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THE TWO-DIMENSIONAL INCOMPRESSIBLE BOUSSINESQ
EQUATIONS WITH GENERAL CRITICAL DISSIPATION*

QUANSEN JIUt, CHANGXING MIAO*, JIAHONG WU$, AND ZHIFEI ZHANGY

Abstract. The two-dimensional incompressible Boussinesq equations with partial or fractional
dissipation have recently attracted considerable attention and the global regularity issue has been
extensively investigated. This paper aims at the global regularity in the case when the dissipation
is critical. The critical dissipation refers to a + 8 = 1 when A® = (—A)2 and AP represent the
fractional Laplacian dissipation in the velocity and the temperature equations, respectively. When
a =1and 8 = 0 or when @ = 0 and 8 = 1, the global regularity was obtained in [T. Hmidi,
S. Keraani, and F. Rousset, J. Differential Equations, 249 (2010), pp. 2147-2174; T. Hmidi, S.
Keraani, and F. Rousset, Comm. Partial Differential Equations, 36 (2011), pp. 420-445]. However,
the approaches there do not apply to the situation when a + 8 = 1 with both @ > 0 and 5 > 0.
The novelty here is to reduce the critical Boussinesq system to a critical active scalar equation or,
more precisely, the generalized critical surface quasi-geostrophic equation. When « is restricted to a
suitable range, the global regularity of the critical Boussinesq system can be obtained by exploiting
the global regularity of this scalar equation and the global bound for a combined quantity of the
vorticity and the temperature.
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1. Introduction. This paper studies the global (in time) regularity of solutions
to the two-dimensional (2D) incompressible Boussinesq equations with a general crit-
ical dissipation

Ou+u-Vu+vA®u = —Vp+ fes, xe€R2, t>0,
V-u=0, x €R2, t>0,

00 +u-VO+rAPH =0, z €R? t>0,
u(z,0) = uo(x), 0(x,0) =0(x), z € R?,

(1.1)

where u = u(z,t) denotes the 2D velocity, p = p(x,t) the pressure, § = 6(z,t) the
temperature, ey the unit vector in the vertical direction, and v > 0, k > 0,0 < a < 1,
and 0 < § < 1 are real parameters. Here A = /—A represents the Zygmund operator
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with A® being defined through the Fourier transform, namely,

Aof(e) = [e]* F(€),

where the Fourier transform is given by
flo) = [ e pia)da.
R2

Equation (1.1) generalizes the standard 2D Boussinesq equations in which the dissipa-
tion is given by the Laplacian operator. The Boussinesq equations with the standard
Laplacian model geophysical flows such as atmospheric fronts and oceanic circula-
tion, and play an important role in the study of Raleigh-Bernard convection (see,
e.g., [9, 17, 25, 29, 33, 34]). The generalization to include the fractional Laplacian
is mainly mathematical. Mathematically, the 2D Boussinesq equations serve as a
lower-dimensional model of the three-dimensional (3D) hydrodynamics equations. In
fact, the Boussinesq equations retain some key features of the 3D Navier—Stokes and
the Euler equations such as the vortex stretching mechanism. As pointed out in [26],
the inviscid Boussinesq equations can be identified with the 3D Euler equations for
axisymmetric flows.

This paper emphasizes the mathematics of (1.1) and is devoted to the global well-
posedness problem. We remark that this problem has recently attracted considerable
attention (see, e.g., [3, 5, 6, 12, 15, 16, 18, 19, 20, 21, 22, 24, 27]). This paper aims at
the global regularity of (1.1) with a general critical dissipation

(1.2) 0<a<l, 0<p<l, a+p=1.

This is an extremely difficult problem. When « and g are in the range in (1.2),
standard energy estimates do not yield the global bounds in any Sobolev spaces. It
appears that one needs at least & > 2 or 8 > 2 in order to bound the derivatives of the
solution [5, 21]. Therefore novel ideas are necessary to deal with the 2D Boussinesq
equations with such a low dissipation as specified in (1.2). In fact, even the subcritical
case a + 8 > 1 is not trivial and only certain ranges of o and  in this case are
resolved. Miao and Xue in [27] obtained the global regularity for (1.1) with o and 8
in the intervals

a€ <6%4\/67 1), B e (1—a, min{7+52\/6a—2,(j/(61__;2,2—2a}>.

Another subcritical case was solved by Constantin and Vicol [12], who verified the
global regularity of (1.1) with

v>0, k>0, «a€(0,2), £€(0,2), B>

24+ a’

The papers [19, 20] are the first to deal with the critical case a + 8 = 1. [19] proved
the global regularity for the special case &« = 1 and § = 0 while [20] for the case
a = 0 and 8 = 1. Unfortunately, the approaches in [19, 20] do not apply to the
general critical case (1.2). When the critical fractional dissipation is split between
the velocity equation and the temperature equation in (1.1), the situation becomes
very complicated. Magically we are able to reduce (1.1) with the general critical
case (1.2) into a critical active scalar equation or, more precisely, the generalized
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critical surface quasi-geostrophic equation (specified below). When « is restricted
to a suitable range, the global regularity of the critical Boussinesq system (1.1) can
be obtained by exploiting the global regularity of the critical scalar equation. More
precisely we are able to prove the following theorem.
THEOREM 1.1. Let ap < o <1 and oo+ B =1, where
23 — /145
(1.3) oy = ———— ~ 0.9132.
12

Assume that ug € Bg | (R?) with 0 > 2 and 6y € B3 (R?). Then (1.1) has a unique
global solution (u,0) satisfying, for any 0 < T < oo,

u € C([0,T]; BS,(R?)) N LY([0,T]; B3 1*(R?)),

4 6 € C([0,T]; B ;(R*)) N L'([0, T]; B3 17 (R?)).

Here Bj . with s € R and ¢, € [1,00] denotes an inhomogeneous Besov space
and its precise definition is given in section 4. The key component in the proof of
Theorem 1.1 is to establish the global a priori bounds in the class defined in (1.4).
This does not appear to be trivial and the energy methods are not sufficient for this
purpose. Although the global bounds for u in L>([0,T]; L?) and 6 in L*°([0,T7]; L9)
with ¢ € [2, 00] can be easily obtained, the global bounds for the derivatives are not

evident. To avoid the pressure term, we resort to the vorticity formulation

(1.5)

Oiw +u - Vw + vA%w = 010,
u=Vty, AYp=w or u=VtA~lw.

However, the “vortex stretching” term 016 appears to prevent us from proving any
global bound for w. A natural idea would be to eliminate 0160 from the vorticity
equation. For notational convenience, we set v = k = 1 in (1.1) throughout the rest
of this paper. Realizing that A% — 610 = A%(w — A~%010), we can hide 0:0 by
considering the new quantity

G=w—Ry0 with R,=A"70,
which satisfies
(1.6) G 4 u-VG + NG = [Ra,u- V]I + A°~20,0.
Here we have used the standard commutator notation
[Ra,u- V] =Ruo(u-VO) —u-VR,0.

