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2 DIMENSIONAL MAGNETOHYDRODYNAMIC FLOW*
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Abstract. This paper rigorously establishes the stabilization effect of a background magnetic
field on electrically conducting fluids, a phenomenon that has been widely observed in physical
experiments and numerical simulations. This study is based on a 2 dimensional (2D) magnetohy-
drodynamic (MHD) system in which the velocity equation involves no dissipation and there is only
damping in the vertical component equation. Without the magnetic field, the corresponding vorticity
equation is a 2D Euler-like equation with an extra Riesz transform type term. The global in time
regularity and the stability near the trivial solution are well known open problems. When coupled
with the magnetic field through the MHD system, the background magnetic field stabilizes the fluid,
and the velocity as well as the vorticity remain small if they are initially so and decay algebraically
in time. To overcome the difficulties due to the lack of full dissipation or damping, we construct
suitable Lyapunov functionals and reduce the system to wave type equations.
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1. Introduction. Well known to the community of mathematical fluid mechan-
ics is the open problem of whether or not the 2 dimensional (2D) Euler-like equations,

Ohw+ (u-V)w = Riw, z€R? t>0,

1.1
(1) u=V+A 1w,

and

Ow + (u- V)w = Riw, reR2 t>0,
(1.2) P
u=V+-A"w,

always possess global (in time) classical solutions. Here Ry = 9;(—A)"2 denotes
the Riesz transform and the fractional Laplacian operator is defined via the Fourier
transform

(CAYPF(E) = €172 F ().
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V4t = (=0,,01) and v = V+A~lw represents the Biot-Savart law recovering the
velocity u from the vorticity w := V x u. The velocity formulation of the 2D Euler
equation is given by

O+ (u-V)u=—Vp, V-u=0, zeR2 ¢t>0,

with the corresponding vorticity w = V X u satisfying

Ow + (u-V)w =0, ze€R? t>0,
. foore
u=V-A " w.
The global well-posedness of (1.3) has been well established [34]. Especially, the
classical Yudovich theory [61] asserts that any initial datum wy € L1(R?) N L>°(R?)
leads to a unique global weak solution w € L*(R?) N L*°(R?). The proof of this
result relies crucially on the fact that w is conserved along the particle trajectory.
However, the Yudovich framework fails on (1.1) and (1.2). The terms Rjw and R3w
involve the Calderon—Zygmund type singular integral operators and are not bounded
on L. As a consequence, the L>°-norms of the solutions to (1.1) and (1.2) are not
known to be bounded. The Li-norms of w for 1 < ¢ < oo are bounded, but these
L%-norms could grow exponentially in ¢, as pointed out by Elgindi [17]. Therefore,
the Yudovich approach and its refinements do not work for (1.1) and (1.2). Whether
or not solutions of (1.1) and (1.2) can blow up in a finite time remains an outstanding
open problem. Some preliminary investigations on (1.1) and (1.2) and two other
closely related models have been conducted [9].
The corresponding velocity formulation for (1.2) is given by

6{&1 + (U . V)u1 = —81P,
(1.4) Opug + (u - V)ug + ug = =02 P,
V-u=0

with damping only in the second component of the velocity equation. The global
regularity problem as well as the stability near the trivial solution of (1.4) remain
open. As we shall reveal in this paper, when the velocity is coupled with the magnetic
field via the MHD system, the background magnetic field actually stabilizes the fluid,
and both the velocity and vorticity remain small if they are initially so. In fact,
they actually decay algebraically in time. The magnetic field smooths and stabilizes
the velocity through coupling and interaction. The influence of an external magnetic
field on the behavior of electrically conducting fluids has been observed in many
experiments and numerical simulations (see, e.g., [1, 2, 3, 4, 21, 22]). One goal of this
paper is to establish these observations as mathematically rigorous facts.

We give a more precise description of what we achieve in this paper. Attention
is focused on the following 2D incompressible MHD equations

dur + (u-Vyuy = -0 P+ (B-V)B;, zeR? t>0,
Opug + (u-Vug +yug = =P + (B-V)By, x €R? t>0,

OB+u-VB=nAB+B-Vu, zcR? t>0,

V.-u=V-B=0, z€R? t>0,
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where u = (uy,u3) ", B = (By,Bs) ", and P denote the velocity field of the fluid, the
magnetic field, and the scalar pressure, respectively. The parameters v > 0 and > 0
represent the damping coefficient and the magnetic diffusivity, respectively. Clearly,
(1.5) with B = 0 reduces to the velocity equation in (1.4). Our main goal here is to
understand the stability problem on perturbations near a background magnetic field
and give a precise description on the large-time behavior of the perturbations. It is
easy to verify that the special steady state given by the background magnetic field,
namely,
uW =0, BO=¢,:= (0,1),

solves (1.5). The perturbation (u,b) with b = B — B(® near the steady state
(u(o), B(O)) solves the MHD equations

atu1+(u-V)u1 = —81P+(bV)b1 +82b1, $ER2, t>0,

( ) Oyuo + (u . V)UQ + yug = =02 P + (b . V)bg + O9by, T € Rz, t>0,
1.6

Ob+ (u-V)b=nAb+ (b-V)u+dou, z€RZ t>0,

V.u=V-b=0, zeR2 ¢t>0.

The system (1.6) supplemented with the initial data
u(z,0) = up(x), b(x,0) = bo(x)

will be the centerpiece of our study. By taking the curl of (1.6), we find that w = V xu
and j =V x b satisfy

an Ow+ (u-V)w=vR3w+ (b-V)j + a7,
1.

Oj+ (u-V)j=nlAj+(b-Vw+ 0w+ Q,

where
Q = 261()1 (82u1 + 81UQ) - 281’11,1(82()1 + 81b2).

The stability problem appears to be impossible on our first glance at the vorticity
equation alone. It is the 2D Euler equation with three forcing terms. As is well
known, the gradient of the Euler vorticity and more generally its Sobolev norm can
grow rapidly (even double exponentially) in time (see, e.g., [12, 28, 62]). The term
v R3w can only aggravate the situation. Since Riesz transform type singular integral
operators R? are not bounded on L, this term can actually inflate the L>°-norm of
the vorticity, as demonstrated in [17]. The two other terms b- Vj and 05 are related
to the magnetic field b and the current density j, and they do not appear to be useful
when the vorticity equation is treated alone.

However, it is the smoothing and stabilization effects of the magnetic field via the
coupling and interaction that help stabilize the fluid and make this stability problem
possible. To reveal these effects, we first eliminate the pressure P by applying the
Leray-Helmholtz projection operator P := I — VA~!V- to the velocity equation in
(1.6). Noticing that

P(0,u2) " = (0,up) " — VATV - (0,uz) " = A7'0%u = —R3u,
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(1.6) is then converted into

atu:'yR%u—I—E)gb—i—Nl, z€R? t>0,
(1.8) Mb=nAb+du-+ Ny, x€R2 t>0,
V-u=V-b=0, z€R? t>0,

where N1 and N> are the nonlinear terms

Ny =P((b- V)b— (u-V)u),
No=(b-V)u— (u-V)b.

