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UNIQUENESS OF WEAK SOLUTIONS TO THE BOUSSINESQ
EQUATIONS WITHOUT THERMAL DIFFUSION*

NICOLE BOARDMANT, RUIHONG JIf, HUA QIU%, AND JIAHONG WU1Y

Abstract. This paper focuses on the general d-dimensional (d>2) Boussinesq equations with the
fractional dissipation (—A)®u and without thermal diffusion. Our primary goal here is the uniqueness
of weak solutions to this partially dissipated system in the weakest possible setting. The issue of the
uniqueness of weak solutions is very important and can be quite difficult as in the case of the Leray-
Hopf weak solutions to the 3D Navier-Stokes equations. We present two main results. The first is
the global existence and uniqueness of weak solutions which assesses the global existence of L2-weak
solutions for any >0 and the uniqueness of the weak solutions when o> % +% for d>2. Especially
the 2D Boussinesq equations without thermal diffusion have unique and global L? weak solutions.
The second result establishes the zero thermal diffusion limit with an explicit convergence rate for
the aforementioned weak solutions. This convergence result appears to be the very first one on weak
solutions of partially dissipated Boussinesq systems.
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1. Introduction
This paper concerns itself with the d-dimensional (d-D) Boussinesq system

Outu-Vu=—v(—A)*u—VP+0ey, xR >0,
00+u-VO=0, xzeR? ¢t>0,

V-u=0, xzcR% t>0,

(1,0)]4=0 = (u0,0p), z€RY,

(1.1)

where u, P and 6 represent the velocity field, the pressure and the temperature, respec-
tively, and v >0 denotes the kinematic viscosity and e;=(0,0,---,1) is the unit vector
in the vertical direction. Here the fractional Laplacian (—A)® with a >0 is defined via
the Fourier transform,

F((=A)*)(€) = (4m?[¢[)* F(£)(€),

where F(f)(£) denotes the Fourier transform of f,
FD©)= [ e de.

We may sometimes use A = (—A)%. When 6=0, (1.1) reduces to the generalized Navier-
Stokes equations.
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The Boussinesq equations model large scale atmospheric and oceanic flows that are
respounsible for cold fronts and the jet stream (see, e.g., the books by Gill [21], Pedlosky
[42] and Majda [39]). In addition, the Boussinesq system also plays an important
role in the study of the Rayleigh-Benard convection, one of the most commonly studied
convection phenomena (see, e.g., [14,15,20]). The first equation in (1.1) reflects Newton’s
second law, with the left-hand side being the acceleration and the right-hand side being
the forces due to viscosity, the pressure gradient and the buoyancy. The term fey
models the buoyancy in the direction of gravitational force. The temperature difference
generates density difference, which in turn generates the buoyancy force. The second
equation in (1.1) simply states that the temperature is transported by the velocity field.

Although the diffusion process is normally modeled by the standard Laplacian op-
erator, there are geophysical circumstances in which the Boussinesq equations with
fractional Laplacian arise. Flows in the middle atmosphere travelling upwards undergo
changes due to the changes in atmospheric properties, although the incompressibility
and Boussinesq approximations are applicable. The effect of kinematic and thermal
diffusion is attenuated by the thinning of atmosphere. This anomalous attenuation can
be modeled using the space fractional Laplacian (see [12,21]).

The Boussinesq system retains some key features of the 3D Euler and Navier-
Stokes equations such as the vortex stretching mechanism. The inviscid 2D Boussi-
nesq equations are identical to the Euler equations for the 3D axisymmetric swirling
flows [40]. Equation (1.1) is a partially dissipated system with no thermal diffusion.
Fundamental issues on the Boussinesq system with partial or fractional dissipation
such as the global existence, uniqueness and regularity problem have attracted enor-
mous interests during the last fifteen years and significant progress has been made
[1-5,8-11,13,16-19,23-31,33-38,46-49, 52, 54].

Our goal here is twofold. The first is to establish the global existence and uniqueness
of weak solutions of (1.1) with initial data ug €L2(Rd),90ELz(Rd)ﬂLd%(Rd). Our
key point here is the uniqueness of solutions in a very weak setting for a partially
dissipated system. Although the global regularity of this partially dissipated system in
smoother functional settings has been extensively investigated, the issue concerned here
is quite different. The uniqueness in the weakest possible functional settings is what
we care about here. The issue of the uniqueness of weak solutions is very important
and can be quite difficult as in the case of the Leray-Hopf weak solutions of the 3D
Navier-Stokes equations. The Boussinesq system concerned here involves only partial
dissipation and the solution space appears to be the weakest setting in which one can
prove the uniqueness.

Our second goal is to understand the zero thermal diffusion limit of the fully dissi-
pative Boussinesq equations

Ou 44 Ty = —p(—A)eu — VP L 9Me,;, zeRE >0,
0,0 44 .M =pAID | xR >0,

V-uM=0, zcR%t>0,

@™ ,00M)|—o = (u”,657), zeR?

(1.2)

and show that the solution of (1.2) converges strongly to the corresponding solution
of (1.1) with an explicit convergence rate as n—0. Due to the weak initial setup
u(()") € Lz(]Rd),G(()") € L*(R%) NL# (R?), we resort to lower regularity quantities and the
Yudovich approach. Our precise results are stated in the following theorems.
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THEOREM 1.1.  Consider the d-D Boussinesq equations in (1.1).

(1) Let a>0 and (ug,0p) € L*(R?) with V-ug=0. Let T>0 be arbitrarily fived. Then
(1.1) has a global weak solution (u,0) on [0,T] satisfying

ue Cy([0,T); L*)NL*(0,T; H*), 0€C,([0,T];L*)NL>(0,T;L?).
(2) Let a>21+4%.  Assume ug€L*(R?) and 0o € L2(RY)N L7 (RY) with V-ug=0.
Then (1.1) has a unique and global weak solution (u,0) satisfying
we C(0,T); L3 NLA(0,T;H), uecL'(0,T;By5%),
0 Cy([0,T);L?)NL>(0,T; L* N L7%3),

~ d
where the definition of Ll(O,T;le’J;Q) can be found in Section 2. FEspecially, u
satisfies

1 /T
sup — (IVu(t)|| e dt < 0.
VaJo

q>2

Theorem 1.1 assesses the global existence of weak solutions for any a >0 and any
L? initial data, and the uniqueness when a > % + %. A special consequence of Theorem
1.1 is the global existence of Leray-Hopf weak solutions to the d-D generalized Navier-
Stokes equations with any a >0 and ug € L?(R?), and the uniqueness of weak solutions
of the d-D Navier-Stokes equations with a > %—i—%. Even though there is no thermal
diffusion, the crucial step of passing to the limit in the thermal convection term still
goes through.

THEOREM 1.2. Let aZ%—&—%. Assume uo,HO,uén),eén) satisfy
up,ul? € L2RY), V-up=0, V-u("=0, 6,0 € L*RY)NLTH=(RY).