Equation (1.6) can be obtained by taking the difference of the vorticity equation and
the resulting equation after applying R, to the temperature equation. Although (1.6)
appears to be more complicated than the vorticity equation, the commutator term
[Ra,u-V]0 is less singular than 016 in the vorticity equation. By obtaining a suitable
bound for [Rq,u - V]6, we are able to obtain a global bound for ||G|| 2 when o > 2.
In addition, by fully exploiting the dissipation with a > %, a global bound is also
established for |G|/« when ¢ is in the range

(1.7) 2<q<qo=

This global bound for |G|/« enables us to gain further regularity for G. In fact, we
establish that, for ap < a and s < 3a — 2, the Besov norm [|G|[p; _ obeys, for any
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T>0andt<T,
(1.8) 1G]

B;m S Ca

where C' is a constant depending on 7" and the norms of the initial data.

In contrast to the critical case with o« = 1 and £ = 0 dealt with in [19], the general
critical case appears to be more difficult. The regularity of G here does not translate
to the regularity on the vorticity w since the corresponding regularity of R,# is not
known for aw < 1. This paper offers a different approach by gaining further regularity
through the temperature equation

(1.9) D10 4+ u -V + A9 = 0.

Since u is determined by w through the Biot-Savart law, or v = V*A~lw and w =
G + Rab , we can decompose u into two parts,

(1.10) u=V*+rATlw =VIATIGH VEATIRO =T+ o
For ap < o and as a consequence of (1.8), w is regular in the sense that
IVl = [VV4AT G~ < C IG5y _ < C.
In addition, when oo + 3 = 1, v in terms of # can be written as
v=VrATIATO g 0.

Therefore, (1.9) is almost a generalized critical surface quasi-geostrophic (SQG)-type
equation first studied in [10] except that u here contains an extra regular velocity .
We remark that there is a large literature on the SQG equation and interested readers
may consult [4, 7, 8, 10, 11, 12, 13, 14, 23] and the references therein. Since energy
estimates do not appear to yield the desired global a priori bounds, we employ the
approach of Constantin and Vicol [12] to establish the global regularity of (1.9) and
(1.10). Different from the Schwartz class setting in [12], the initial data 6y here is in
H! with [|[V6||L~ < oo. The precise global existence and uniqueness of (1.9) and
(1.10) obtained here can be stated as follows.

THEOREM 1.2. Let f € (0,1) and 0 < T < oco. Let u be a 2D wvector field
satisfying V - u = 0 and

M = maX{Ha”Lm(O,T;Lz(Rz)), ||V6||Lm(O)T;Lm(R2))} < 00.
Consider the generalized critical SQG-type equation

00 +u-VO+A0=0, zeR? t>0,
(1.11) u=u+v, v=-VIA3TF96, zecR? t>0,
0(x,0) = Oo(z), z€R2

Assume that 0y € HY(R?) with
IV oo < 0.
Then (1.11) has a unique solution 0 € C([0,T); HY(R?)) satisfying
V0| o< 0,71 (r2)) < C(M, [|60]| 1, [[ Vo[, T).

In order to prove this theorem, we need to convert the operator relating v and 0,6,
namely, V+A 738 into an integral form. Since 8 € (0, 1), the standard Riesz potential
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formula does not appear to apply here (see, e.g., [31]). Nevertheless, V-A =35 can be
represented through an integral kernel by making use of the inverse Fourier transform
of functions of the form Kﬁ’“%, where Py, is a harmonic polynomial of degree k ([31,
p. 73]). As a special consequence, the symmetric part of Vv can be represented as

ot (vory=c [ TEY 5000) - a10)) dy

S(vv) = 2 |2 — y[1FP

N =

with
2

1 —2z129 23— 23
o(2) = W { 22— 22 2zmz0 |-

More details can be found in section 2.

The gained regularity in 6 via Theorem 1.2 allows us to assert the desired regular-
ity in the velocity and the vorticity. Especially, ||w|| .~ is bounded on any time interval
[0,T]. Further regularity leading to (1.4) is established through energy estimates in
Besov space settings. With these global bounds at our disposal, the global existence
part of Theorem 1.1 follows from a local existence through a standard procedure such
as the successive approximation and an extension of the local solution into a global
one with the aid of the global a priori bounds. The uniqueness of solutions in the
class (1.4) is clear.

The rest of this paper is organized as follows. Section 2 represents the relation
v=VEATIA~(=0) 9, 9 as an integral. Integral formulas for Vv and its symmetric
part are also derived in this section. Section 3 proves Theorem 1.2. Section 4 provides
the definitions of functional spaces such as the Besov spaces and related facts. In
addition, a commutator estimate in the Besov space setting is also proven in this
section. This commutator estimate will be used extensively in the sections that follow.
Sections 5 and 6 establish global a priori bounds for |G| .2 and for |G||Ls, where ¢
satisfies (1.7). Section 7 proves Theorem 1.1. To do so, we first obtain a global bound
of G in the Besov space By ., with any s < 3a — 2. This global bound and Theorem
1.2 yield the proof of Theorem 1.1.

2. Representing v = V+A3789,0 and Vv as integrals. In this section
we represent v = VEAT3789,0, its gradient Vv, and the symmetric part of Vv
as integrals. These integral representations will be used in the next section. More
precisely, we prove the following lemma.

LEMMA 2.1. Let 6 be a smooth function of R? which is sufficiently rapidly de-
creasing at co. Let B € (0,1) and v be given by

(2.1) v=VtA3F90.

Then v and Vv can be written as

T — 1
o) = CB) [ () dy

Vi) =) || | [ e o0 dy

(z—y)te@-y
o PP

(2.2) — 1+ 8)C®) / 016(y) dy,

R2

where C(f3) is a constant depending on 8 only, and a @ b denotes the tensor product
of two vectors a and b, namely, a @ b = (a;b;). Especially the symmetric part of Vv,
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denoted by S(Vv), is given by

oz —y)

(2.3) S(V'U) = - m

(Vo+ (Vo)) =C (010(x) — 010(y)) dy,

| =

where C' is a constant depending on 3 only and

1 —2z129 23— 23
o(z) = W [ 22— 22 2z |-

To derive the formulas in Lemma 2.1, we need a fact stated in the following
lemma, which can be found in Stein’s book ([31, p. 73]). We note that the Fourier

~

transform f(§) in Stein’s book ([31, p. 46]) is defined by

fio) = [ i< piay e

which is normally the definition of the inverse Fourier transform. This explains why
the Fourier transform f in Stein’s book is here changed to the inverse Fourier trans-
form fV.

LEMMA 2.2. Let Py(x) with x € R? be a homogeneous harmonic polynomial of
degree k, where k > 1 is an integer. Let 0 < a < d. Then, for a constant C(d,k, )
depending on d,k, and o only

<P’“7(£))v _ C(d K, o) 2e@)

|¢|d+R—a |z |Fte

in the sense that

Py.(€) B N Pe(@) vy da
| g @ de = Cdka) [ 0 6V (w)a

for every ¢ which is sufficiently rapidly decreasing at oo, and whose inverse Fourier
transform has the same property.

With this lemma at our disposal, we can now prove Lemma 2.1.

Proof of Lemma 2.1. By (2.1),

B(E) =i MEI* 010(9).
According to Lemma 2.2,

€L 1

v(@) =i (€41 7H7) < 0n0 = C(ﬁ)MTTB £ 010 = C(B) / (e—y

0(y) dy.
e oy 2P W

Since 5 € (0, 1), the kernel in the representation of v is not singular and we have
(z—y)*
Vo=C Ve |————1 010(y)d
1=00) [ V[t aow

— 1
:C(ﬁ)<(1) J)/ﬂpmaﬁ(y)dy
r—y)t @ (r—
—a+pep) [ LSl

R2 |z —y[3+F

010(y) dy.
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Equation (2.3) is obtained by taking the symmetric part of (2.2) and inserting 04 6(x)
in the resulting integral. The inserted term does not contribute to the integral thanks
to the fact that, for any r > 0,

/Z_T o(z)dz=0.