By differentiating (1.8) in ¢ and making several substitutions, we find

Opu — (NA + v R2)0pu — (yn O11u + Daou) = N,
(1.9) Db — (NA + Y R2)3;b — (1 D11b + Da2b) = Ny,
V.u=V-b=0,

where

N3 = (8t — UA)Nl +82N2,
N4 = (8f — ’)/R%)NQ =+ 32]\71.

Similarly, we can rewrite (1.7) as

o) Opuw — (NA + vy RT)Ow — (Y O11w + Oow) = N,

Ouj — A +~yRE)0yj — (yn 0117 + Da2j) = N,
where

Ns=(0;, —nA)b-Vj—u-Vw)+d(b-Vw—u-Vj+Q),
Ne= (0 — YR} (b-Vw—u-Vi+Q)+a(b-Vj—u-Vuw).

Amazingly, all physical quantities u, b, w, and j satisfy exactly the same wave equa-
tions with various nonhomogeneous terms. In comparison with the original system of
(w,7) in (1.7), the wave equations (1.10) obeyed by (w, j) exhibit much more smooth-
ing and stabilization properties, which make the stability and large-time behavior
problem plausible. By taking advantage of these dissipative and dispersive effects,
we are able to establish the desired global stability and provide sharp decay rates
for the solution. The precise statements of our results are given in the following two

theorems.

THEOREM 1.1. Let (ug,by) € H3(R?) with V -ug =0 and V - by = 0. Then there

exists sufficiently small 6 = §(y,n) > 0 such that, if

||VUO||H2(R2) + ||Vb0||H2(]R2) <4,
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then (1.6) possesses a unique global solution (u,b) € C([0,00); H3(R?)) satisfying

i
[l (u, ) ()| 1 2 +/0 (a2 ()12 g2y + IVu(T) 1222y + V() 171 (re)) dT
(1.11)
< O (Jluollz (ge) + llbollzr e2)),
t
10 IO ey + [ (100 ey + 170 oy + 192U ey )

(1.12)
< (4

for any t > 0 and some constant C > 0. Furthermore, the following time decay
estimate holds:

(1.13) IVu(t)l| 22y + V() | 2@y < C ([I(o0, bo)l| 22y + 6) (1 +18)72,
when 6 is small enough. In particular, for any 2 < q < 0o, as t — oo,

(1.14)
lua ()l L2®2) = 0, [[(u,0) () lw=azy) = 0, and ||(u,b)()|lw1.r2) — 0.

As Theorem 1.1 states, the H'-norm of the solution is uniformly bounded by
the initial H'-norm regardless of the size of the initial H'-norm. The smallness
assumption is not imposed on |[|(ug, bo)| £2(r2). In the uniform bounds in (1.11) and
(1.12), several time integral bounds are not a direct consequence of the damping or
dissipation in the original system. For example,

t t
| oty dr < 0, [ o) e ar < €5

are consequences of the smoothing effects due to the wave structure in (1.9).

Efforts are also devoted to establishing sharp decay rates for the solution estab-
lished in Theorem 1.1. The regularization effect of the wave structure is exploited
to achieve this goal. We solve the linearized system in (1.8) or, equivalently, (1.9)
explicitly and represent the nonlinear system in an integral form. More precisely, we
convert (1.8) into the system

(1.15)  @(&,t) = My (t)io + Ma(t)bo + /O (My(t — 7)Ny(7) + Ma(t — 7)Na(7)) dr,
(1.16)  B(€,t) = Ma(t)do + Ms(t)bo + /0 (My(t — 7)Ny(7) + My(t — 7)Na(7)) dr,

where the kernel functions are given by

M, = n¢PGr+Ga,  My=its Gy, M= —n|¢PGy+Gs

with
e)\gt _ e>\1t A26>\2t _ )\16)\1t
Gi(t) = ——— Go(t) = =Mt L NGy (t
1() )\2_)\1 2() )\2_)\1 € + 1 1( )5
)\ A1t )\ Aot
G3(t) — A20T T — AT — Mt _ >\1G1(t)-
A2 — M
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Here A1 and \g are the roots of the characteristic equation

A4 (g + 1A+ (gl +£5) =0

or, more explicitly,

YEIEP +nl¢]72) + VT
2 b

V€R1EI 2 +nl¢l*) - VT
2

)\1:_( ,)\2:_(

where
I = (Y& €172 +nl€?)? — 4(nef + €3).-

The integral representation in (1.15) and (1.16) does not appear to be simple with the
kernel functions being nonhomogeneous and frequency dependent. By appropriately
estimating the Sobolev norms of the solutions, we are able to obtain the sharp decay
rates stated in the following theorem.

THEOREM 1.2. Assume (ug, by) € L*(R?)NH3(R?) with V-ug =0 and V-by = 0
satisfying
[1(o, bo)ll L1 2y + [[(o, bo) || s m2) < 6

for some 6 small enough. Then for m = 0,1,2, the small global solution (u,b) of the
system (1.6) obeys

_14+m

D™ u(0)l|2a2) + 1D™b(0)]| L2y < CO(1+ 1) 5",

where C' > 0 is a constant independent of 6 and t.

The decay rates obtained in Theorem 1.2 for the solution of the nonlinear system
in (1.6) are the same as those for the 2D heat equation as well as the Navier—Stokes
equations (see, e.g., [39, 41]). They are optimal. This reaffirms the smoothing and
stabilization effect of the magnetic field on the fluids.

The results presented in Theorems 1.1 and 1.2 not only rigorously confirm the
smoothing and stabilization effects of the magnetic field on electrically conducting
fluids, they also advance the courses on how to understand the stability problem
when the underlying model involves only partial dissipation. The MHD equations
have recently attracted extensive interests due to their wide physical applicability and
their mathematical significance. The MHD equations model electrically conducting
in the presence of a magnetic field and serve as the center piece of the magneto-
hydrodynamics initiated by the Nobel laureate Alfvén (see, e.g., [3, 10, 30]). The
resistive MHD model studied in this paper is applicable when the fluid viscosity can be
ignored while the role of resistivity is important such as in magnetic reconnection and
magnetic turbulence [36]. Mathematically the MHD equations share many features
with the Navier—Stokes and the Euler equations; however, the MHD equations are
not a combination of a pair of the Navier—Stokes type equations, but an integrated
and interactive system. The MHD equations can model much richer phenomena than
the Navier—Stokes equations such as the Alfvén waves.