Let (u,0) and (u™,00D) be the corresponding weak solutions of (1.1) and (1.2), respec-
tively. Then the difference (u,h) with

a:u(")—u, h:h(")—h, _Ah(n):(g(n)7 —Ah=60
satisfies, for any t>0,
~ T ()[12 1—e= 0ty (I~ o7 \|12 et
|G VR @I <M= (i, Vho) |3 +mt) (1.3)

where C'is a pure constant, M = 6o, + ”9(()77)”%2 and

||VU(")||LP)
p

t
C():C/ (1+||A§+Zu|2L2+ dr < 00.
0

We summarize closely related previous results on the Boussinesq equations without
thermal diffusion to clarify how our theorems are different. The study of the global
well-posedness of the 2D Boussinesq equations, namely (1.1) with d=2 and a=1 in
the whole space was initiated in the papers of Hou-Li [25] and of Chae [13], in which
the global and unique solutions were obtained for the initial data (ug,0y) € H*(R?) with
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s>2. The global existence and uniqueness of solutions to (1.1) with d=3 and a>2
was investigated by several researchers (see, e.g., [32,43,50,51,53]). The regularity
assumptions on the initial data in these papers are (ug,0) € H*(R?) with s>3 (s>2
in [32]). The 2D Boussinesq system in a bounded domain with the Dirichlet boundary
condition was first studied by Lai, Pan and Zhao [33] and the global existence and
uniqueness was obtained in the functional setting (ug,0o) € H3(R?). Danchin and Paicu
extended the Fujita-Kato result for the Naviver-Stokes equations to the Boussinesq
system and, as a special consequence, obtained the well-posedness of the finite energy
solutions for the 2D Boussinesq equations [18]. The paper of Larios, Lunasin and
Titi [34] seriously sought the uniqueness of solutions of (1.1) in a weak setup. They
were able to show, among many other results, that ug € H*(T?) and 6y € L(T?) lead to
a unique and global strong solution of (1.1). Here T? denotes the 2D periodic box. For
the bounded domain 2 with Dirichlet boundary conditions, the work of He [22] further
reduced the regularity assumption to (ug,0p) € L*(Q) and still managed to show the
uniqueness. There are many more interesting results on the existence and uniqueness
of the solutions to (1.1) with intermediate regularity settings (see, e.g., [27-29]). The
zero thermal diffusion limit does not appear to have been much studied, especially in
the circumstance when the functional setting is weak.

The proof of Theorem 1.1 starts with the global existence of weak solutions for any
a>0 and (ug,0) € L?(R?). This process starts with showing the global existence of
smooth solutions (u("),ﬁ(”)) to a sequence of approximate systems. It is then followed
by establishing global uniform bounds on this sequence and obtaining the strong L?
convergence of u(™. It finishes with passing to the limit. Due to the lack of thermal
diffusion, there is no strong convergence in (™. However, we can still pass to the limit in
the thermal convection term due to the strong L? convergence of (™). When o > %—i— %,
the weak solution is unique. Due to the weak regularity setting of the solutions, w is not
Lipschitz and the corresponding vorticity is not necessarily bounded. The proof makes
use of the following smoothing property of the velocity

L?anT%)’ (14)

_ pn=C(T. 116
||U\|L1(O’T;B;;g> < l[woll 2, 6ol
and a special consequence of (1.4). The definition of the Besov related space

EI(O,T;B;E%) is provided in Section 2. Equation (1.4) is proven via the Littlewood-
Paley decomposition and Besov spaces techniques. The proof for the coincidence of two
weak solutions (u1),0(1)) and (u(®),0(?)) is based on the bounds for the L?-norms of the
differences

) =@ g2+ VRO TR 2,
where (1) and h(?) satisfy
—ARD =90 =12

Due to the lack of thermal diffusion and the weak regularity of #, it is not possible
to bound the difference ||§() —#3)||;>. The introduction of () and h(? reduce the
regularity requirements and helps facilitate the proof.

To prove Theorem 1.2 and compare the solutions (u(™,0() of (1.2) and (u,) of
(1.1), we make use of the lower regularity quantities h(M and h satisfying

—ARM =g —Ah=0
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and estimate the difference
(™ —u)(£)[172 + | (VA = Vh)(1)]|7-

via Yudovich techniques.

The rest of this paper is divided into three sections and an appendix. Section 2
provides the definitions of the Littlewood-Paley decomposition as well as the functional
settings associated with the Besov spaces and related facts. Section 3 proves Theorem
1.1. Due to the length of the proof for the global existence of weak solutions, the proof
of this part is given in the Appendix. Section 4 proves Theorem 1.2.

2. Preliminaries

This section provides the definitions of the Littlewood-Paley decomposition, func-
tional settings associated with the Besov spaces and related facts. In addition, an
Osgood-type inequality is also stated here for the convenience of readers. More details
can be found in several books and many papers (see, e.g., [6,7,41,44,45]).

To introduce the Besov spaces, we start with a few notations. & denotes the usual
Schwarz class and 8’ its dual, the space of tempered distributions. Sy denotes a subspace
of S defined by

So={¢68: / é(x)z" dr=0, |fy:0,1727...}
Rd

and &) denotes its dual. S can be identified as
Sy=8'/S;=8"/P
where P denotes the space of multinomials. For each j € Z, we write
A;j={€eR*: 2171 <|¢| <271, (2.1)

The Littlewood-Paley decomposition asserts the existence of a sequence of functions
{®;};ez €S such that

supp<f>jCAj, <T>j(§):<f>0(2_jf) or ®;(x)=2110,(22),
and
— = 1, if¢eR\{0
> wo-{g ey

j=—o00
Therefore, for a general function 1 € S, we have

oo

Y §,©9©)=0(©) for £eR\{0}.

j=—oc0

In addition, if ¢ € Sy, then

3" B(6)0(€)=0(¢) for any E€R™

j=—o0
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That is, for i € Sy,

> 0=y
Jj=—00
and hence
ST axf=f  feS; (2.2)
Jj=—00

in the sense of weak-* topology of &. For notational convenience, we define

Ajf = f =2 / Bo(2 (- y) f(y)dy, e (2.3)

The homogeneous Littlewood-Paley decomposition (2.2) can then be written as
f=YAif,  feS
j=—00

DEFINITION 2.1. For seR and 1 <p,q< 00, the homogeneous Besov space é;)q con-
sists of f €S| satisfying

/]

We now choose ¥ €S such that

é:g,q = H2JS||A]f”LP”lq < 00.

oo
V(E)=1-) (), ¢eR’.
j=0
Then, for any ¢ €S,
oo
Usip+ Y Bjxp=1)
j=0
and hence
e}
Usf+y Ojf=f (2.4)
§=0
in &’ for any fe€8’. To define the inhomogeneous Besov space, we set

0, if j < —2,
Af={ Uxf, ifj=-1, (2.5)
Oxf, ifj=0,1,2,---.

