor estimate in lemma 2.4, for s € (0, 1),

IR VG @by <CllXully 1A G by -

For any s € (0, 1), || A'ul| o _can be bounded by ||w||.« for some large g € (2, c0). In fact, by
Bernstein’s inequality,

o0
IXullgo | <NA-Nullex + D AN ull
' k=0

oo
<Cllullz +C Y0 257 Agw]l
k=0

o 2
<Cllullz +C Z 2(“1+ﬁ)k | Agw|| e
k=0

<Cllull +C ol 32 2043
k=0

Therefore, if we choose g € (2, 00) such that s — 1 + 5 < 0, then

IXullye < Cllulle + llwllze) < occ.
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The regularity of b also implies that, for s € (0, 1) close to 1,
1A= ® b)llBgol < 0.

In fact, in a similar fashion as above, if § € (2, c0) such that —s + ¢+ % <0

I G @ by < CUNb IR <CAUIBIE +1VbIG).

Therefore,

IR u- VI @bl < C Ul + Iwlliee) Wb G2 + VD IR 2) < oo,

5
ILq

where we have used the bound in proposition 3.3. We now estimate the second term in f. For
any € >0,

2
Z R(Oxb ® Orb)
=1

<IVh IR
0, 1

0
B

By Bernstein’s inequality,

<Clbllz +C Y2 2% | AVbl|p

IVollg
k=0
0 2
<Cpllz+C S D) Abls
k=0
N k(4142
<Cliblz + ¢ 3 2 TN 0 Agbl
k=0

< ClIbllz + C IIAB|ls,
where e+ 1 + 2 < ry < 2. Therefore, by proposition 3.3,

2
> R(Ob ® Okb)

k=1

< o0.

<IVbIE., <CIbIR.,. +C NI

2 2
10 Lt Bf)o,] qu
LzBoc,l

We bound the last two terms in f. Their estimates are similar and we shall handle one of them.
By Bernstein’s inequality,

IR(Vu @b)lip < CIA(Vu®@b)l+ D 1A(Vu® @ b))~
k=0
< Cllwlip 1B17= + 32 N1A(Vub @ b))l

k=0

Following the notion of paraproducts, we write

A(Vu@ b)) = > A(SuoiVudu(b@b)+ > A(A,VuS,—1(b® b))

lk—ml<2 lk—ml<2

+ 3 AWALVEA, (b @ b)), (4.10)

m=k—1
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where Zm = Api1+ Ay + A, By Bernstein’s inequality,

Z ”Ak(Sm— 1Vu Am(b ® b))”L‘X< Z ”Sm—lvu”LOC ”Am(b b2 b)“L°O

le—m|<2 lk—m]<2

2
<C Y 20" ISu-wler | Anb @ b)|

[k—m|<2

2
SClwlee Yo 20" 1Ak @ )|~

k—m|<2

By Bernstein’s inequality and the Hardy-Littlewood-Sobolev inequality, the third term in
(4.10) can be bounded by

S IAALYVUR, BRI = S NAATA (A, VuZo(b @ b))l

m>k—1 m>k—1

<Y 20N UALYTuB b @ b))l

m=k—1

2 Y
<C Y 20°A,Vully [|Anb @ b)||p

m=k—1

2 2 ~
<Cllwle > 2a%™ 20" | Aub @ bl

m=k—1

The condition (1.3) is needed to handle the second term in (4.10). As in the estimate of the
first term, we have

2
Y AALYVU S, (b @) <C llwlle Yo 20" [1Su—1(b @ b) |l
l—ml<2 le—ml<2

Combining the estimates above, we have

2
IR(Vub @ b))l < Cllellyz (1B 1E~ +Cllwller 35 32 20" 1A © b) 1~

k>0 lk—ml<2

2 2 ~
FCNwllee D5 D0 264 24™ | A (b @ b)l|p

>0 m>k—1
2
+Cllwlie D5 D 24" [1Su1(b @ bl
>0 lk—ml<2
< Cwllgz 15 1> + C llwlls 1Bl ||b||B

2
q
00,1

2
+Cllwllze > 26 15— 1(b @ b) |-

4.11)
k20
We provide some details for the last inequality, namely
2,
Yo Do 20" 1A @bl < C bl 161l 2 (4.12)
k=0[k—m|<2 %0
2 (k—m) nZm \'N
o > 2a8 20" A @ D)l < C bl 115l 2 (4.13)
BY :

k=0 mzk—1 ol
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In fact, by the paraproduct decomposition,

2 2
oY 24" AN @B € 0265 Y 1 AKS-1b ® Al

>0 lk—ml<2 >0 -2
2
+C Y2288 3 [ AKAL @ S_ib)le
>0 k=n<2
2 ~
+C Y2 2d% ST JAAD ® Ab)||~
k>0 k-1
2
< C Y 2a% bl | Acblir
>0
2 2
+C > > 2a%D|b|Ix 24 | Ab |l
>0 sh—1
< C1bll= 120l -
BL,

This proves (4.12). The proof of (4.13) is similar. According to proposition 3.3, the first two
terms in (4.11) are time integrable if g is sufficiently large. Due to (1.3), the third term is also

time integrable if we choose ¢ large enough, say % < 0. Therefore we have proven (4.9). This
completes the proof of theorem 1.1. O

5. Proofs of theorems 1.2 and 1.3
To prove theorem 1.2, we recall the following abstract bootstrap argument or continuity argu-
ment (see, e.g. Tao [30, p 20].