There are substantial recent developments on fundamental issues concerning the
MHD equations such as the global regularity and stability problems. One recent
focus is on the MHD equations with only partial or fractional dissipation. Significant
progress has been made (see, e.g., [4, 5, 6, 8, 11, 14, 15, 16, 18, 19, 20, 23, 24, 25, 26, 27,
29, 31, 32, 33, 35, 37, 38, 40, 43, 45, 46, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60]).
However, many important issues remain outstandingly open. One of them is the
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stability problem of the MHD equations with only magnetic diffusion (without the
viscous dissipation). Theorems 1.1 and 1.2 presented in this paper solve this stability
problem when the velocity equation also involves one component damping and obtain
precise and sharp large-time behavior on the solutions. These results are completely
new and will be useful for future investigations of PDE systems with only partial
dissipation.

We briefly explain how we prove Theorems 1.1 and 1.2. The framework in the
proof of Theorem 1.1 is the bootstrapping argument (see, e.g., [44, p. 21]). The
first step is to construct a suitable energy functional. In addition to the standard
H3-energy terms, we also include the regularization terms suggested by the wave
structure in (1.10). We set the energy functional E(t) to be

E(t) = Ev(t) + Ea(t) + Es(1),

where

(P32 gey + NP g )

(
/Ot (H81U( 722y + \\Vj(T)H;(RZ)) dr,
w (

wp (196 i ) + IV i o))
[ (10 e+ 19250 e o)

t
- / EG e

The inclusion of Ej3, suggested by (1.10), helps bound the nonlinear term (u - V)u in
the process of estimating the H3-norm of u. Otherwise, we would not be able to close
the estimates. An equivalent process is to design a Lyapunov functional given by

L(u, b)(t) = [(Vu(t), Vo) 72 2y + M(Vu(t), 02 V() rrr vy,

where A > 0 is a small parameter and (F,G) g1 denotes the H'-inner product. The
main efforts are devoted to estimating E(¢). This is a long and tedious process
involving applications of various anisotropic inequalities. We are able to show that

E(t) < CTE(0) + C3E2 (t) 4+ CLE (t).

An application of the bootstrapping argument would lead to the desired stability.

To obtain the optimal decay rates stated in Theorem 1.2, we make use of the
integral representation in (1.15) and (1.16). By dividing the frequency space into
suitable subdomains, we pinpoint the exact behavior of the kernel functions Ml,
Mg, and M3 and provide upper bounds for them in each subdomain. Due to the
nonlinearity in the system (1.15) and (1.16), we employ the bootstrapping argument,
which starts with the ansatz, for any t < T,

1

lu(t)]| L2 @2y + [|b(t)|| L2m2) < Cod (1+1)7 2,
1Du(t)]| L2 ey + 1Db(E) | p2rey < C16 (1+1) 7
ID?u(t)]| L2(r2) + [ D?b(t) || 22y < Cad (141)72

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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for suitably chosen Cy, C7, and C5. Inserting the ansatz bounds in the integral
representation and invoking the upper bounds for the kernel functions, we obtain,
after carefully estimating the L2-norms on each subdomain,

C _1
[u(®)llL2 ey + 16()] L2 (r2) < §(141)"2,

IDu(t) | L2qme) + 1 Dbl p2rey < = 6 (1+8)77,

§(141)7%.

=0
2
G
2
C
(1.17) | D*u(t)|| L2 (r2y + | D?b(t)]| L2 (r2) < 72

The bootstrapping argument then implies that 7' = oo and (1.17) holds for all time.
The rest of this paper is naturally divided into two sections. Section 2 proves
Theorem 1.1 while section 3 presents the proof of Theorem 1.2.

2. Proof of Theorem 1.1. This section is devoted to proving Theorem 1.1.
We start with several tools to be used frequently in this section. The first provides
an anisotropic upper bound for integrals involving triple products. It was previously
stated and proven in [7].

LEMMA 2.1. Assume f,g,h,d1g,0:h € L?(R?). Then, for a constant C > 0,

@0 [[ fohdai dea < CUfame)lolEs o)1 909l ey 112 e 1021 e

The second tool provides an easily verifiable condition under which a nonnegative
and integrable function actually approaches zero at infinity. It is [13, Lemma 3.1].

LEMMA 2.2. Let f = f(t) with t € [0,00) be a nonnegative and uniform continu-
ous function. Assume f is integrable on [0, 00),

/OOO f(t)dt < oo.

Then
ft) =0 ast— oco.

We remark that the uniform continuity condition in Lemma 2.2 can be replaced
by a slightly weaker assumption that for any § > 0, there is p > 0 such that, for any
0 <ty <ty with to — 1t <p,

either f(t2) < f(t1) or  f(t2) = f(t1) and f(t2) — f(t1) <.

The following lemma assesses the precise decay rate for a nonnegative integrable
function when it decreases in a generalized sense.

LEMMA 2.3. Let f = f(t) be a nonnegative continuous function satisfying, for
two constants ag > 0 and a1 > 0,

(2.2) /Ooof(T)dTSao<oo and f(t) <ay f(s) forany0<s<t.

Then, for as = max{2ay f(0),2apa1} and for any t >0,

ft) <ax(1+t)7L

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Since the proof of Theorem 1.1 is long, for the sake of clarity, we divide it into
three main parts. This section is split into three subsections. The first part establishes
the global uniform H*-bound for the solution (u,b) and related time integral bounds.
Besides controlling the standard time integral terms, we are also able to bound the
time integral of ||Vu(t)||3.. This is not a consequence of the original damping and the
magnetic diffusion. It is obtained by taking into account the wave structure in (1.9)
and by evaluating a mixed term, namely, the inner product (dau, b). It is this bound
that helps us obtain the decay rate for ||(Vu(t), Vb(t))| 2. This part of the proof is
provided in the first subsection.

The second main part is to construct the energy function E(t), given by

(2.3) E(t) = Ey(t) + Ba(t) + Es(t),
where
Fa(t) = s (Jen)lie + 157132 + / (o)l + V512 ) dr,

t
0<r<t 0

Eat) = s (19wl + 1950 ) + [ (Il + 19505 ) dr

Bs(l) = /O 19a (1) |21 -

The inclusion of Ej3, suggested by (1.10), helps bound the nonlinear term (u - V)u in
the process of estimating the H3-norm of u. Otherwise, we would not be able to close
the estimates. An equivalent process is to design a Lyapunov functional given by

L(u, b)(t) = [(Vu(t), Vo) 2 + MVu(t), 0:Vb(8)) e,

where A > 0 is a small parameter and (F,G) g1 denotes the H'-inner product. The
main efforts are devoted to estimating FE(¢). This is a long and tedious process
involving applications of various anisotropic inequalities such as Lemma 2.1 above.
We are able to show that

(2.4) E(t) < CTE(0) + C3E? (t) 4+ CLE (t).