The inhomogeneous Littlewood-Paley decomposition (2.4) can then be written as

f:‘z A;f, feS.

j=-1
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DEFINITION 2.2. The inhomogeneous Besov space B, , with 1<p,g<oo and s€R
consists of functions f €S’ satisfying

1£11;,, = 1277114 £l o llia < 00

The Besov spaces B%;q and B , with s € (0,1) and 1 <p,q <oo can be equivalently
defined by the norms

€T —J\Z P L/a
i =( [ Wer0- o)

z+t)— F(@)| o)\ 1
”f”Bﬁ,q_”f'Lp"_(/Rd (Hf( +t) f( )”L) dt) )

f

When ¢=o0, the expressions are interpreted in the normal way. We will also use the
space-time spaces introduced by Chemin-Lerner (see, e.g., [6]).

DEFINITION 2.3. Fort>0, seR and 1 <p,q,r <00, the space-time spaces Z{é;’q and
E’{B;,q are defined through the norms

/]

LB, = 12711 fll Ly e llia,

111z, 5, =120l ol

Here Lj is the abbreviation for L7(0,t). These spaces are related to the classical space-
time spaces Ly B, , and Li B, , via the Minkowski inequality, if r > g,

LiBy,CLiBy,,  LiBy,CLiB,
and, if r <gq,
LiBy,oLiB;,  LiB;,D5LiB;,

Many frequently used function spaces are special cases of Besov spaces. The follow-
ing proposition lists some useful equivalence and embedding relations.

ProOPOSITION 2.1.  For any s€R,
H*~Bj,, H°~Bs,.

For any seR and 1 <g< oo,

S i7s s
Bq,min{q,?} — Wq = qumax{q’Q}’
. 50 q 50
In particular, B i c0 0y = LY Bl g0y

For notational convenience, we write A; for AJ There will be no confusion if we
keep in mind that A; associated with the homogeneous Besov spaces is defined in (2.3)
while those associated with the inhomogeneous Besov spaces are defined in (2.5). Besides
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the Fourier localization operators A, the partial sum S; is also a useful notation. For
an integer j,

j—1
Si= Y A,

k=—1

where Ay, is given by (2.5). For any fe€S’, the Fourier transform of S; f is supported
on the ball of radius 2/ and

8,(2) =200 (2a)f () =29 [ (D (@) 1)y
The operators A; and S; defined above satisfy the following properties:
AjARf=0 if [k—j|>2and A;(Sk—1fArf)=0 if |k—j|>3.

Bernstein’s inequalities are useful tools on Fourier localized functions and these
inequalities trade integrability for derivatives. The following proposition provides
Bernstein-type inequalities for fractional derivatives.

PROPOSITION 2.2. Let a>0. Let 1<p<q<o0.
1) If f satisfies
suppf C{EER?: [ < K27},

for some integer j and a constant K >0, then

1

I(=8)" fllagay < CL2%THG= D) £l Lo gay.
2) If f satisfies
suppf C {€€R?: K127 <|¢| < K527}
for some integer j and constants 0 < K1 < Ko, then
C12%||f | paceay < (= A)*f | aqgay < Co 229G £ 1 oy,
where Cy and Cs are constants depending on «,p and q only.

We shall also use Bony’s notion of paraproducts to decompose a product into three
parts

where

Trg=3_Si-1fAj9.  R(f.9)=>_ > ApfArg

J J k>j—1

with ﬁk =Ap_1+Ar+Aky1. Finally, we state an Osgood-type inequality to be used
in the subsequent sections (see, e.g., [6]).

LEMMA 2.1. Let a>0 and 0<to<T. Let p be a measurable function from [ty,T] to
[0,a]. Let y(t)>0 be a locally integrable function on [ty,T]. Let ¢ >0 be a continuous
and non-decreasing function on [0,a]. Assume that p satisfies, for some constant ¢

p(t)§c+/ v(s)p(p(s))ds  for a.e. tElty,T].

to
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Then, if ¢>0, we have, for a.e. t € [ty,T],

—M(p(t)) + M(e) < / A(r)dr,

to

where

If c=0 and

then p(t)=0 a.e. t€[to,T].

3. Proof of Theorem 1.1

This section proves Theorem 1.1. Naturally the proof is divided into two main
parts. The first part is the proof of the global existence of weak solutions of (1.1) with
any «>0. This is accomplished in Proposition 3.1, which is stated in this section here.
Since the proof of Proposition 3.1 is lengthy, we leave it to the Appendix. The second
part is the proof of the uniqueness of weak solutions of (1.1) when a > % + g. In order
to prove the uniqueness, we first prove a major smoothing estimate for the velocity field
in Proposition 3.2.

We start with the definition of weak solutions of (1.1) with any a > 0.
DEFINITION 3.1.  Consider (1.1) with a>0 and (ug,00) € L*(R?) and V-ug=0. Let
T >0 be arbitrarily fixzed. A pair (u,0) satisfying
ue Cy([0,T);L*)NL*(0,T;H*), V-u=0,
0 € Cyw([0,T];L*)NL>(0,T;L?)
is a weak solution of (1.1) on [0,T] if (a) and (b) below hold:
(a) For any ¢ € C§° (R x [0,T)) with V-¢=0,

/OT/Rdu-atgbda:dt/Rduo(x)-gb(x,())do:/OT/Rdu'ngudxdt
+/T/ (_A)w/Zu.(_A)a/2¢dxdt:/T fey-pdxdt. (3.1)
0o JRrd 0 JRd

(b) For any ¢ € C§°(R? x [0,T))

T T
—/ Oy dxdt — Go(x)w(x,())dx:/ / u-Viphdzdt. (3.2)
0 JRd 0 JRd

Rd

For any a >0 and (ug,0y) € L?(R?), (1.1) always has a global weak solution. In the
special case when 6 =0, this result assesses the global existence of weak solutions of the
generalized Navier-Stokes equations with any a >0 and ug € L?(R?).

PROPOSITION 3.1. Consider (1.1) with a>0 and (ug,0) € L*(RY) and V-ug=0.
Let T>0 be arbitrarily fived. Then (1.1) has a global weak solution (u,0) as given in
Definition 3.1 satisfying

161> <160l 2,
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t
()17 +2V/0 IA%u(r) 172 d7 < (luol| 2 +¢]fol2)*.

The proof of Proposition 3.1 is long and the details will be provided in the Appendix.
Next we establish a smoothing estimate for the weak solution shown in Proposition 3.1.

PROPOSITION 3.2.  Let d>2. Consider (1.1) with >4+ %. Assume (uo,00) satisfies
u € L2(RY), Veug=0, 6peL*R)NLT(RY).

Let (u,0) be the corresponding global weak solution of (1.1). Then, for any 0<t<T,

lll. vvg < G ol [10ollz2): (3.3)
LB, ,
As a special consequence,
t
IVu()] e
sup | ————d7 <C(t,]||uol|| 2, ||6ol|L2)- 3.4
/ N (¢ ol 2. 6ol z2) (3.4)

Proposition 3.2 is proven via the Littlewood-Paley decomposition and Besov space
techniques. The proof for the 2D case is partially different from that for the general
d-D case with d>3. We need a lemma for the 2D case.