This completes the proof of Lemma 2.1. O

3. Global regularity for an active scalar with critical dissipation. The
goal of this section is to prove Theorem 1.2, which states the global regularity of
a generalized SQG-type equation with critical dissipation. The proof is obtained
by modifying the approach of Constantin and Vicol [12]. Different from [12], the
functional setting here is weaker.

To prove Theorem 1.2, we first establish the global existence and uniqueness of
(1.11) when @ is smooth and 6 is smooth and decays sufficiently fast at infinity.

THEOREM 3.1. Let B € (0,1] and 0 < T < oo. Let 6y € C®(R?) and decay
sufficiently fast at co. Let u be a smooth 2D wvector field satisfying V -u =0 and

M = max{HﬂHLm(QT;Lz(Rz)), ||V6||Lm(O)T;Lm(R2))} < Q0.
Then (1.11) has a unique global smooth solution 6 on [0,T]. In addition,
(3.1) VOl Lo 0,7:L00 2)) < C(M, [[0o| o<, [[VOo][ =, T),

where the constant C in the inequality above depends only on the quantities inside the
parenthesis.

We will be more specific about the decay requirement on 6y in the proof of The-
orem 3.1. The rest of this section proves Theorem 3.1 and then Theorem 1.2. The
proof of Theorem 3.1 employs the method of Constantin and Vicol [12]. We recall a
basic concept. For a given § > 0, a function f is said to have only small shocks with
a parameter ¢ or simply f € OSS;s if there is L > 0 such that

(3.2) |f(z) — f(y)] <0 whenever |x —y| < L.

The proof of Theorem 3.1 consists of two main parts. The first part shows that
0 € OSS; for a suitable 6 = 6(||0p||L>~) implies (3.1). L in (3.2) is not required to
be big in order for this part of the result to hold. What we really need here is a
smoothness property on € and it suffices for § € OSSs with a small L, say L < 1.
The second part proves that 6y € OSS s for some L > 0 implies that 0 € OSSs for
the same L. For the sake of clarity , we present each part as a proposition.

PROPOSITION 3.2. Let f € (0,1] and 0 < T < oo. Let u be a vector field
satisfying V - u = 0 and

M = max { ||| oo 0,:£2(R2))s V| Loo (0,131 (m2)) } < 00.
If 0 is in OSSs uniformly on [0, T] with 6 given by

C

[10ll -
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for a suitable pure constant C' > 0 (independent of 0y), then VO is bounded as in
(3.1).

PROPOSITION 3.3. Let f € (0,1] and 0 < T < oo. Let u be a vector field
satisfying V - u = 0 and

M = maX{Ha”Lm(O,T;Lz(Rz)), ||V6||Lm(O)T;Lm(R2))} < 00.

Assume that 0y € OSSj,4 for some § > 0. Then 6 € OSSs uniformly on [0,T].
With the two propositions above in our disposal, we can now prove Theorem 3.1.
Proof of Theorem 3.1. Since 6y € C°°(R?) and decays sufficiently fast at oo, it

is easy to check 6y € OSS;/4 for § given by (3.3). There are two different ways to

achieve this. The first is to use the simple inequality

|00(x) = Oo(y)| < [[VOol ]z =yl

and take L = §/(4]|V8y||L~). Alternatively, we first take R > 0 such that |6y (z)| <
/8 for any |z| > R. Then, by the uniform continuity of 6 in the disk |z| < 2R, there
is L1 > 0 such that

|00 () — Oo(y)| < 0/4

when [z —y| < Ly. Taking L = min{R, L1}, we obtain 6y € OSSs/4. By Proposi-
tion 3.3, § € OSSs uniformly on [0,7]. By Proposition 3.2, V@ satisfies (3.1). The
global existence and uniqueness follow from a local well-posedness and an extension
to a global solution through the global bound for | V0| e in (3.1). We omit further
details. This completes the proof of Theorem 3.1. O

Proof of Theorem 1.2. We first regularize u and the initial data. For € > 0, we
define p. to be the standard mollifier, namely,

x

ple) = plle]) € CF(R), p>0, /Wp(x)dx:l, pele) = 2 (%),

In addition, let x. be the standard smooth cutoff, namely, x.(z) = x(ex), x € C§°(R?),
and x(x) =1 in |z| < 2. Now we define

uc = Pe * 17, 98 = Pe * (X600)7
and consider the following regularized initial-value problem

00 +uc - VO + A =0, zcR% t>0,
(3.4) ut = U+ o, v¢=-—-VEIATIE90c, zeR2? t>0,
0¢(z,0) = 05(z), =€ R

Then 05 € C°>°(R?) and has the decay properties required in Theorem 3.1. Therefore,
by Theorem 3.1, (3.4) has a unique global smooth solution ¢ satisfying

VO Los 0,11 (r2)) < C(M, |05 o<, VO] Lo, T).
Since

1 1 1
16511 < [|6ol| = < V/6[V6o||7 l16oll= | V0l
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and |VO§|lL= < ||[VOo|lL, VO admits a global bound that is uniform with respect
to e,

V0| L 0,751 ®2)) < C(M, [|0o]l 1, [[VOol| o<, T).
In addition, a simple energy estimate shows that
(3.5) 10 < C(M, (|00l e, Vo]l L, T).
In fact, (3.5) follows from the energy inequality
Ld
2dt
and the global bounds ||Vu€| L~ < ||V L~ and

€ 8 e ~¢ € €
IVONZ + AT 207 < (IVa|lze + [Vl ) VO 122,

Vol | pee = |[VVEAT3HP0,6¢| Lo
(3.6) SO0 22 + VO L)
S O(Mv ||00||H17 ||v00||L00,T)

The interpolation inequality in (3.6) can be proven through the Littlewood—Paley
decomposition and the details are deferred to the end of section 4. Then 6¢ has a
weak limit § € H', namely,

(3.7) 0c — 6 weakly in H! as ¢ — 0.
In addition, it can be shown that
(3.8) 6 — 6 strongly in L? as € — 0.

This can be achieved by estimating the difference 6t — 62 through energy estimates.
Let u* and u®® be the corresponding velocities. Then § = 0" — 0 and @ = u* — u®
satisty

00 +7- VO +u-VO+ A =0.

Therefore,
d = B/2712 — _—
— 10172 + 2||AP7#0)|72. = =2 | w- VOO du.
dt R2

Noticing that

T=u"t —u?=u" —u?+ 0 — 0?2,

we obtain, by Hoélder’s inequality,

/ T- VO Gdr| < | — @ oo | VO | 2 |0 12
R2

o = o) (V8 (8]
Due to ||u®t — u®?|| L < Cle; — 2| M and recalling (3.5), we have

[ = AL [ VO |2 18] 22 < C'ler — €2 8]l e,
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where C = C(M, |00 11, || VOo|| L, T). Since
v — v = —VEATIAT (09,9,

and by the Hardy—Littlewood—Sobolev inequality,

€1

Jo = v 3 <A 5 < C Al

2 2
B B

By a simple interpolation inequality,

IV 2y < IVOULP IV L < COM, (180l 11, V60| L, T).