A bootstrapping argument is then applied to (2.4) to obtain the desired stability. The
second subsection provides the details.

The third main part is to prove the large-time behavior and decay estimates stated
in Theorem 1.1. Both Lemmas 2.2 and 2.3 will be used. In order to obtain the decay
rate for ||Vu(t)| gz and ||Vb(t)| gz, according to Lemma 2.3, we need to verify that,
for

f@) = [[Vu®)| g2 + [IVO(#)||

and for any 0 < ¢; < t5 and a uniform constant C > 0,

/Oo Ft)dt <oo and  f(ts) < C f(t).

The time integrability part is a consequence of the first part and (2.4) in the second
part, but the generalized decreasing property takes some effort. The idea is to use
E(t) defined in (2.3) with 7 € [t1,t] as a bridge. Since f(t) is part of E(t), we have
f(te) < E(t2). We then show that, for some constant C' > 0,

(2.5) E(ty) < C f(t1) + C B3 (ta) + CE¥ (t2).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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According to the second part, when the initial datum or E(0) is sufficiently small,
say, E(0) < 2, then E(t) remains uniformly small, E(t) < C 6. By taking & to be
small, (2.5) implies that

E(t2) < C f(t1).

As a consequence, we obtain f(t2) < C f(t1) and Lemma 2.3 leads to the desired
decay rates. This part, together with the completion of the proof for Theorem 1.1, is
presented in the third subsection.

2.1. Uniform bounds in H'. As described above, this subsection proves the
uniform H' and related time integral bounds stated in the following proposition.

PROPOSITION 2.4. Assume the initial datum (ug,by) € H' with V-ug = V-by = 0.
Then the corresponding solution (u,b) of (1.6) satisfies

(lu®)lz + Ip(®)13:) +/0 (lu2 (M2 + Va2 + Vb)) dr
< C ([luollzn + boll7)-

Proof of Proposition 2.4. Taking the L?-inner product of (1.6) with (u,b), we
obtain

t
(s DY(IZ + 2/0 (VMuz ()72 + 0llVO(T)IZ2) dr = luollZ2 + [|bolZ2-

To prove the H'-bound, we resort to the equation of (w, j) with w = V xu,j = V x b,

26) Ow+ (u-V)w=9R3w+ (b-V)j + 027,

W+ (u-V)j=nAj+(b-V)w+ 0w+ Q,

where

Q= 201 b1 (62U1 + 81U2) — 281@61(62()1 + 81b2).
Multiplying (2.6) by (w, j), integrating over R?, and applying Hélder’s inequality and
Gagaliardo—Nirenberg’s inequality, we obtain

1d . .
5 @ DOIE: + 2 TuslZs + 0 Vi3

= /Qj dz
< C||Vb|[ 4| Vull L2 [|5] 2o
1 1 et 1
< CIVb| 2 1IV2b] 22 1Vl 2 (14112 V51 22
(2.7) < COIVillzllillellwllz2 < 5||le|%2 +Cllil7: ]2,

where we have used the facts

[Riwl[zz = [[O1ull 2 = [Vuz| L2, [[Vullpe = w2,
Vbl r2 = [lillz2, V2bllz2 = || V3]l L2
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By Gronwall’s inequality,

1w, ) (@)1Z- +/0 (2y(IVua ()22 + 0l Vi(7)]Z2) dr
(2.8) < C(|I(uo, bo)llz2) [[(wos o)l Z2-

Next we bound fot |2u(T) |2 2dr and show that

/Ot 102u(r)IZ2d7 < C (luoliF + 1bollF)-
The idea is to evaluate the L2-inner product (Gau,b). It follows from (1.6) that
—(ou,b) + 9003 — 92D ~ [ st V0) - b
+/ (82u- (- Vb) — 9a(b - Vb) - b) dz
—/82u~ (b-Vu)dz

+ /(vagug by — nOau - Ab) dx
::Il+I2+IB+I4.

Further dividing I; into two terms, and applying Holder’s inequality and the Sobolev
embedding inequality, we have

I = — /(ulalu - Ogb 4+ us0su - 82b) dx

< NJua|lp[|Orul[ L2 (020 L+ + |luzl|La||O2ul| L2 [|O2b]| 4
< Cllur|| g [[O1ullL21|020]| g1 + Clluz|| g1 || O2ul| 2 || 20| g

< Ollull g (I0vullz> + 1V0lI30) + Cllull3 Vb7 + éllﬁzul\%z-
Similarly, Is and I3 can be bounded as follows:
I = / (20 (- V) + (b V0) - 0ub)
< |102ull g2 l|ull L4 | VO]l o + 1Bl 2 [ VB 7
< Cllullz + 16l 22) Vol 7 + %IIC%UII%z
and
I3 = /(blalu - Oqts + baOou - Dou) da
< [Ibullpoel|Ovul 2 (|92 2 + [[ba]| < | Ozull72
< CIIE VM3 (IOl zul 2 + 003
< C|Ibll L2 [V?0]| 2 101l 22 + Clbl[72 Vbl 72| O2ull 72 + %|I32UI|222

1
< Clbllz I Vull 2 (12072 + [01ul72) + CIBIZ: Vel 721 V20]72 + g 102ulls,
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1 1
where we have used the Gagaliardo—Nirenberg’s inequality ||b]|~ < C||b]|3.]|V?b| 3.
in I3. By integration by parts and Holder’s inequality,

Iy = —’y/uz Oaby dx —n/82u~Abda:
0 1
< 2 (llusllZz + 1020132 ) + <8||32u||2L2 +2772||Ab||2L2) .
Collecting all the estimates above for I; through I leads to

d
= 2 (0u,0) + [102ul72 — (vllu2lZz + (24 ) [192]172 + 4n*[| Ab]72)

< C(Jlullr + alid +1Bllzz + 6]z Vul o2 + B3 Vull3:) (01u)3: + [ V5]%:)

(2.9)
< C(n, [luollFrrs NIbollFr) (I10rull72 + [ VOl[7)-

Integrating (2.9) over [0, ] yields
¢
| ozt e
0

t
< /0 (Ylua(P)IZ2 + 2+ N02b(T) 172 + 40| Ab(7)]Z2) dr

+ ([02ull7z + [1BlIE2) + (1020l + [lbolIZ2) + C (luollZ + 1ol Z)
< C (luollFn + lIboll7)-

This completes the proof of Proposition 2.4. ]

2.2. Proof of (2.4). This subsection is devoted to the proof of (2.4). As previ-
ously mentioned at the beginning of this section, a crucial step in proving the desired
stability is to prove (2.4). We state it as a proposition for the purpose of easy reference
later on.