Lemma 5.1. Let T > 0. Assume that two statements C(t) and H(t) with t € [0, T] satisfy the
following conditions:

(a) If H(¢) holds for some t € [0, T], then C(t) holds for the same t;

(b) If C(t) holds for some ty € [0, T], then H(t) holds for t in a neighborhood of to;
(c) If C(t) holds for t,, € [0, T]and t,, — t, then C(t) holds;

(d) C(t) holds for at least one t, € [0, T].

Then C(t) holds for all t € [0, T].
Proof of theorem 1.2. 'We use the bootstrap argument. Let v > 0 be a fixed large number, say

7> 2 1boll-

Denote by H(t) the statement that, for r € [0, T'],

1Dl zo=qro,r1: 5% +1 Bl 20,851y S Y (5.1
and C(r) the statement that

Y
Blz<qro.1: 9+ Ml 20,0110 1) < 5 (5.2)

The conditions (b)—(d) in lemma 5.1 are clearly true and it remains to verify (a) under the
smallness condition (1.7). Once this is verified, then the bootstrap argument would imply that
C(1), or (5.2) actually holds for any 7 € [0, T'].
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First it is not difficult to show that (5.1) implies

el 2o, e1;1%) < Colllwollms, v, T, m), (5.3)

where C will be made explicit later. It follows from the vorticity equation that the vorticity
is bounded. In fact,

Ow+u-Vw=>b-Vj
yields
oDl ool + b - Vil dr
< llollr + 1l bl dr
< Nuollz +N6lrs N 1D 20,0151

1
< luolls+—~T 7?2 =C. (5.4)
n

A standard H’-estimate involving the velocity equation yields

Al I < C NIVulle< llu |z + Cllullgs 116 - Vb,

or

Iluller < CNVulle< lullas + Cllbla 1161l

Inserting the logarithmic inequality

IVullp < CA A+ [lull 2 + llwllz~log(e + [|ullz+))

and invoking Gronwall’s inequality yield (5.3),

el <o, 1:%) < Colllueollas, v, T)
= exp(exp(CGT)(C+|luoll2)T + v*NT + log(e+luollz))),

where C| is specified in (5.4) and C is a pure constant.
We write J% = (I — A)°’? and recall that || f||lz= = ||J°f],;>- Applying J* to the equation of b
by+u-Vb=>b-Vu+nAb

and taking the inner product with J°b, we have, by V - u = 0,

1d
Eallbllgf +0lbIE o S C NI @bz 1Dl ger-

By the standard product estimate and the Sobolev embedding,
I/ @b)ll > < C llullgs 1Dll= + C [[Dl|ge lull < C lulla 1151l

Therefore,
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1d
S WPl 0l IRy < C lall 1l 16t < %nb Poor + C Nl 1151 -

By Gronwall’s inequality,

t
6C, Ollas < lbolla eXp(C j; llu, 7 1l dT)-

Therefore, by (5.3),
1DC, Ol < Mlbolles Cllluolles, v, T, m)

and

I6C, Ol + 1Bl 2500 < NPolles Cllluollee sy, T, 1)
It is then clear that we can choose sufficiently small 6 = §(T") such that

lezse bl zgpes < 5.
This completes the proof of theorem 1.2. O
We now turn to the proof of theorem 1.3.

Proof of theorem 1.3. When the magnetic diffusion term is not present in (1.1), the system
is inviscid. We need the smallness of both u and by. The proof is proceeded slightly differ-
ently from the previous proof. We still use the the bootstrap argument. We set v > 0 to be a
fixed number satisfying

v > 2||(uo, bo) |l

and assume that

el oo, 1;55) <75 16ll=go,m:m) <y,  t€[0,T].

In particular, by the Sobolev embedding, for s > 2,
IV ullz=qo,n:0=) < C 7, IVbll=qo.ne=y K Cvy, te€[0,T].

It then from (1.1) with n = 0 via standard energy estimates that
d
5w D)l < C (IVullp= + VBl 11w, D -

Consequently,

5 > [(UVullpe +1Vbl) d
||(u,b)<r>||Hs<||(uo,bo>||Hxefo e S

It is then clear that we can choose 6 = 6(T') such that, if || (i, bo) ||l < 6,

[[ORIG] RS %
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The bootstrap argument then implies that the inequality above holds for any ¢ € [0, T']. This
completes the proof of theorem 1.3. O
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