Therefore,
d — _ _ _
EHGI\%z +2||AP20)|7, < Cler — eo| 0]l 12 + C 0|7

Consequently,

[0@)][ 22 = 1160 (t) — 0 ()| 22
< C(Jer — ea| + (165" — 06| £2)e”"
< C(lex — eaf +1166" — oll> + 160 — 65| 2) e
< C max{ey, e} e,

where C = C(M, ||0o|| g1, |VOo||,T). This proves (3.8). By the interpolation in-
equality, for 0 < &’ < 1,

16— 8]l s < C 1165 — 632" (165 — 6]5°,

(3.7) and (3.8) imply that, for 0 < s’ < 1,
¢ — 6 strongly in H as e — 0.

This strong convergence allows us to show that @ is the corresponding global solution of
(1.11) satisfying 0 € L>([0,T]; H') and ||V0| L~ < C(M,||00||m1, V0| L=, T). The
continuity of @ in time, namely, § € C([0,T]; H'), follows from a standard approach
(see, e.g., [26, p. 111] or [1, p. 138]) and we omit the details. Finally, it is not hard to
verify that such solutions are unique. This completes the proof of Theorem 1.2. d

We now turn to the proofs of Propositions 3.2 and 3.3. To prove Proposition 3.2,
we will make use of the following lower bound obtained in [12]. This lower bound
improves a pointwise inequality of Cérdoba and Cérdoba [13].

LEMMA 3.4. Let B € (0,2) and q € [1,00]. Let f € CH(RY) decay sufficiently fast
at oco. Then the pointwise lower bound holds,

=

aq
d

VfI*ta
+|f| i

Collfllza"

where Co = Co(d, B8,q) is a constant and D is given by the principal value (P.V.)
integral

+

VP AUV 2 DA (V) + 5 DY)

T3

lg(x) — g(y)I?

PR

D@:C@mpv/

Rd
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Proof of Proposition 3.2. We show that, if

e 0SS; with ¢ = Lﬁ
160l 2=
for a suitable C, then V@ satisfies (3.1). Clearly, V0 satisfies
9:(VO) +u-V(V) + A (V) = —Vu(V0).

Dotting with V6@ and applying Lemma 3.4 yield

1 1 V|5
~ (0 +u-V+A)|VO]? + =D(VO) + %
2 2 Co [|6o]|

(3.9) <|VO-S(Vu) - VO] < [|S(Vu)| L= [VO(z)]?,

where S(Vu) denotes the symmetric part of Vu, or S(Vu) = $((Vu)+(Vu)?). Clearly
1S(Vu)l[pee < IVl + [[S(VO)l[Le < M+ [[S(VO)| Lo

Now we bound ||S(Vv)||zs=. According to Lemma 2.1,

[S(Vo(z))| < C

[ 2 vote) - o]

To further the estimate, we split the integral over R? into three parts:
lz—yl<p, p<le—yl<L |o—yl>L

for 0 < p < L to be specified later. By Holder’s inequality, the integral over |z —y| < p
is bounded by

nw

<\/D(VO) pt~=.

1
/ - mmﬁ(@ — 0(y)|dy
z—y|<p

Through integration by parts, the integral over p < |z — y| < L is bounded by

1
. 0(x) - 0(y)|dy| <&
/p o Ty ) )

1
—  _dy
/p<acy<L |z — y|2+P
=Cép P~

We remark that a rigorous justification of the estimate above can be carried out
through smooth cutoff functions. Again through integration by parts, the integral
over |x — y| > L is bounded by

1 -
/| | LWW(@—@@/”C@ < C||bollp=L"".
T—Y|>

Therefore,

1S(Vu)| 1= [VO(z)]*> < C\/D(VO) p'~ 2 |VO(x)|> + C 6 p~F |VO()[?
+ (M + C |00l =L~ ") |VO(z)|?

)
< %D(VG) O V@)t + Cop P V()2
+ (M + C[|6o|| L~ L~7) [VO(2)[?,



THE 2D BOUSSINESQ EQUATIONS 3437

where C’s are pure constants depending on § only. If we choose p and ¢ as

1 1

p= R and § = R
(4C Col|Oo || )27 [VO ()] C1H8 (4Co |00l ) 27
then
, 1 |Vo[>+h 5 5
[1S(Vu)||Le [VO(2)|" < 5D(VO) + —————5— + (M + C||fo]l = L7") [VO(z)|".
2 2Co |||~

Inserting this bound into (3.9) yields

VO (x)|*+F
20 [|60]| 7

1
(3.10) 5(& +u-V+ A%V + < (M + C||6o]| = L™P) |VO(x)|2.

This differential inequality allows us to conclude that
(3.11) VO(, )| < max{||V6o| poe, C(M, [|fo]| L)},

where C is given by

(3.12) C = (2Co(M + C [[0pll o< L=P) 7 |G|l oo

To show (3.11), we define I' : [0,00) — [0,00) to be a nondecreasing C? convex
function satisfying I'(p) = 0 for 0 < p < max{||VO| r=,C} and I'(p) > 0 for p >
max{|| V|1, C}. Multiplying (3.10) by I"(]V6|?) and applying the lower bound

(3.13) A(D(f) <T'(H A S,
where is valid for any 8 € (0,2) and any convex function I" (see [8, 13]), we obtain

1
5(& +u-V+A)T(|VE?)

2.8
< (M +C 60|l =L~ ") |VO(x)? {1 - %] I'(|Ve?).

It is easy to verify that the right-hand side of the inequality above is always less than
or equal to zero due to the definition of I'. Therefore,

(0 +u-V 4+ AHT(VE]?) <O0.

Thanks to V - u = 0 and the positivity of the integral
| 1@li@P? 4% fa)do =0
R2

we obtain [|D(|VO|*)||z2r < |T(|V00|?)||p2r for any 1 < p < co. Letting p — oo, we
have

IT(VO®)*) = < IT(IVO|*) || <0,

which implies (3.11). This completes the proof of Proposition 3.2. O
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To prove Proposition 3.3, we need the lower bound in the following lemma. This
lemma can be proven by following the lines of that for Lemma 3.4 (see [12]).

LEMMA 3.5. Let B € (0,2). Let h € R? and 6,0(z,t) = 0(x+h,t) —0(z,t). Then
the following pointwise lower bound holds,

000z, )7

1
5h0 AP61,0 > ZAP(61,6) + Dy (6,0) + C
2 1612 |1]#

)

where C' is a constant depending on [ only, and

(0nf(z,t) — nb(y, t))*
|z —y[+F

Dh((sh@) = CP.V./ dy.

R2
Proof of Proposition 3.3. Let h € R? and consider the evolution of

(3.14) gla,t;h) = (0n8(x,1))* D(h),

where ®(h) = e~ V(") with ¥ satisfying

(3.15) W(h) = T(|h|) is nondecreasing, ¥(0)=0, Y(h)— +oo as |h|— oco.