LEMMA 3.1.  Assume (ug,00) € L?(RY) with V-ug=0. Consider the 2D Boussinesq
equation in (1.1) with a=1. Let (u,0) be the corresponding weak solution. Then u
satisfies

T
/0 lu()[|Ze dt < C(T [luol|z2, 160l 2)- (3.5)

Proof.  Applying A; to the velocity equation and then dotting with Aju yields

1d

§dt||Aju||%2 +V22j||AjuH%2:—/ Aju~Aj(u-Vu)dx+/ Aju-Aj(fes)dx
R2 R?

<NAjullp2(|Aj(u- V)|l 22 + [ Ajull L2 | A0 2

Eliminating ||Aju| 2 from each side and integrating in time yield
t .
8su(Olla +v [ 290 Aul o dr
0
t t
<l8guollzz+ [ 185w Tl [ 14,60z dr
0 0
Taking the (>-norm and identifying H*® with B3 5 for s>0, we have

sup ||Aju(7)] L2
0<r<t

Hullz o,
12

t t
< Juollz + / V| 2 dr + / 16(r)|| 2 dr
0 0

<luoll 2 + IVull 22 |lull L2 oo + 16| L1 2 (3.6)
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According to the Littlewood-Paley decomposition and by Bernstein’s inequality,

[ <[5 5 B2 jasulus | Seulzedn

j=—1k=-1

Z:H1+H2, (37)

t t
H1=/ “ H2=/
0 0

Due to |j—k| <N, the summation in H; includes the diagonal entries j=k and 2N
sub-diagonal entries. Therefore,

where

li—kI<N li—kI>N

= / S 978l (N A xalls + 27N Ayl

j=—1
e 2N A vl ) d

< [ 3 (a2l

j=—1

+2%7|| Ajul|3, 4220 ||Aj+NU||2L?) dr

<CN/ Z 2% || Ajul|3 2 dT

j=—1

:CN”V“HL’;’L?’ (3.8)

where C is a pure constant independent of N. The summation in Hy contains two
identical parts and thus

Hy=2 / S° 28 jul 2| Al 2 dr

j—k>N
j—N-1
_2/ ZQJHA ulle Y 2" Ayl 2 dr
m=-—1
j—N-1
<y / 2 Ajullpzdr 3 2N sup [ Anu(r)]lL
=N "0 m=—1
t j—N-1
<o N+1 /22j||AjuHL2dT Z 2 HN=I sup || Apu(T)|| L2
0 [ — 0<7<t 2

<27 fu 7, ; (3.9)

12

(0,t;H?)

sup [|Aju(7)l[L2
0<r<t

where we have used Young’s inequality for sequence convolution. Combining (3.6), (3.7),
(3.8), (3.9) and Proposition 3.1 yields

t
| et dr <ON Va0
0
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+02 % (gl + |Vl ol e + 100 2 )
< Sl + O IV s ol 2o, 60 12, (3.10)
where we have chosen NV such that
Cr N[Vl g < .

(3.10) then yields the desired global bound in (3.5). This completes the proof of Lemma
3.1. O

Proof. (Proof of Proposition 3.2.) Let j€Z and j>0. Applying A; to the first
equation of (1.1) yields

8tAju+ V(—A)aAjUZ —AjVP—i-Aj (Ged) — Aj (U, VU)

Dotting with Aju, integrating by parts and using V-« =0, we have

A gul3a + 22 Agulh < 1400 Ao 2+ T, (3.11)
where
I=— [ Aj(u-Vu)-Ajudz.
R4
We estimate I. By the notion of paraproducts provided in Section 2,
[=— / A (Sgo1u-VAgu)-Ajude

|7—k|<3

— / Aj(Agu-VSi_1u)-Ajude
|i—k|<3

/ Aj(Apu- VAku) Ajudz.
k>j—1

In order to shift one spatial derivative to Syu via a commutator, we further write the
first term above into three terms to obtain

I=0L+1+13+ 14+ 15, (3.12)

where
- > / [Aj,Sk-1u-V]Agu-Ajudz,

li—k|<3

- > / (Sk—1u—S;_1u)- VA;Apu- Ajudz,

li—k|<3

—/ Sj,1u~ VAJU . Ajudx,
Rd

Z / Aj(Agu-VSi_qu)-Ajude,

li—k|<3
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Is=— Z / Aj(AkaEku)-Ajuda:.
k>j—1”R

We immediately get Is =0 because of V-u=0. To bound I;, we write the commutator
into the integral form via the kernel functions defined in Section 2,

[Aj,Sk_lu . V}Aku

:/ Qj(mfy)Sk_lu(y)~VAku(y)dnyk_1u(z)-/ O, (z—y)VAu(y)dy
R4 Rd

= [ B 9)(Skru(s) ~ Siru(w) V Auty) .
Taking the L2-norm of the commutator,
1A, Sk—1u-V]Agul| 2

<IVSirules | [ @56 )lle- ]|V Avu(y)ldy
R

L2
SIVSk—vull Lo lz®; () || 1 [[VAru] L2
§ c277 ||VSk71UHL°‘3 ||VA]CU||LQ7
where we have invoked the fact
||x<1>j(x)||L1:/ 12[2% | (202 dar < 027
R4
Therefore, by Holder’s inequality,
IL1< Y7 (A, Skoau- VIAgul| 2| Ajul 2
|7 —k|<3
<ClAjullz Y 277 (IVSkorull = [ VAku] 2
li—kI<3
<ClAjullz Y IVSe-rullp || Agul 2,
li—kI<3

where we have used Bernstein’s inequality,
279V Agul g2 < C28 79| Agul| 2 < O Apul| g2

Since the summation above is over k for |j — k| <3, it suffices to deal with the represen-
tative term with j=Fk. Therefore, without loss of generality,

LI ClAullZ: ]IV Sjul (3.13)

The estimate for I, is easy. Since Sy_iu—Sj_i1u contains the terms of the form A, u
with m between k—2 and j — 2, we can use Bernstein’s inequality to shift one derivative
from VAu to Sp—1u—Sj_1u. Therefore,

L] <ClAjulle Y > [Am Vul[Loe [[Agul| 2
|i—k|<3 min{k—2,j —2}<m<max{k—2,j—2}
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Since the summation above is over a finite number of terms, it suffices to keep the bound
for the representative term, for the sake of conciseness. Therefore,

2| SCI VA ul| L= | Ajul 72 (3.14)
The estimate of I, is direct. Again we only keep the bound for the representative term,

1141 < Y 1A ul 2[4 (Aku- VSk_u)| 2
i—k|<3

<Ol Ajulz:[VSullp=. (3.15)
By the fact that V-u=0,
15:7 Z / A]—V'(Aku@)ﬁku)Ajudx.
k>j—17R
By Hoélder’s inequality,