PROPOSITION 2.5. Assume (ug,by) € H?> obeys the conditions stated in Theo-
rem 1.1. Let (u,b) be the corresponding solution of (1.6). Let E(t) be defined as in
(2.3). Then (2.4) holds.

Proof of Proposition 2.5. According to (2.3), E(t) consists of three pieces F and
E5 and E3. The first piece E; contains the homogeneous H-norm of (u,b) and has
been estimated in (2.8),

(2.10) Ei(t) < CE4(0).

FE5 contains the H2 and H3-norms of (u,b). Its upper bound depends on F3. It does
not appear possible to bound FEs5 without E3. The estimate F3 is not trivial and it
is the wave structure in (1.9) that leads to its boundedness. The rest of this proof
establishes the following bounds,

(2.11) Es(t) < CEZ(t) + E5(0)
and
(212) By(t) - Co(n.N(Ba(t) + Ea(t) < C(BH (1) + B1 (1)) + E(0),
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where C' > 0 and C§ are constants. (2.10), (2.11), and (2.12) yield the desired global
bound in (2.4). We start with the proof of (2.11).
Taking the L?-inner product of (2.6) with (Aw, Aj) and integrating by parts yield

Ld
2dt
:—/(Vu~V)w~dex+/(Vb~V)j~dex—/(Vu~V)j-deac

1(Vew, VAYONZ> +A01wl[72 + nll Ajll7

+/(Vb-V)w-dex+/VQ-dem,

where we have used |R1Vw| 2 = ||01w]|r2. By Holder’s and Sobolev’s inequalities,

(T, T3 +Y1hel3a +nll A1
< IVullze (IVwliZ + V5122 ) + 20Vl e V5211V 12
+2([IVull L [IV2bl 2 + V0] oo [V ?ul|2) [ V] 2
(2.13) < Clwllaz + i) (IVwlZ: + [V51Z2),
where we have used the simple facts
IVullzz = lwllz2,  [1Vbllze = lille, IV2ullzz = [Vwllze,  [IV2bllz2 = [ Villze.
Applying A to (2.6) and taking the inner product with (Aw, Aj) leads to

1d ) )
5 7A@, A7z + 101 Velzz + 0l VA7

:—/A(u-V)w Awdx—f—/A(b-V)j Awdx—/A(u-V)j Ajdx
+ [ 20V djdr+ [8QAjdr =g+ T+ g

By integration by parts, Holder’s inequality, and Sobolev’s inequality,

lef/(Aszw) Awdfo/Vu~V(Vw) Awdx

< |Aull pal| Vel pa | Awll 2 + 2] Vu] oo | V0|22
< CllAu Vo] g1 | Awllz2 + ClIVul| 2| V2w 7
< Cllwl e Vwllzp -

J1 would not be suitably bounded without Fs. J3 can be bounded in a similar way:

J3=—/(AU~Vj) Ajdx—?/Vu-V(Vj) Ajdx

< 1 Aul sVl s Al e + 2] Vul 2~ V5112
< Ollwllw2l1 Vil -
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We combine Jy and Jy. By integration by parts,
Jo+ Jy = / (Ab V) +2Vb- V(Vj)) Aw da

+/(Ab-Vw+2Vb-V(Vw)) Aj dx

< Al all Vil Lall Awl 2 + 41 VBl L= [ V2] 2| V2| 2
+ [ Ab]| s [ Vel [ Lo | Ag]| 2

< CllAb Vil [ Awll 2 + ClVOI 2 V2] 12 [ V2]l 2
+ CAb] g [Vl a A 22

< Clljllae (vl + 1V ).
By Holder’s inequality and Sobolev’s inequality,
Js < C/ (JAVD||Vu| + |V?b||V2u| + |Vb||AVY]) |Af| dx
< C(IIAWHLZIIVUHLOO + {1V [ V2ul| 2 + ||Vb||L°°||VAU”L2> [Aj]| 2
< C(IAVbl ol Vel + 92611 [Pl + Vbl 2|V A 22 ) A
< C(llwllz= + 11l a2) (IVwllz + A7]172)-
We have thus obtained
d ) .
Z1(Aw, A7) D72 + 291101 Vewl7z + 20l VAGIZ:
(2.14) < C(llwllz= + 1l a2) (Vw7 + [V3]170)-

Combining (2.13) with (2.14), we have

d . .
(Ve VA O + 290w 5 + 20l Ajll7
(2.15) < Cllwllzrz + 5l =) IVl F + 1Vill70)-

Integrating in time leads to, for some constant C' > 0,

Ey(t) < C sup ([lw(7)]la= + IIJ'(T)Ile)/0 IV En + 1V ()Fn) dr

0<r<t
+[[(Vwo, Vo) 71
< CE3(t) + E»(0),
which is (2.11).
We now turn to the proof of (2.12). Due to the wave structure in (1.9) and (1.10),

we realize that the time integral term fot |02w(T)|| g d7 in E3 can be generated as a
consequence of the inner products

(0oVu,Vb) and (9:Vw, Vy).
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We focus on the time evolution of these two inner products. Using (1.6), we have
%(azw, Vb) = (3y Vg, Vb) + (95, Vby)
_ /azv( (- V(0 us)" + (b V)b) - Vb dr — V5] 35
(2.16) + /62Vu : v( —(u-V)b+nAb+ (b- V)u) dz + (|02 V|2,
where [ &V (Vp) - Vbdz =0 due to V - b = 0. Similarly, by (2.6),
%(agw, Vj) = /zw( — (u-V)w+yR2w + (b- V)j) Vjdz — [|0: V5|2
(2.17) + /am : v( —(u-V)j+nAj+ (b.V)mLQ) dz + |8 Vw2
Summing (2.16) and (2.17) yields
d ) .
= (0290, V) + 82V, V)| + 10201l = (102315
- / (32V(u-V)u— 3V (b-V)b) - Vbdz
+ /(%Vu - (V(u-V)b=V(b-V)u)dz
+ / (02V(u-V)w—08,V(b-V)j) - Vjdx
+/82Vw- (V(u-V)j—V(b-V)w)de
— /32Vw -VQdx

+ / [’Y(@QVUQ -Vby — 82V’wa . VJ) — 77(82Vu -VAb+ 9Vw - VAJ) dzx

(2.18)
=K1—|——|—K6

We bound the terms in (2.18) one by one. By integration by parts, Holder’s inequality,
1 1
the anisotropic inequality (2.1), and Sobolev’s inequality |[v]|z+ < Cllv]|}.[|VV] 2,

Kl:/(U'V)U'azAbder/(82b~Vb+b~V62b)~Abdz

1 1 1 1
< Cllul 32 10rul 22 1V ul £ 10250l £ 92 86] 2 + 192l 4| Vb 4 | A 2
+ bl V02l 4| Ab 2
1 1 1 1 .
< Cllul 2yl |l 32 1Vl 72 102V ] 12
1 1 1 3 1 1
o 109122102 VBl VBl | ABI s + 11613 V1. V025 12| Ab .
1 1 . 1 i 2 2 12
< C(llulZalollza + e + D0l 323152 ) (10nul3s + [ 9el3s + 19413 )