An explicit form of ¥ will be specified later. First of all, §,0 satisfies

(3.16) (O +u-V +8pu-Vy + A)6,0 =0,

where opu(z,t) = u(x + h,t) — u(x,t). Multiplying (3.16) by 0,0(x,t) ®(h) and ap-
plying Lemma 3.5, we obtain

0,0z, )7

(Or4+u-V+ou -V, + Aﬁ)g + 2Dy (610) ®(h) + C ®(h) HHHﬁ G
LOO

< (0n0(z,))? dpu - Vi ®@(h).
Noticing that V;,®(h) = —®(h)V,¥(h), we have

(610(,1))? Spu - V3, ®(h) = —(6,0(x,t))* () Spu - ViU ().
Therefore, if we write £L=0; +u-V + dpu - Vi, + AP, we obtain

gits

(W01 7o 1117

(3.17) Lg + 2Dy (6,0) D(h) + C < g |6nul U (|]).

B
2

o
Thanks to the assumptions on ,
|6nii] < M = min{ M|, 2[Jul| L(0.7:1.)} < 0.
Therefore, u = u + v satisfies
(3.18) 6| < M + |5hv).
According to Lemma 2.1,

(z —y)*
e o yFF 00(y) dy.

v(x,t) =C
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Since § € (0,1) and @ is bounded and decays sufficiently fast at oo, we obtain after
integration by parts,

wle.t) = me [ O i) ) g,

1 (1+8)(x1 —yp)?
= 9 d .
Ug(f,y) C 2 |:|$_y|1+5 + |$_y|3+5 (y) Yy
Therefore,
] <C [ sty 0l dy
<c L 50w )dy + 50,0 d
S Y, Yy Y, Yy
lz—y|<1 |{E - y|1+6 " lz—y|>1 |$ - y|1+'8 "

(3.19) < C6o||L=nr2-
Inserting the estimates of (3.18) and (3.19) in (3.17) and using ®(h) < 1, we obtain
gits

(3.20) Lg+C ——— <
18017 |1|#

Cs g (M + |00l z2nz=) ©'(|A)),

where C; and Cy are constants depending on  only. Now we choose

G (o) |n|*=2.
Cao(1 = Aol (M + 160 | 120 1<)

Certainly this choice satisfies (3.15). Then (3.20) becomes

Cig B Il
(3.21) Lg< —29 (58 -g%).
[hl2]1601 7~ ( )

Y(|n]) =

We can then conclude from (3.21) that
g(x,t;h) < 6% for |h| < L.

This can be proven by following a similar argument as in the proof of Proposition
3.2. More precisely, we multiply (3.21) by I'/(g) with T" being a nondecreasing smooth
convex function on [0, 00) satisfying f(p) =0 for 0 < p < 62 and positive for p > 3.
Thanks to (3.13),

= Ciyg g B\
L(T(g)) < ——=7—(05 —g2)I"(g) <0.
(F0) B [60]15

By first estimating the L?-norm of f(g) and then sending ¢ — 0o, we obtain that the
L*>-norm of f(g) is bounded by its initial L>-norm. Since initially g < §2 and thus
the initial L>-norm of I'(g) is zero, we have the L>-norm of I'(g) is zero for all time.
Therefore g < §2 and

1

16,0(z, )| < S0 (B(h)) "2 < pe2¥E) < 45,

This completes the proof of Proposition 3.3. d
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4. Besov spaces and a commutator estimate. This section provides the
definitions of some of the functional spaces and related facts to be used in the sub-
sequent sections . More details can be found in several books and many papers (see,
e.g., [1, 2, 28, 30, 32]). In addition, we prove a commutator estimate to be used
extensively in the sections that follow.

To introduce the Besov spaces, we start with some notation. S denotes the usual
Schwarz class and S’ its dual, the space of tempered distributions. Sy denotes a
subspace of S defined by

Soz{gbeS: ¢(x) 2" dx =0, |’y|:0,1,2,...}
Rd

and S denotes its dual. S} can be identified as
S,=8"/Sy =S')P,

where P denotes the space of multinomials. For each j € Z, we write
(4.1) Aj={¢eR?: 271 < ¢ <271}
The Littlewood—Paley decomposition asserts the existence of a sequence of functions
{®;} ez € S such that

suppEI;j C Ay, éj(g) = &\)0(2_j§) or ®;(x) =219 (272),
and
S () = {o Heso o

j=—o0

Therefore, for a general function ¢ € S, we have

o0

ST B0 = () for £ € R\ {0},

j=—o0

In addition, if ) € Sy, then

oo

3 3;(6)h(€) = d(&) for any € € R™

j=—o0

That is, for ¢ € Sy,
o0
D, =9
j=—00
and hence
o0
Yo @ixf=f  feS]
j=—00
in the sense of weak-* topology of §. For notational convenience, we define

(4.2) Ajf=®;«f, e
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_ DEFINITION 4.1. For s € R and 1 < p,q < oo, the homogeneous Besov space
By, consists of f € S satisfying

105y, = 12714 £l o ae < oo.

We now choose ¥ € S such that
V() =1-Y ®(¢), ¢eRr?
=0
Then, for any ¢ € S,

Ustp+ Y Bjxip =1

=0
and hence
(4.3) Ui f+> Oxf=f
=0

in &' for any f € §&’. To define the inhomogeneous Besov space, we set

0 if j < —2,
(4.4) Ajf=< Uxf  ifj=—1,
i« f  ifj=01,2,....

DEFINITION 4.2. The inhomogeneous Besov space By, , with 1 < p,q < oo and
s € R consists of functions f € 8" satisfying

11155, = 12770148 fllellie < oo

The Besov spaces é;a and By with s € (0,1) and 1 < p,q < oo can be equiva-
lently defined by the norms

_ Y 1/q
111, = (| Do Sl )

— »)4 1/q
”f”BZ,q = £l + (/Rd (|f($+rt)|d+£($)”L ) dt) .

When g = oo, the expressions are interpreted in the normal way.
Besides the Fourier localization operators Aj, the partial sum S; is also a useful
notation. For an integer 7,

j—1
Si= Y Ay,

k=—1

where Ay, is given by (4.4). For any f € &', the Fourier transform of S} f is supported
on the ball of radius 27.

Bernstein’s inequality is a useful tool on Fourier localized functions and these
inequalities trade integrability for derivatives. The following proposition provides
Bernstein-type inequalities for fractional derivatives.
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PROPOSITION 4.3. Let « > 0. Let 1 <p < q < 0.

(1) If f satisfies
supp f C {€ eR?: |¢| < K27}
for some integer j and a constant K > 0, then
I(=2)* Sl zaqgay < C1 227G D £ Loay.
(2) If f satisfies
supp f C {€ e R : K 27 < |¢] < K527}
for some integer j and constants 0 < Ky < Ky, then
C1 227 f paray < 1(=D)*Fll paray < C2 227G =D £l 1o ey,

where C1 and Cy are constants depending on o, p, and q only.

The rest of this section is devoted to the proof of a commutator estimate.

need the following lemma.
LEMMA 4.4. Let 6 € (0,1). Let q, g1, g2,71,72 € [1,00] satisfying
1 1 1 1

1
—+ — =, —+ —=1.
q1 q2 q 1 T2

IFfeBs (RY, |27 ¢ e L™2(R), and g € L% (RY), then

q1,71

(45) 6% (f9) = 6 gllzo < C el ™ F lara |7l 55 Nllzes

where C' is a constant independent of f,g, and h. In the borderline case when § =1,

(4.5) still holds if || f|l gs s replaced by ||V f||Lar and ro = 1.
91,71

The case when § = 1, ¢ = ¢, and g2 = co was obtained in [19, p. 2153]. The
fractional case with § € (0,1), ¢1 = ¢, and g2 = 0o was obtained by Chae and Wu in

[6]. Here we need to make use of the more general case when ¢; > q.