I5| < CllAjul 22 > | Aj(Apu@ Agu)| g2
k>5—1

<ClAul22 3 1 Aullpal Al . (3.16)
k>5—1

Inserting the bounds of (3.13), (3.14), (3.15) and (3.16) in (3.12) yields

1d »
5@”%“”%2 +Co 2% || Ajul3

<1800 2| Azull 2 + CllA;ul 22V Sjull L=

+C|VAul L~ | Ajull 3 +C2 [ Ajull e > | Aulle]|Agulle.  (3.17)
k>ji—1

We further treat the right-hand side of (3.17) as follows. We distinguish between d=2
and d > 3. In the case when d =2,

[V Sjull oo 2y < 27| Sjut) | oo r2y,  [|VAjull oo r2) < C27 || Aju(t)]| oo (r2).-

Inserting the bounds above in (3.17), eliminating ||Ajul|,2 from each side and integrat-
ing in time, we have

t
85O0+ Co20 [ 1802 dr <0l
0
t t
+ [ 180 e+ [ 21 Azul 0 Syu(r) o dr
0 0

t t
+C/ 2| Azu(r)] L2 ||Aju(7)|\Lde+C/ 20> 1 Aku(r)llze | Apul = dr.
0 0

k>j—1
Taking the {2-norm of the sequence above and identifying Bgﬁ2 with L2, we obtain, after

recalling the bound for [Jul|p2p~ in Lemma 3.1,

t
()| 2 + Co [22%9 / |Aju(r) | padr

12



N. BOARDMAN, J. JI, H. QIU, AND J. WU 1609

t t
é2lon||L2+/ ||9(T)|IL2dT+C/ [u(m) |z [IVu(T)l| L2 dr
0 0

t
e / la() =27 3 NAcu(r) || dr
0

k>j—1 12
t
<2uollzz + / 10| g2dr +C [Vl 2.2 a2 e < 0,
0

where we have used the bound, by Young’s inequality for sequence convolution,

2 Au()lle|| =] > 2F2RAu(r)]

k>j—1 P [>T 2

<Cl2"[Avu(r) |2l =C | Vu(7) | 2.

We thus have obtained (3.3) for the case d=2. When d> 3, we bound some of the terms
on the right of (3.17) differently. By Bernstein’s inequality and Sobolev’s inequality,

1, dys 1,.dys 1,d
IVSsull e ey S C2EF DIV Sjul | g, <C2EHDT AT 2,
VA ]| oo (ray < C2GEHDT || AZF 4| 2,

| Akl o oy < C2E ™D | Apul] gy o <C2E DK AT S| 1o

d—2 (Rd) -

Inserting the estimates above in (3.17), eliminating ||Aju| L2 from each side and inte-
grating in time lead to

t
1A ju(t)] 2+ Co222 / 1A ju(r) | = dr
0
t t
<|IAjuollze + / 18,007 | gedr +C / 1A ul 22393 A ) dr
0 0

t
+0/ DY | Apu(r)|| 22205~ 2R | A3+ || 2 dr.

U S|

Taking the {2-norm of the sequence above, we have

t
[[u(®)l| 22 + Co 220”/0 1Aju(T)l|L2dr

l2
t

<2lfuo = + / 10() | odr+ 1+ Jo, (3.18)
0

where

t
Ji=C H/ 1A ju| 2297 | A2 TS |2 dr
0

12

t
<c / 123+ D3 Al 2 2 [ A3 Sl 2 dr
0

¢
= C/ \|A%+%u(7')||2L2 dr
0
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and

Jo=C /2] Z | Apu(T)|| 122 %*%)k”A%Jr%uHdeT

k>j5—1 2

—c / S 2RI Agu(r) o [|A R o dr

0 k>j1

12

<c/ 2j*k2<%+%>k||Aku(T)|\L2 A2 5|2 dr
k>j—1 12

< c/ AR u(r)|2, dr.
0

Inserting the bounds for J; and J3 in (3.18) leads to

t
1,d
Ju®llo+ Colull, vy < luolla + l6allo+C [ 1A%+ Fu(r)  ar
t 0

2,2

which is the desired global bound in (3.3). Next we show that (3.3) implies (3.4). By
Bernstein’s inequality,

IVl Lo ey < Z IVAul| Lo gay < C Z 2725 %) || Ajul| L2 ey

j=-1 j=-1

where C is a constant independent of p. By Hdélder’s inequality for sequences,

/ [Vt < 3 28 / 2043 Aju| p2dr

Jj=—1
1
o0 2 t
< Zz—%j (/ 2<1+%>J’||Aju||L2dT> .
j=—1 0 i
Since
3 .
- 1
P <c(/ 277 1)d:v> =Cp,
—1

(3.3) then implies

t
[ I1uldt<c Bl g <CVF.
0 Lth,2

where C depends on T, |Jugl|r2 and ||6p||L2 only. We thus have shown (3.4). This
completes the proof of Proposition 3.2. O

We now prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) Due to Proposition 3.1 and Proposition 3.2, it
suffices to show the uniqueness of the weak solutions of (1.1). Suppose (1.1) has two
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weak solutions (u(1),0(1)) and (u(®,0(?)) with the same initial data (ug,fy). We show
that (u™,0M)) and (u®,0®) must coincide. To do so, we consider the difference (,6)
with

ti=u®) — @) g:—p) _ g2

Let P(M and P® be the corresponding pressure terms and P:=pM)_p@ Iy addition,
we introduce the lower regularity quantities h") and h(®) satisfying

~ARD =g —AR® =p®@
and set
h=hM —p®.

It follows from (1.1) that (u,0) satisfies

Ayt uV - Vi+1-Vu® +v(—A)*U+ VP =fey,
20 +uM Vo +u-Ve?) =0,

3.19
V.i=0, (3:.19)
(@,0)|¢=0 =0.
Dotting the first equation of (3.19) by @ and integrating by parts, we have
ld .o a2 ~ o,(2) ~ q ~
§$HHHL2 +v||[A%||7: = — [ @-Vu' ude+ [ 0-(eq-u)dx
=K, + K. (3.20)
where we have invoked the fact that, for o> % + %,
/ uV V- udz=0
Rd
due to V-uM) =0, V-7=0 and
T T o
/ |u<1>-va-a|dxdtg/ ™ ()| L2 |AZF50(t)|| 2. dt < oc.
0 Jrd 0
By Hoélder’s and Sobolev’s inequalities, for d >3,
Kl <l 2 Ve | g ]
<Ol g A= 5u® |2 A+ 4|2
v lyd l4d ~
< ﬁ”AZ“Ull%z +C A2 Tu®) | o] 2. (3:21)

For d=2,

K] < [[allFa [1Va® )] e
< a2 |Vl g2 | Va2

v ~ ~
SEHVUII%Z+C||Vu(2)llizHUII%z' (3.22)
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By integration by parts and an interpolation inequality,
Kal= [ |(-aR)(esDdo
R4
= HVhHL?HVﬂHL?
<C||Vh||L2||uH£ ||A2+4qu+2

<C||Vh| gz ([l g2 + | A2 57 2)
v 1,4d L 7 ~ 7
< 76l A2 allLe + O VR 2 ([l 2 + VAL 2)-