219) < C(lwlzs + 13l17s + lillez ) (10rullie + IVel3a + [ 941%:),
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where we have used the uniform bound on ||(u, d)||z2. Similarly, K5 can be bounded
by

Ky =— /(u -V)b- O Audr — / ((Vb-V)u+ (b V)Vu) - 2Vudz
< Cllull z210vull 22 VOl 721102V 2 |02 Aul[ L2 + VB[ L4 [ V]| 4[| 02V | L2
+[Ibll IVl £ [|02 V| 2
3 R ER L2 IER v 3 (1O2p 2 3 (102,13
< Cllullzallovull 2251 2 IVl 22 IV 7wl 2 + (VO £ (VB 22 IV ul 7o [V ul| 2
1 1
+ Bl Z2 11V 22 [V 2 ull 112 1| 02 Va| 2
1 1 1 .
220) < (3113 + 15l sl 2 ) Q10rule + 1912 + 19l ).
By integration by parts,
Ks= /(u -V)w GaAjdx — /(b-V)j 02 Aj dx
< (lullza 1Vl + b1l V22 ) 19225 22
1 1 1 i . .
< (Il 2 IVl 2 IVl -+ [ 1081 L V1 Y1028
3 3 2 12
2 <o(lelh + 115 (19wl + 1971
For K4, we have
Ky = / ((Vu-V)j+ (u-V)Vj— (Vb V)w — (b~V)Vw) 8 Vw d
< (IVullpallVillpe + el el V25l o + V0] pal Vwll 2 + [16]] oo [ V2wl 2) 02 Vool | 2
1 1 ,
< C(HVUHH1 IVl + lull 22 1V ull 2211V 25 e+ V8] [ Vol
3 o2p3 |1o2
+ oz V70l 2211V w||L2)HAw||L2

(2.22)
1 1 ‘ ‘
< O (Il + IVl + lellan + 1l ) IVl + 1V13).

The terms in K5 are similar to the first and third terms in (2.22),
Ks < C(IIVull 1l Vbl s + VBl 4 [|V2ul| 14) [ 02 Vel 2
(2.23) < (Il + 5l ) (I9lBrs + 193130,

By Holder’s inequality,

K¢ = / [— Y(Doug Aby + 02 VR3w - V) — n(0eVu - VAb + 05 Vw - VAj)} dx
<E a 2 2 Ab 2 1 a VR2 2 2 \vZi 2
< 5 ([102uz]lz2 +77[1Ab2 |72 ) + | 7102 VRIwlZ2 + 271V lZ:
1 2 772 2 1 2 2(1v3 112
+ (510VuliZ + TIVAbE: ) + ( 102Vele + 0?1 9%5113:

‘ 1 ‘
(2.24) < S(l0rwllz: + 392 VillLe) + 10wl + n*[1Ad 15,

|~
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where we have used |[02VRIw| 2 < [|02Vw]|r2. Inserting the bounds (2.19)-(2.24)
into (2.18), we obtain

0eli3n — G303 + 19112)
d

<2—

T odt
(2.25) + (1@ Dl + 1w, )l ) (1010l + 196l + 1V713)

(0274, Vb) + (29w, V)|

for C = 2+ 2n? + 3+2. Integrating (2.25) over [0,] yields
t t
| o) ar = G [ (lowus (7)1 + 1937 )
< (1029 ullZ + 1311%0) + (182 Vuo 3 + llgol2)
+C sup (I, DN + e, )l )
0<r<t
t
0
. 3 5
< (IVll2n + 131130) + C(EH (1) + B3 (1) + E(0),

/ (lovu(n)Z2 + Ve (D) + V5 (7)1 F2) dr

which implies

e

By(t) - Co(Ba(t) + Ex(t) < C(BH (1) + B (1)) + E(0).

This completes the proof of (2.12). By taking a small number A > 0 and considering
the combination
(2.10) + (2.11) + A (2.12),

we find that there exist C7 > 0,C5 > 0, and C5 > 0 such that
E(t) < CTE(0) + C3 E3 (t) + C3 Ef (1),
which is (2.4). This completes the proof of Proposition 2.5. d

2.3. Proof of Theorem 1.1. This subsection completes the proof of Theo-
rem 1.1 using the bounds obtained in the previous two subsections. We first apply
the bootstrapping argument to show the stability and then prove the part on the
large-time behavior of the solution.

Proof of Theorem 1.1. We now combine the uniform bounds in Propositions 2.4
and 2.5 to establish the global existence and stability of solutions to (1.6). Proposition
2.4 gives us the global uniform H!-bound regardless of the size of the initial datum
(ug,bo) in H', namely,

[ (®), b)) r < C'll(uo, bo) |-

The energy inequality obtained in Proposition 2.5,
(2.26) E(t) < CrE(0) + C5 E2(t) + CEE3 (¢),

allows us to conclude that, if ||(Vug, V)| g2 is sufficiently small, say

| M
(227) ||(vu0,vb0)||H2 S 6 = M,
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where

M :=min< 1, ;
{ (4C)4

} with C = max{C}, Ci},

then the solution remains uniformly small,
E(t) <2C76* or |[[(Vu(t), Vb(t)|l g2 < \/2C5 6.

This is shown by applying the bootstrapping argument to (2.26). The argument starts
with the ansatz that, for t < T,

E(t) < M.

By (2.26) and (2.27),

E(t) < C;E(0) + C(E%(t) + E7(1))E(t)

< Cr62 + 2CE1(H)E(t)

1
<Cr6% + SE®).

Then u M
E(t) < 2C76% = 2Cf =—.
The bootstrapping argument implies that 7" = oo and for any ¢ < oo,
1
E@t) < §M.

This completes the proof for the global existence and stability of solutions to (1.6).
We now prove the large-time behavior estimates stated in Theorem 1.1. First we
show

1(Vu(t), Vb(®))l|z2 < C(luollam, lboll ) (1+8)7% and  [Juz(t)]|z2 = 0 as ¢ — oc.

The decay estimate is obtained by applying Lemma 2.3. We verify the conditions
(2.2) in Lemma 2.3. First of all, Proposition 2.4 implies

/0 (IVu(n)[172 + IVB(T)[|72) dr < C || (o, bo) |71 < oo
In addition, as in the proof of (2.8), for 0 < ¢; < to,
u 2 2
IVulta) |72 + [Vb(ta)lI72 < enlvolue #I0olia) (| 7uey) |32 + [ Vb(t)]172)-
Lemma 2.3 then yields

1(Vu(t), Vo))l 2 < C l|(uo, bo)ll g (1 +1) 7.