Proof of Lemma 4.4. By Minkowski’s inequality followed by Holder’s inequality,

for any ¢ € [1, o0],

o (79) = (6 sl = | [ | [ 660 0) ~ 10 = o = 2y o] ] v

< / 6 FC) = = 2) oo llgllodz
| 1£() = (= 2)llzas

< lgllza

d
o+

o++
. 111002 |
z L

Equation (4.5) then follows from the definition of égl .

s

Lr2

o
PROPOSITION 4.5. Let o € (0,1). Let s € (0,1) and 6 € (0,1) satisfy s + 1 —

a—0<0. Let g € [2,00), r € [1,00], q1,q2 € [2,00] satisfy %
constant C',

(4.6) IRas flgllss, < Cllfllsg, . N9l gaga-a-s-

q1,00

When 6 =1, (4.6) is still valid if ||f||Bg1 __ is replaced by ||V f| Le1-

1 1
ot Then, for a
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Proof. Let k > —1 be an integer. By the notion of paraproducts, we write

Ag[Ra, flg = J1 + J2 + J3,

where
= Y Ak(Ra(Si1fAj9) = Sj1f Ralg),
[i—k[<2
= Y AL(Ra(Aif S-19) = Ajf RaSja9).
[i—k[<2
= > Ak (Ra(8iF Big) = A Radyg)
j>k—1

with Zj = Aj_1 +A; +Ajyi. We first note that, if the Fourier transform of F'
is supported in the annulus around radius 27, then R, F can be represented as a
convolution,

(4.7) RoF =hjxF,  hj(x)=2041"9 py(277)

for a function hg in the Schwartz class S. This can be obtained by simply examining
the Fourier transform of R, F. By the definition of B .,

I[Ra Flallp; . = 112" 1Ak [Ra, flgll o],
(4.8) < |12 H 1Tl ol + (125512 e

o+ 125115 e

Applying Lemma 4.4, we find
illze < C20-R el 2 ho () o 1511l g 185011z
< 02 Il 1Azl
Thus,

(4.9) 1211 ol < CNFN s, Nl

s+l—a—4.
Bl12v"‘
By Bernstein’s inequality, we have

1J2llzs < C207 | fll gy [1Sj-19]|ze

a1,

<020l S Amglze

m<k—2

<Clflg . 3 20metmm gl-admyn g1,

m<k—2
Since s + 1 — a — § < 0, we obtain, by applying Young’s inequality for series,

(4.10) 12192l o |, < ClIf g3, . N9l

s+l—a—46.
Bigr
Similarly, we have

[ Jslle <C Y 207 1fllsz, . 129l La-
i=h—1
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Therefore, for s > 0, by Young’s inequality for series,

2515 all e < € |27 D0 2070 I f gy (1Al
j=k—1

(4.11) <CIfllss, . Ngllpgpr-a-s.

i

Combining (4.8), (4.9), (4.10), and (4.11), we obtain the desired bound in (4.6). This
completes the proof of Proposition 4.5. d

We have used a simple inequality, namely, (3.6) in the proof of Theorem 1.2 and we
now prove it. Its proof is deferred to this section since it involves the Littlewood—Paley
decomposition and Bernstein’s inequality described above. By Bernstein’s inequality,

VYA 010 oo < A VVEATP010 | e + 3 [|A;VVEATH0,0 o
j=0

< CIA0 2+ Y 277|256
j=0
<CON6%)|2 + D 20V V A0 e,
=0
which reduces to (3.6) by recalling that 8 € (0,1).

5. Global L2-bound for G. This section establishes a global a priori bound
for ||G|| 2. Recall that

(5.1) G=w—-—R,0 with R,=A"%
and G satisfies
(5.2) 0,G+u-VG+ NG = [Ra,u-V]9+A1_2°‘819.

This global bound is valid for any % <a<l

THEOREM 5.1. Assume (ug, 0o) satisfies the assumptions stated in Theorem 1.1.
Let (u,0) be the corresponding solution of (1.1). If 2 < o < 1, then G defined in (5.1)
has a global L?-bound, namely, for any T >0 and t < T,

t
1G(0)]2 + / IASG(r)|22 dr < C(T, uo, o),

where C(T, ugp,0o) is a constant depending on T and ||ug||r2 and ||0o] L2nrs only.
To prove Theorem 5.1, the following elementary global a priori bounds will be
used.
LEMMA 5.2. Assume that ug and 6y satisfy the conditions stated in Theorem 1.1.
Then the corresponding solution (u, ) of (1.1) obeys the global bounds, for anyt > 0,

10()[| - < [|6o]| - for any 2 <r < oo,

t
a 2
lu(t)22 + / IAZ ()20 dr < (luolZs +t]60]2:)*



THE 2D BOUSSINESQ EQUATIONS 3445

Proof of Theorem 5.1. Taking the inner product of (5.2) with G, we obtain, after
integration by parts,

| =

(5.3) 1G22 + A2 G232 = Jy + Jo,

D] =
U

t

where
Jy = /G[Ra,u- V00 dx = /GV R uld de,
Jy = /GAl—Qaale dz.
Let q1,q2 € [2, 00] satisfying q% + qiz = % By Hoélder’s inequality and Proposition 4.5,

1] < IAZG 2 [ATFATIV - [Ra, ulf)]| 2
< COfAZG| 2 lul s,

1,90

161 23
27504'
Bq212

Setting ¢; = % and noticing that
u=V*(-A)"lw=VH-A)"H G+ A?D.0),
we obtain, by the Hardy—Littlewood—Sobolev inequality,
lull g < ClA Ul a < CAY w] g

< CIA1G par + C |10]| 1o
(5.4) <C|Gllz + C ol Lar -

So, we get

lullBg, . < llullgo  +Cllullze < CIGllzz + Cllbollza + Cllull 2.

oo

_3
Thanks to the embedding L% — B;)Qza when a > %, we have

(5.5) 161l 2~ 50 < Cll6ol| o2

q2,2

Therefore, by Young’s inequality,
1 o
171 < 7 IIA3GIT + Cll0ollZee IGIIZ: + CllbolZer (10007ar + lluollZz + £*1160ll72)

where the C’s are pure constants. Since % <a<l,

| 2| < ||60]| 2 |A*2G| 2
o 4L -1 5—4
< 6ollz= IA2 615 VIG5
1, e =2y
<7 [AZG|I72 +C 6ol 73 IIGI7--

Inserting the bounds for J; and Js in (5.3) and applying Gronwall’s inequality yield
the desired bound. This completes the proof of Theorem 5.1. O
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6. Global L?-bound for G with 2 < g < go. This section proves a global
bound for |G|« with 2 < g < go, where qq is specified in (6.1). This global bound is
valid for any % <a<l

THEOREM 6.1. Let 3 < a <1 and o+ 8 = 1. Consider (1.1) with ug € H* and
0o € B3,. Let (u,0) be the corresponding smooth solution. Assume that 2 < q < qo
with qo given by

(6.1) q0 =

Then, for any T >0 andt < T,
IG(®)llLe < C(T',u0, ),

where C(T,ug,0p) is a constant depending on T, ug, and 0y only.
Proof. Taking the inner product of (5.2) with G|G|972, we have

(6.2) é%ucn%q + /G|G|q—2AaG do = Ky + Ko,
where

K, = /G|G|q*2 [Ra,u - V0 d,

Ky = /G|G|q*2 AY=209,0 da.