Dotting the second equation in (3.19) with h yields

||Vh||L2 /u“)-vﬁi}dx—/ - VOO hdr:=Ks+ K.
2dt Rd R4

We estimate Ky first. The case with d=2 is treated differently from d> 3.

by integration by parts, Holder’s inequality and Sobolev’s inequality,

|K4\§/ 0% Vh|da
<[16@ s ||Vh||L2||UH

<160l 4, ||Vh||L2||A2+4u||L2
174 1,d g
<6l AR TRl + LIl o, IV
For d=2, by Holder’s inequality and Sobolev’s inequality,
Kol <116@[ 2 [l 20 || V| o
~1 1
<O Vpll 2 Vil /pneonmnwum |AR|Z,

<CVp(lullpz +[[Vul[L2) HVhIILz »
5

2(1
< 16Hvu||L2+||UHL2+CP||90”L2HVhH ;

where 1< p, g < oo satisfy

1 2
,+,:]_
p q

(3.23)

(3.24)

For d>3,

(3.25)

(3.26)

and we have used the fact that [|AR||z2 <[|6D)] 12+ [|0@|| 12 <2||6o|| 2. Recalling 6 =

—Ah and integrating by parts, we have
K :/ uM . VAhhdz
Tk 7

/a ulMo, 0, hhdx - /ug”amjazkﬁaxﬁdx
Rd

:/ o 0y, 1O, e,
Rd
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where the repeated indices are summed and we have used V-u") =0. By Holder’s
inequality, for p> % and %Jr % =1,

|K3| < C|VuV || 10| V||,
~ 2_i ~ d
<C|Vu® | Lo VAl " 0] 2
9_d
P

d ~
<C[Vu® |0 |60]| 22 | VR 2 " (3.27)

Adding (3.20) and (3.24) and collecting the estimates in (3.21), (3.22), (3.23), (3.25),
(3.26) and (3.27), we find that, for 6 >0,

Gs(t):=|[u(®)]|2: + || VA1) |72+
obeys the differential inequality, when d=2,

O\ - s 1
|vup|L>pMPG5(t)1P (3.28)

d
%Gg(t)SC(l—FHVu(Q)H%z) Gé(t)+c(1+|
and, for d> 3,

pM% Gs(t) "%,  (3.29)

. ,,
%Gg(t) <c(1+)adHu®2,) G(;(t)w”V“p”L

where we have written M =||6[|2,. Optimizing the quantities pM% Gg(t)l_% and
pM?3 Gs(t)' =% with respect to p, we obtain

pM7> Gs(t)' "7 >eGs(t) (InM —InGy),

with the minimum being reached at p:ln%(t) (in the case when ln%(t) <2, pis taken
to be 2+1n%(t)), and

pM3 Gs(t)' =% > ZeGy(t) (InM —InGy)

In G%). Then both (3.28) and (3.29) are

with the minimum being reached at p=
reduced to the following form

e N

%@s%mwcév@m&wmm

where
1+4.(2))2 |Va®]| o
Ft)=C+C|[A2T1u' 2|1, —&-C’T, ¢(r)=r-+r(InM —Inr).
It follows from Proposition 3.3 that
T
/ ~(t) dt < o0.
0

Let

1 1
dr dr
Q = =In(1+InM —1 —In(1+1InM).
(x) /xr o ) n(1+In nz)—In(l+1InM)



1614 BOUSSINESQ EQUATIONS

It then follows from Lemma 2.1 that
t
~0(Gs (1) + 2AGs(0) < [ (s)ds.
0

Therefore,
¢
—In(14+InM—-InGs(t))+In(1+1InM —InGs(0)) §/ ~(s)ds.
0

Therefore, for C(t) = fot’y(s) ds,

Letting =07 and noting that G¢(0) =0, we obtain
Go(t):=[a(t)l[7- + I VA(t) 17> =0.

This completes the proof of Theorem 1.1. ]

4. Proof of Theorem 1.2
This section provides the proof of Theorem 1.2.

Proof. Let (u,0) and (u(z)ﬁ(")) be the weak solutions of (1.1) and (1.2), respec-
tively. Then the difference (u,6) with

t=um —u, f=0" —0
satisfies

Byti+u - Vi+1- Vu+v(—A) i+ VP =0eqy,
0,0+ u™ VO +7-VO=nA0+nA0,

V-u=0,

(@) 1=0 = (U0, 60),

(4.1)

where P:= P — P with P and P being the corresponding pressure terms of (1.1)
and (1.2), respectively. We introduce the lower regularity quantities 2(" and h satisfying

—ARM =) —Ah=60
and set

h=h —p.

Dotting the first equation of (4.1) by @ and integrating by parts, we have

]2 ; +v|| A2, = —/?I-Vu-ﬂdx—l—/&-(ed-’ﬁ)dm
:=L1 +L2. (42)

1d|
2dt

The two terms on the right of (4.2) can be bounded similarly in the proof of Theorem
1.1 and we have

v ~ 1.4d —~
L] < 3 AR 50| Za + C AR Sl 7 7,
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and
Vo lid. ~ ~ ~
|La| < T6||A2+4u||2L2 +C||Vh| 2 ([[ullpz + VA L2)

v l4d. ~ 7
< 76l Tl + O ([l + [ VAIZ2)-

Dotting the second equation in (4.1) with h yields

1d

5 g IVlIZ: +0ll AR| 72 = La+ La+ Ls, (4.3)

where
L3::/ u™ . VOhdz,
Rd
L4::/ i VOhdz,
]Rd

Ls:=—n Abhdz.
]Rd

As in the proof of Theorem 1.1, L3 admits the following bound,
() b oIoTETe
| Ls| <C[Vul [ o 100l 22 VAl 12 7,

where p > g. L4 can also be similarly bounded as K in the proof of Theorem 1.1. For
d=2,

L < v ~12 ~2 0 % }VL 2(1_%)
|Lal < 76 IVallze +llulz2 + Cpl0oll £ [V Al 2

and, for d> 3,
v l4d 7
| La| < EIW“UII% +C\I90Hid47g2 IVA|Z:-
By integration by parts and Holder’s inequality,
[Ls| <0012 18R] 2 < T ARE2 + 5 6]%-

Adding (4.2) and (4.3) and incorporating the bounds for L; through Ls, we find, for
6>0,

E5(t):=[[a(t) |72+ IVR(t) |2 +6
satisfies, for d =2,

d Vu(") P 1 _1
&Eé(t) § EHQH%Q +C(1+ ||Au||%2) Eé(t)+c <1+ |p||L) pMP Eﬁ(t)l P

and, for d> 3,

d X Vaum " 4
th(;(t)<n||9|%2+C<1+||A2+Zu||2L2>Ea(t)+CWprpEg(t)l .
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By following a similar procedure as in the proof of Theorem 1.1 and applying Lemma
2.1, we obtain

(E5(0)+ntlo)2:) " (4.4)

e—é(t)

Ej(t) < (eM)'~

where M =||6o||3 . + ||9((J") |2, denotes the sum of the initial L?-norms squared, and C(t)
is the uniform bound (independent of 7)

~ t N M1,
C’(t):C/ (1—|—||A2+Zu||2Lz—|—vup”L) dr < 0.
0

Even though u( is the solution of (1.2), the bound

t M|,
sup/ 7|\Vu (12 dr <00
0 p

q>2

is uniform in 7 since it only depends on ||0"||12. Letting 6 —0 in (4.4) yields

Pfé(z)

~ g _e— GO - ~ e
a3 + VA < M)~ ([oll3e + I VRolfz +ntlol}:)

which is the desired bound (1.3). This completes the proof of Theorem 1.2. 0
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Appendix. Global existence of weak solutions. This section provides the
proof of Proposition 3.1. For readers’ convenience, we first list several simple facts to
be used in the proof. The first two lemmas are Picard’s existence and extension results
(see, e.g., [40]).