Due to the Gagaliardo—Nirenberg’s inequality, for any 2 < ¢ < oo,

2 1—2
(2.28) [vllze < Cllvllz2lIVoll L2 *,
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we find that |[(u(t),b(t))||L« — 0 as ¢ — oo. Next we turn to the long-time behavior
of [Juz(t)||L2. We will use Lemma 2.2 to show that

luz(t)|rz — 0 ast— oo.

By Proposition 2.4,
/ s ()22 dt < oc.
0

It then suffices to verify the uniform continuity part of Lemma 2.2. Multiplying the
equation of ug in (1.8) by us and integrating over R?, we have

5 7 lu2(®)13 + Y Rauall72 = */(P’(u - Vu))a up dx
+ /(]P(b Vb))Q (%) dx + /(%bg U dx.

Recalling that P = I — VA~!V- and using the fact that the singular integral operator
A~V - V- is bounded on L? (see [42]), we have

‘/(]P’(u - Vu))s up dz

= ‘—/(%A_lv-(u-Vu) ug dx

= ‘/AIV -V (u®u) Oqusdr| < ||lu® ul|p2]|02uz] L2

< JullFal|02uzl 2 < Cllull 2 [|Vull 12 ]| 02usl| 2.

Similarly,

‘/(]P’(b -Vb))2 uz dx

:’/b-w2 uzdx+/A_1V~(b-Vb) Dauy dx

< bllLalI Vbl 2 lluzll s + [1]|74 102wz 2
< bl luzl -

By Hoélder’s inequality,

‘/821)2 U d:l?

Invoking the uniform bound of ||(u,b)|| g1 in Proposition 2.4, we have

< 5 (102ba][72 + uz)1Z2)-

DN | =

1d
5 71t ®lzz + v Ruuz]z2

1
< Cllullzz[Vullzz + Clolg lualla + 5 (10202172 + [luz]72)

SC*("L s ||uUHH17 ||b0||H1)7

1d
5 o lua (O3 + 7| Ruvall3

1
> =Cllull2 [Vullze = ClollZ lluallmr = 5 (102ball72 + [luz]72)

2 =C"(n, v, lluollar, Nlbolla),
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which verifies the uniform continuity of Lemma 2.2. As a consequence,
lua(®)|lz — 0 as t — oc.
Next we prove the decay estimate
1w (®), 5@)llr= < C (I[(uo, bo) |22 +8) (1 +1) 2.
The tool is Lemma 2.3. We verify that
F@&) = lw®lF + 1013

satisfies the conditions of Lemma 2.3. First of all, since FE(t) < C'§% < oo,

oo
(2.29) / FOdt < C (| (o, bo) |22 +6%) < oo
0
It then suffices to show the generalized monotonicity that, for any 0 < ¢; < t9 < 00,

f(ta) <C f(t1).

The idea is to use E(t) as a bridge. With a slight abuse of notation, E(t) here is
defined as in (2.3) but with the starting time ¢; instead of 0. Since f(t) is part of
E(t), we have f(t2) < E(t2). We then show that, for some constant C > 0,

(2.30) E(ty) < C f(t) + CE3(t;) + CE% (t3).
According to the stability shown above, when the initial datum or E(0) is sufficiently
small, E(t) remains uniformly small, E(t) < C 6% By taking § to be small, (2.30)

implies that
Blts) < C f(t1).

As a consequence, we obtain f(t2) < C f(t1). We now verify (2.30). By (2.7),
d ) . .

(2.31) @ DI + 291 VuallZe +nllVillZe < Cllillzellwlze

By Gronwall’s inequality,

. . 2 2
lo(t2)1Z2 + 13 ()22 < (l(t)l72 + [1i(t)|72)e (P uolzatiboliz),

If we integrate (2.31) over [t1,t2] directly, we have

(lwota) 22 + 13(t2)]12) + / “@ 1002 + 0l Vi(r)|22) dr

ty

< (lw(t) 1z + 3 (#)172) +  sup HW(T)IIiz/QIIJ(T)IIiz dr

t1 <7<t2 t1

(2.32)
2 2 .
< ) (1 + (luoll 72 + lbo|[3)e ol 0lie) ) (oot + 1130 172).
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Next integrating (2.15) over [t1, 2] yields

(V) + 195t 130 ) + / (20 + 202530 ) dr
< (IVe(t)llzs + V5 ()5 )

+C sup (IIW(T)||H2+HJ'(T)||H2)/t2(|IVW(7)H?I1+||Vj(7)||?p)d7

t1<7<t2

233) < (IVw(t)ln + Vi) I3 ) + CE? (t2).

Similarly, we obtain from (2.25) that

t2 t2
/ 102(7) 2 dr — C / (001 ()22 + V51 [32) dr

t1 t1

< (102 Vult2) s + 13 () 17) + (102 Vult) [ + 115 ()17 )
+C s (@)@ + 1@, )@l

t1777t2

'/2 (lovu(n)Zz + V() + [V5(7) 1) dr

(2.34) 1
< (V)3 + 15(t2)13) + (IVw(t) 30 + 15(8)13) + C(E? (t2) + B (t2)).

(2.32), (2.33), and (2.34) imply that for some C; > 0,C} > 0,

(2.35) E(ts) < Cif(t1) + C3(E? (t2) + B (t2)).

As we have shown in the stability part, for a uniform constant C and for all ¢ > 0,
E(t) <0

if the initial datum is sufficiently small, or E(0) < 6% for small § > 0. If § > 0 is
sufficiently small, we have

3

Ci(E% (t2) + B (t2)) < SE(ta).

DN | =

Then (2.35) yields

B(ts) < Cif () + 5B (1)

or

E(t2) < Cf(t1).

Combining with the simple fact that f(t2) < E(t2), we obtain the generalized mono-
tonicity

(2.36) F(t2) < CH(t).
Therefore, (2.29) and (2.36) verify the conditions of Lemma 2.3, which implies

F() < C (ll(uo, bo) 17> +62) (1 +4)7".
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That is, (1.13) holds:

Nl=

IVu(®)]l 2 < C (|I(uo,bo) |z +8) (1 +1)~
and || Vb(t)[| 2 < C (||(uo, bo)[| 2 + 6) (1 + 1)~ =.

The large-time behavior in (1.14) is a consequence of (2.28) and the Gagaliardo—-
1 1

Nirenberg inequality [[v]|pe < C|lv[|2,||V?v]|7,. This completes the proof of Theo-

rem 1.1. d

3. Proof of Theorem 1.2. This section proves Theorem 1.2, the sharp decay
rates for the global solutions obtained in Theorem 1.1. We are assuming that the
initial datum (ug, bo) satisfies

(3.1) [[(wo, bo) |l s < 6, |[(uo, bo)llLr <6,

and (u,b) is the corresponding global solution established by Theorem 1.1. We con-
stantly use the following properties of the solution (u, b),

(3.2) I (u, b)(t) I35 + / (luz(D122 + [Vu(r) |32 + [Vb(7) |} )dr < €62
and
(3.3) IVu(®) | g2 + [IVB(E) | 2 < CO(1+1)72,

where the C’s are constants independent of §.