By a pointwise inequality for fractional Laplacians (see [13]) and a Sobolev embedding
inequality,

/G|G|q*2A“de >C /|A%|G|%|2dx > O |G| 4y
L2—a
where C, Cy > 0 are constants. To bound K7, we have for any s € (0,1),

K| < \ [ A (@I AT - (R ulf) da
< A(GIGT2) ez AT ([Ras ulf)] 2.
By Proposition 4.5, (5.4), and (5.5), we obtain

AT [Ra, ulbl| 22 = || [Ra ulfl -
< Cllullsg, . 161l gz-g-2e + Cllull2 [[6o]] 2

q1,00

< OGNz + 1ol ar + llullz2)l16ol[ e + C llull L2 100] L2 = B(?),

where 2 —2a < s, q1 = %, qil + q% = %, and B(t) is a smooth function of ¢ depending

on ||up||r2 and ||0o||L2nra nre= only. Choosing s satisfying

2 _
oys_q_ 227 a
q 2

and applying Lemma 6.2 below, we obtain

— —2 —2
IA(GIGI2) e < CIGI By 1G]y 22 = CUGH 1G5
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Combining the estimates, we obtain, for any ¢t < T,

IKlléB()HGllq HGIIH3< HGllq +CHGIII";

a
57

where C' is a constant dependlng on T and the norms of the initial data. Since
2 —2a < s,

(K| <11+ A (GIGI" )2 |1+ A)* 722770 2
< C(IIAS(GIGIq’z)I\Lz + G152 160ll 2

HGllq _+C HG||2 +C|IGIIT2" (160l 2 -

Inserting the estimates for K7 and K5 in (6.2) and using the fact in Theorem 5.1 that,

for 4 <2 and any T' > 0,
T
/ IGIE , dt < oo,

we then obtain the desired global bound. The conditions on the indices

q>2, 2—s5—2a<0, 2—1—3—04—M:g
q 2
are fulfilled if
o<>é 2<q<q058_4a.
5 - 8 —Ta

This completes the proof of Theorem 6.1. O

We have used the following lemma in the proof of Theorem 6.1. This lemma
generalizes a previous inequality of [19, p. 2170].

LEMMA 6.2. Let s € (0,1), a € (0,1), and q € [2,00). Then,

[A°(GIG|72) | L2 <CIIGHq NGl
o) -—qi-a) >

Especially,
(6.3) [A*(GIG|772)|| 2 < CHGIIq _ Gl

2(2—a) -
frteme- =

Proof. Identifying H* with the Besov space B§)2, we have
G|G]T72(- — 2) — G|G|772()|?
||AS(G|G|q72)||%2 _ / H | | ( Z) | | ()HL?

|z|2+25

Using the simple inequality, for ¢ > 2,
lalal?™? = b[b|77?| < C'la —b(lal*™? + [b]7~?)
and Holder’s inequality, we have

IGIGIT2( = 2) = GIGI* ()1 < CIGIY &2 1G( = 2) = GO

29 -
L2E—a)—q(I—a)

Therefore,
s - 2
IA*(GIGI* )% < CIIGH “ )HGIIQS
w2
o 24s—a— 2@2-a) °
Equation (6.3) holds due to the embedding B, , ¢ = DB, ,- This

2@—a)—q(I-a)’
completes the proof of Lemma 6.2. O



3448 Q. JIU, C. MIAO, J. WU, AND Z. ZHANG

7. Proof of Theorem 1.1. This section proves Theorem 1.1. To do so, we
need more regularity for G. By fully exploiting the dissipation, we are able to show in
Proposition 7.1 below that G in Bj ., with any s <3a—2and 2 < g < qo is bounded
for all time.

ProrosITION 7.1. Consider the IVP (1.1) with oy < a < 1. Assume the
initial data (ug, o) satisfy the conditions stated in Theorem 1.1 and let (u,0) be the
corresponding solution. If the indices s and q satisfy

8 — 4«
8§ —7a’

(7.1) 0<s<3a—2, <qg<q =

20— 1
then G obeys the global a priori bound, for any T > 0,
GllL=o,;Bs ) < C,

where C' is a constant depending on T and the initial norms only.

This proposition will be proven at the end of this section. With this proposition
at our disposal, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. The key part of the proof is to establish the global a priori
bounds of the solution in the functional setting (1.4). According to Proposition 7.1,
for any T' > 0, and s and ¢ satisfying (7.1), we have

(7.2) G=w—-A"0,0 € L™(0,T; B; )
Since u = V- A~1w, we have

u=V ATTGH VAT AT 00 =T+ 0.
Since ap < a < 1, we can choose ¢ satisfying (7.1) such that

2
=~ (3a-2)<0.
i )

In fact, thanks to ap < a, we have

and any ¢ satisfying

8 — 4«
8 —Ta

<qg< =
30— 2 q < 4o

would work. By the embedding Bgo)l — L°° Bernstein’s inequality, and the bound-
edness of Riesz transforms on L9,

V] < > [VVEATIAG|

j=—1

<C Y 2N L

j=—1

0o I
< HG”BSoc Z 2I(5—9)

j=—1
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Taking s < 3o — 2 but close to 3a — 2, we have % — 5 < 0 and thus
M = ||Vl Lo (0,11 < 00.
Applying Theorem 1.2 to the equation for 6,

00 +u-VO+ A0 =0,
u=u+v, v=-VIATIAT290,

we obtain

(7.3) 0 C(0, T H"),  [IVOllzoe(o,r:Lo) < C(M, |80l [VOo] 1=, T) < oo.
According to the vorticity equation

(7.4) Ow +u - Vw + A% = 010,

we have, thanks to wg € B ;' (R?) with ¢ > 3 and Bj | (R?) — L>(R?),

T
(7.5) lw(@®)l[z= < [lwollz +/O 1010(7)]| Lo dr-

(7.3) and (7.5) will lead us to the global a priori bounds in (1.4). To this goal, we
employ the following estimate, for any integer j > —1 and any ¢ € (0,77,

> ir<C (lnll + [ 10000 o)
(7.6) x (1t ullze + ol iz ) = RO,

where C'is a constant independent of j. (7.6) can be established by applying Besov-
space-type estimates to (7.4) and more details can be found in [28, p. 134]. As a
consequence, we have, for any 0 < o’ < a,

/ Z 295 | Ay e dr = Z w/ 1A ]| o dr
Jj=-1 j=-1

(7.7) 22 “7/(j+1) < Ch(t).

j=—1

Therefore, by Bernstein’s inequality and [|A;Vul|p~ < C'||Ajw|| e for j > 0,

(7.8) [IVullze < IA1Vullz~ + Y 1A, Vullpe < Cllullzz +C > [|Ajw] pe.
=0 =0

Combining (7.7) and (7.8) yields, for any 0 < ¢t < T,

(7.9) /O IVa(r) | L dr < oo.

Through standard Besov-space-type estimates, we can show that

Y(t) = lu@®lg, + 100)] 5z,
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obeys the differential inequality

d
Y )+ C(llullggre + 10l pz40) < C A+ [Vu®)lLe + [IVO@)][ L)Y (B).