LEMMA 5.1 (Picard Existence and Uniqueness Theorem). Let E be a Banach space.
Let O CFE be an open subset. Let F':O — E be a locally Lipschitz map. More precisely,
for any y € O, there is a neighborhood of y (denoted by U(y)) and L= L(y,U) such that

I1F(y) = F(z)|le <Llly—zllp, VzeU(y).
Then, for any yo € O, the ODE
dy _p
dt (y)7 (51)
Yli=0o=1yo € O.

has a unique local solution, namely, there is T >0 and a unique solution y=y(t) satis-
fying y€ C*(0,T;0).

LEMMA 5.2 (Picard Extension Theorem). Assume the conditions in Lemma 5.1 hold
and Let y=1y(t) be the local solution. Then either y(t) is global in time, namely, T = oo,
or for a finite To >0, lim;_,7, y(t) ¢ O.
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LEMMA 5.3 (Hodge Decomposition in R?).  For every ve L?(RY)NC>®(R?), there
exist unique w and p satisfying

v=w+Vp, V- -w=0,

and we L*(RY)NC>®(R?), Vpe LA RY)NC>®(RY), and ||[v]|2. = |w||%.+]Vp|/2..

-~

We introduce a few notations. f(§) represents the Fourier transform of f,

~

fie)= [ e oy

For a positive integer n, we denote by B(0,n) the ball centered at the origin with radius
n, and define

— o~

Jnf(g) =XB(0,n) (5) f(g)

In addition, we write

L2 = {fELQ(Rd) : supp fC B(0,n)},
Ly ,={feLy(RY):V f=0}.

A special consequence of Lemma 5.3 is the following fact.

COROLLARY 5.1.  There exists a linear bounded operator P: L% — L7, satisfying:
o Forany f€L?, |Pflrz <||fllze-
e Forany f€L? _,Pf=Ff.

n,o?’

Especially, for any fe€ L2, P2f=Pf.
In addition, we will also need the following Lions-Aubin compactness lemma.
LEMMA 5.4 (Lions-Aubin Compactness Lemma). Let X1 — Xo < X3 be three Banach

spaces with the first embedding being compact and the second being continuous. Let
T>0. For 1<p,q<+o00, let

W:{u6Lp(O,T;Xl),ﬁtuELq(O,T;X3)}.

Then,

(i). If p<+oo, then the embedding of W into LP(0,T;X5) is compact;

(i). If p=+oc0 and ¢> 1, then the embedding of W into C(0,T;X5) is compact.
Lemma 5.4 states that any bounded sequence in W has a convergent subsequence in
LP(0,T;X5).

We are now ready to prove Proposition 3.1.

Proof. (Proof of Proposition 3.1.) The proof is divided into several steps. The
first step is to show the global existence of smooth solutions to a sequence of approximate
systems. The second is to establish uniform bounds for this sequence of solutions and

extract a strongly convergent subsequence. The third is to verify that the limit of the
subsequence is actually the weak solution.

Step I: The global existence of smooth solutions to an approximate system.
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Let n€N and we seek a solution (u(™,0(™) € L2 satisfying

O™ +P.J, (u™ - Vul) 4 v(—=A)*u™ =PJ, (0Mey),
010 + J,, (u™ - vy =0,

V-u =0,

u(™ (2,0) = JLug, 0 (2,0)=J,0.

We remark that functions in L2 (R?) are smooth.
L2CNe_ H™.
In fact, let f€ L2,

11 = Z181=m I D” 12 = Big1=mlIDP 1172 = Bzl (2mi€)? F1I72 < (27m) 27| 117

We use the Picard theorem to show that (5.2) has a unique global solution in L2. To
this end, we first apply Lemma 5.1 to show (5.2) has a local-in-time solution. We can
rewrite (5.2) as

% =F(y),
with
Y = (u™, 07T,
F(Y)=(F(Y),F(Y))"
= (=PJ,(u'™ - Vu™) — (= A)*u™ +PJ, (0™Wey), - J, (u™ - VO,

We set E=L2 and O=E. We verify that F: E— E is locally Lipschitz. Assume
Y € L2 and show F(Y)€ L2. Clearly F(Y) € L*(R%). In fact,

1Y) 2 < ™ - Va2 + (= A)u™ | 2 + 10 2
< ™ o [T o ™ |z + 0] 2
<™ g [ g+l o + 100 22
< (20?0 D a2, 4 (2mn)? a2 + 00| .

That is F1(Y) € L?(R%). Similarly, F»(Y) € L?*(R%). Obviously,

supp F1(Y), supp F»(Y)C B(0,n).

Therefore, F(Y)€L2(R?). Next we show F(Y) is locally Lipschitz. Let Y =
(u™ 0N € 12 and Z = (v™,p™)T € L2 and consider

[1F2(Y) = F2(Z)| 22
== Jn @™ VO™ 4 J, (0™ V™) L2
== Jp ((u™ —0™). vy — J, (™ .7 (0T — p()))|| .2
< (@™ =) 700 | a4 [0 T (0 = ) |
< [l =02 VO) e + [0 e [ V(6 = p™) 2
S el 00 = 5™

it d+e + ”U(n) ‘lﬁ%+€
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< (2mn) 200 | L2 [[ul™ — 0™ | L2 + (270n) T E T[] 2|0 — o) | 2
<L||Y -Z| e,

where €>0 is a small parameter and L=2(2rn) " 2+¢(|Y|| 2 +7) for | Z—Y |2 <r.
Therefore F5(Y) is locally Lipschitz. Similarly, F;(Y") is locally Lipschitz. Lemma 5.1
implies (5.2) has a unique local-in-time solution in L2.

Next we use the Picard Extension Theorem, Lemma 5.2 to show that the solution
is global in time. It suffices to show that for any ¢t <T, ||(u(™,0)| ;2 < 4o00. This is
done by the energy method. Dotting (5.2) by (u(™,0() yields

1d
5%(Hu(”)\\iz+IIG(”)II%z)+V||A“u(")IIiz:Ml +Ms+ M,
where < f,g>= [p. f(x)g(x)dx and
Mlz—/ PJ, (u™ - Vu™) . u™ dz,
Rd
My = / PJ,(0™ey) u™ da,
Rd
Mz=— / T (u™ -0 .9 dz.
Rd
We note that
My =— / PJ, (u™ - Vu™) .o dg = — / T (™ - Vu™) . Py dy
_ / T (0™ Ty g = — / (™ . V™) ™) d 0.