Gronwall’s inequality together with (7.3) and (7.9) yields the desired property in (1.4).
The continuity of u and 6 in time, namely, u € C([0,T]; Bg ) and 6 € C([0,T}; B3 ),
follows from a standard approach (see, e.g., [26, p. 111] or [1, p. 138]). We thus have
obtained all the global a priori bounds in (1.4). The global existence part can then
be obtained by first establishing the local existence through a standard process such
as the successive approximation and then extending to all time via the global a priori
bounds. The uniqueness of solutions in the functional setting (1.4) is clear and we
thus omit the details. This completes the proof of Theorem 1.1. d

We finally prove Proposition 7.1.

Proof of Proposition 7.1. Recall that G satisfies

(7.10) G +1u-VG +A°G = [Ra,u- V)0 + A1 7229,0.

Let j > —1. Applying A; to (7.10) and taking the inner product with A;G|A;G|972,
we obtain

(7.11) %%HAJGHQM + /AJG|A]-G|‘1’2A“AJ»G dr = K9 + K9 + K9,
where

K9 = /AjG|AjG|Q*2 Aj[Ra,u- V)6 da,
(7.12) KY) = —/AjG|AjG|q_2Aj(u-VG) da,

K = /AjG|AjG|q_2Aj(A1_2°‘819) da.

For j > 0, the Fourier transform of A;G is supported away from the origin and the
dissipative part admits a lower bound,

(7.13) /AjG|AjG|q_2A°‘Adea: > 20|, G1.

for a constant C' that depends on ¢ and « only (see, e.g., [7, 35]). For j = —1, the
dissipative part is still nonnegative and can be neglected. By Holder’s inequality,

(KD < 18,6 %1 ARy w - V16| o

Furthermore, ||A;[Rq,u-V]0| L« can be estimated in a similar fashion as in the proof
of Proposition 4.5 and is bounded by

18j[Ra - VIfllze < C2C72 Jluf g (0]l + C [lullz2 [10]]z2-
In addition, as in (5.4),

lull gg . < ClIA"ullLe < CIA*T GlLa + C[10]| o
(7.14) <C|Glza + Cllol L,
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1

where = = & — § + 3. For a € (ag, 1), we have 2 < ¢ < ¢ and thus [|G]| 7 < C.
Therefore,
(7.15) K] < B(1) 2072 14,611

where Bj(t) is a smooth function of ¢ that depends on the initial norms only. To
estimate K. éj ), we apply the notion of paraproducts to write

(7.16) Aj(u-VG) = Ji + Jo + Js + Jo + Js,
where
']1 = Z (Aj(Sk—lu : VAkG) — Sk_lu . VAJAkG) ,
[7—k|<2

J2 = Z (Sk_lu — Sju) . VAjAkG,
l7—k|<2
Jg = Sju . VAJ‘G,

> Aj(Agu-VS,G),

l7—k|<2

> Aj(Aru- VALG)

k>j—1

with Ap = Ay + Ak 4+ Agt1. Inserting (7.16) into (7.12) naturally splits the integral
in K(J) into five parts K(J) Kéjl) —I—K(J) (J) (J) —|—K2(5) By Holder’s inequality,

KR < 18,615 3 1A (Sk-1u - VAG) — Spru- VAAG)|, -

l7—k|<2

Since the summation above is for k satisfying |j — k| < 2 and can be replaced by a
constant multiple of the representative term with & = j, we obtain, by a standard
commutator estimate and Bernstein’s inequality,

IKS| < C)18;G||a 2072 [ A%S,_yu| po | A;G| p=
< C)|A;G|IE 2070 DT | A% L || A G e
< €207 DI | A% 1 || A5G|,

The second term Kéé) can be bounded by
K5 < CIAGIE 1A7ulle 24,6 1
< 020 DT A A jull o 18561
where we have used the lower bound part of the Bernstein inequality
2aj HAJ‘UHLQ S C ||AaAjuHLq.

This inequality is valid for 7 > 0. In the case when j = —1, this inequality is not
needed and it suffices to apply the upper bound part of the Bernstein inequality

A qullze < ClA_qul L.
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Due to the divergence-free condition V - u = 0, we have KQ(?,)) = 0. By Holder’s

inequality and Bernstein’s inequality,
K| < CIAGIE" [Agu- VSj-1G]ls
< 0277 | AGIE A Apullze Y 20T ARGl

m<j—1
< 0207 DT | AG) 4 1A Aullpe Y 20D AL G L,
m<j—1
KD < CAGIEY Y 2|8 (AuldiG)| s
E>j—1
<2 AGNE Y 20N A A g 1Ak .
k>j—1

Collecting the estimates for Kéj ) and bounding IA%u]|Lq as in (7.14), we have

. —a 2y _ 2 m—j
7] < C2 DT AGI L (183G e+ Y 20 AL

m<j—1
(7.17) + 30 20 REmD | AG L |
k>j—1

By Hoélder’s inequality and Bernstein’s inequality,
(7.18) K| < 2207 | A G4, 450 < 22072 A G4, 100l o
Combining (7.11), (7.13), (7.15), (7.17), and (7.18), we obtain

d . . )

T 185Gle + C 214,60 < CB(1) 2(2-20)j 4 cro(=e+)i [ (4),
where B(t) is a smooth function of ¢ depending on the initial norms only and

L=8;Glle + > 200D AL Gl + Y 207POD | AG 1.
m<j—1 k>j—1

Integrating in time leads to
1A;G()||lLe < e 2 |A;G(0)]| o + C B(t) 223
t .
+C 20t / e~ O W=D () dr,
0

where E(t) is a smooth function of ¢ depending on the initial norms only. Multiplying
each side by 2%7 with 0 < s < 3a — 2 and taking sup with respect to j, we find that

(7.19) IG®)||5; . < 1GO)|5; . +CB(t) + Ly + Ly + L,

where

t i .
L1 = sup C20-etd) / =2 (=T)953 || AL G(7)| 1 d,
j>-1

L2 = sup C2(1—o¢+§)j / — 2% (t— T)25j Z 2(1+§)(m—j) ||AmG||Lq dT,

j=—1 m<j—1

Ly = sup 02<1—a+%>ﬂ/ 02 (tmmgsi N 9UmReD) || ALG o dr.
j2=1 k>j—1
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Since 1 — 2a + % < 0, we choose an integer jy such that, for j > jo,

C 2(172(1*‘1’%)]‘ S

| =

Then

t 3 .
L < sup 02(17a+§)j/ echQJ(t77)2sg||AjG(7.)||LqdT
0

—1<j5<jo0

t _ 4
+  sup C2(1_°‘+§)j/e_CQW(t_T)QSJ||AjG(T)||Lq dr
0

Jo+1<j<oo

—2at24s)d 1
< C||Gll (o, ripay 202 atlo 4 SNE@lz=omm; -
Ly and L3 obey the same bound. Inserting these bounds into (7.19), we find

1GllL=,r;B: ) < C A+ [GO)5; )+ ClGlL(0,1;L9),

where we have written C' for maxo<i<r E(t) Since ug € Bf; with o > 5 and

2
90 6 BSJ’
wo € Bg);l(RQ) — B;OO(RQ), G(O) =wy —A"%010g € B;oo'

This finishes the proof of Proposition 7.1. ]
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