Similarly, M3 =0. Clearly, |My| < ||u(™||12]|0]| ;2. Therefore,

d
2 (™1 + 101 Z2) + 20l A |Fa < [lu™ | 2|6 22

Similarly,
1d
§@|I9(")HL2 =0 or (|0 (#)|| 12 = [|Tnb0 |l L2
Consequently,
[u™ () 22 < | Tnwo] 2+t b0l 22 < lluo] 22 + ¢[00 ]| 12
and

t
1™ (®)]12 +2V/ 1A U™ F2dr < ([[uoll 2 +¢ 160 £2)-
0

Therefore, (u(™,0(™)e L2 for all time t<T. Then Lemma 5.2 allows us to conclude
that (u(™,0(™) is global in time.
Step 2. Extraction of a strongly convergent subsequence.

This step extracts a subsequence of u(™) that converges strongly in L?(0,T;L?*(R%))
using the Aubin-Lions lemma. In order to use the Aubin-Lions method we show that

™ € L2(0,T; H™*), (5.3)
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where s=max{«,1+ % —a}. Let g€ H®. We take the L%-inner product of ¢ and the
velocity equation in (5.2) leads to

/Rd¢'atu(") dr=0Q1+Q2+Qs,
with
o) :—/¢~IP’Jn(u(”) -Vu™) de,
Q2=—I//¢~(—A)"u(”) dx,
Qs = / ¢-PJ,(0Mey) da.
Integrating by parts, and applying Holder’s and Sobolev’s inequalities yield
QUL a™I? s VPT84

< Ollu™ | 2 l|Au™ | 2 |B T 6|
< CJfut™ |z | A% 2 (|

d
H]+7_Q
da .

H1+2 a

Using integration by parts and Hoélder’s inequality, we have

1Qal < VIA ] 22 AU 2 < v 2 A% .
Clearly,
Q] < 16112 167 .
Therefore,
\ [6-00 de| <Clolu <||Aau(")||L2(1+|U(")|L2)+|l9(")||L2)-
That is,

|10yul™| -2 < C (llAau<">|m<1+ [u™)] 2) + ||9(")IIL2)-

Squaring and integrating in time yield

T
| 1o
0
T 2 T
<0 [ (1) ATu s deC [0
0 0
T
4O [ (14 a2 ) 1A |0
0

T
<C sup (L [u®) [ AT de+CT sup 607
0<t<T 0 0<t<T

T
+c(T sup ||0<">||Lz)~( sup <1+||u<")||L2>) | iz a
0<t<T 0

0<t<T
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< 4o00.
Thus we have obtained (5.3). Since we have
u™ e L2(0,T; H*(R?)), 8,u™ e L*(0,T;H*(R?)),
and the facts that H*(R?) < L2(R%) is locally compact and L2(R%) < H~(+5-2) jg
continuous, we can apply the Aubin-Lions Lemma to conclude that u(™ has a convergent
subsequence in L?(0,T;L*(R%)). Let u be the limit of u(™) and # be the weak limit of
6(™). Clearly,
0c L>=(0,T;L*(RY), weL>(0,T;L*(RY))NL*0,T; H*(RY)).
Step 3. Passing to the limit.
This step shows that (u,6) obtained in the previous step is a weak solution of (1.1). It

is easy to see from (5.2) that, for any ¢ € C$*(R% x [0,7)) with V-¢=0, and for any
Y€ G5 (R % [0,7)),

T T
—/ / u(")-8t¢dxdt—/ ug")-¢>(x,o)dx—/ / u™ -V (Jpp)ul™ dadt
0 R4 R4 0 R4

T T
+/ / A“u(”)-Aad)dazdt:/ / 0Mey- J,pdrdt,
0 R4 0 Rd

T T
- / 0y 0™ da dt + / 0" (x,0) dx = / / u™ -V (J,1p)0™) dadt.
0 R4 R4 0 R4

The task is then to verify that, as n — oo, the terms above converge to the correspond-
ing terms in the definition of the weak solution given in Definition 3.1. We need the
strong convergence u(™ —u in L?(0,T;L?). It suffices to consider the convergence of
the nonlinear terms. Let

T
A::—/ / u-V(J,p)udxdt,
0o JRre
T
A = f/ / u™ -V (J,)u'™ dadt,
o Jrd
and consider the difference

T
A(”)—A:—/ /(u(”)—u)-V(anb)u(”)d:cdt
0 R4

T
+/ / -V (Jpp—¢)u™ dadt
0 Jrd

T

—|—/ /u-V¢~(u(”)—u)dmdt
0 Jre

=Ri+Ry+Rs.

Using Holder’s inequality, we have

|Ry| < [|ul™ — || o gax o) IV Tnd || oo (e e o, 1™ | 2 (Rt x o,77)

<Clut™ —ullL2raxjo,m) 101l 21 ¢ 1uoll L2 ®axo,7) =0 as n— o0,
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Similarly,

|Ro| < ||l 22 gax o1 |V (Tnd — &) || oo e o, 77 1™ || 22 max o, 10)
< Clluo|l g2 | Tnd — ||

H“%HHOHLQ —0asn—o0
and, as n— 00,

| Rs| < |lull 2 rax 0.7 VO oo waxo.r 4™ =l 2 (e e o,77) = 0.

Therefore |A™ — A| =0 as n—o00. The convergence of the other nonlinear terms is
slightly different. We do not have strong convergence in (). Define

T
B::—/ / u-V(Jp)8dxdt,
0o Jre

T
B™ ;:—/ / u™ -V (J,0)0"™ dadt
0 Rd

and consider the difference
T
B™ fB:f/ / (u™ =) -V (J,1)0™ dzdt
0 R4
T
+/ / w-V(Jpp —1p)0™ dadt
0 R4

T

+/ / w-Vip- (0™ —9)dadt
0 R4

=W +Wo+Ws.

Using Holder’s inequality, we have

(W1 < ul™ =l p2gax 0,77 1V Tnt || oo i xo.r 101 12 max o,77)
< Cllul™ —ull p2@axjo 191l o g 101l 2 gaxjo,77) = 0 as n— oc.

Similarly,

[Wal < llull 2 @ax .1 | V (Tnt) = )| oo maxco.27) 10 | L2 e xfo.17)
<Clluoll2 It =9l 2v g 160l L2 — 0 as n— oc.

W3 is estimated differently from Rs since we do not have strong convergence in ().
Since L? functions can be approximated by smooth functions with compact support,
u- V1) can be treated as a test function. Since (™) converges weakly to 6, we thus have

W3—0 asn— oo.

Hence |B(™ — B|—0 as n— oco. Therefore, (u,0) is indeed a weak solution. This com-
pletes the proof of Proposition 3.1. O
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