The sharp decay rates can no longer be shown by energy estimates. We need a
more explicit representation of the solution. The idea is to first convert (1.6) into an
integral representation. This is achieved by first solving the linearized system of (1.6)
or (1.9) and then applying Duhamel’s principle. The integral representation involves
several kernel functions and the large-time behavior of the solution replies crucially on
them. These Fourier multiplier operators are nonhomogeneous and depend crucially
on the frequency. Naturally we split the frequency space into subdomains suitably
and classify the behavior of these operators on each subdomain. Equivalently we
provide upper sharp upper bounds on their symbols. Once this is at our disposal, we
then launch the bootstrapping argument on the integral representation to deduce the
desired decay rates.

The following two tools will be frequently used in the estimates. The first pro-
vides an explicit decay rate for the heat kernel associated with a fractional Laplacian
A% (a € R). Here the fractional Laplacian operator can be defined through the Fourier
transform

Aef(€) = [¢1°F(©).
The proof of the lemma can be found in many references (see, e.g., [15, 47]).

LEMMA 3.1. Let >0, >0, and 1 < q <p < oo. Then there exists a constant
C such that, for any t > 0,

o

Y _a_d(1_1
(3.4) [A™ A fllpoay < CtF 7560 | fl| Laqgay-

The following lemma provides upper bounds for a convolution type integral. Its
proof is straightforward.
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LEMMA 3.2. Assume 0 < s1 < so. Then, for some constant C > 0,
. C(l+t)~ if sa>1,
/O (A+t—7)""(A+7)"2dr<{ CA+t) In(1+1) if s3=1,
C(1+t)t=s17%2 4f 55 < 1.

We now derive an integral representation satisfied by the solution of (1.8). Taking
the Fourier transform of (1.8) yields

o,V = AV + N,

o_ (u (e z‘&) o (E)
V= (b) A‘( s —nep) N= W)

The solution of this nonhomogeneous ordinary differential equation can be represented
as

where

t —_—
V(t)=etV, +/ e N (7)dr.

0
In order to find a more explicit formula of e, we compute the eigenvalues and

eigenvectors of A. The characteristic polynomial associated with A is
N+ (VT IEl 2 + ml€l)A + (yme + €3) = 0.
The eigenvalues of the matrix A are given by

(VERlEl> +mlel®) — VT Ny = —(v€21€1* +mlg|~*) + VT

A= —
1 2 ) 2 9

where
L= (y&Z[€]72 + nlé*)? — 4(yné? + €3).
The corresponding eigenvectors are

2 2
P (Al‘;‘§727|€| )’ o = (/\2-;_—§727|§ )

Therefore, the matrix A can be diagonalized as

A 0 _
A= (p1,p2) (01 >\2> (p1,p2) 1.

Then
at 1 <A1 Y +77€|2>

ettt =
2 o

(A1 — A2)i&o
eMt i&  —(X2+ 1)
0 et —i& A+l

(3.5) _ <T7|£|2G1(t)+G2(t) G1(t)iy )
G1(t)iks —n|€[2G1(t) + Gs(t) )

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/27/20 to 139.78.244.96. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

5024 NICKI BOARDMAN, HONGXIA LIN, AND JIAHONG WU

where
6)\2t _ e)\lt )\26)\2t _ )\16)\1t
Gi(t) = ——— Go(t) = ————— =M™+ MGy (t
1() )\2_)\1 2() )\2_)\1 € + 1 1( )5
)\ )\1t _ )\ kzt
Gg(t) = —26 1¢ = 6)‘1t - )\1G1(t).
Ao — A1
Therefore, if we write
(3.6)

My(t) = n€PGr () + Ga(t), Ma(t) = i€ Gr(t), My(t) = —nlé[PGr(t) + Ga(t),
then (u,b) can be represented as
(3.7) G(&,t) = My (t)io + Ma(t)bo + M1 t —T)Ni (1) + Ma(t — 7)Na(7)) d,

0
t

(3.8) B(&,t) = Ma(t)iio + Ms(t)by + i (My(t — 7)Ny(7) + My(t — 7)Na(7)) dr.

When \; = Ay, the representation in (3.7) and (3.8) remains valid if we replace Gy
by its limiting form
G e}\gt _ e)\lt it
t)= lim —— =te™".
1( ) )\21—>Ir§\1 )\2 - )\1 €

More precisely, when A\; = )Xo, we replace G1(t) by its limit te?, Go(t) by e*t +
Ate?t and Gs(t) by e*t — Ajte ! in (3.5) to get

(39) eAt _ <n|§2t6>\1t + (1 + )\1t)€>\1t i€2t€>\1t >

i€qteM? —n|&[PteMt 4+ (1 — Ait)eMt

This can also be obtained by a direct calculation. When A\; = X5, the associated

eigenvector of A is
o (AR
&9 ’

and the general solution of (“),JA/ = AV is given by

(3.10) azpe’t +ay (pt+ o)eMt,

where a3 and a4 are to be determined by the initial datum, and o solves
(A= X1)o=p.

After some simple computation, we find

- ()

We determine az and ay by the initial datum g and by. Setting ¢ = 0 in (3.10) yields

(3.11) azp+ago = (110)

bo
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Solving (3.11) gives

1 ~ M+ 2 ..
a3 = —bo, (14:160—1%127'5'50-

€2
(1)+ ()\1+77|§|2>t]e)\1t
0 i

_ <6A1t+(A1+nlflz)te“ — (A1 lgf?)? et ) <ﬂ3>

i&oteMt —(A1 + )€ tett + et bAo

Inserting as and ay4 in (3.10) yields

1 ~ 2 o by 2
1p <A1fn|s| >em+(uO Ll

i§2 182 252

Using the simple fact T' =0 or —Z.%Z()\l +n[€|?)? = i&,, we can see that the coefficient
matrix is the same as the one in (3.9).
The kernels M;(&,t) (i = 1,2,3) play a crucial role in the decay rates of u and

b. Clearly the behavior of ]\//Ti(f,t) (i = 1,2,3) depends on the frequency £. We
classify their behavior and provide upper bounds by dividing the frequency space into
subdomains.

PROPOSITION 3.3. We divide R? into two subdomains, R? = S, U Sy with

2(¢—2 2\ 2
Sl:{ﬁéRZ:eitherF<0 or O§F§(W>}

2(¢)—2 2\ 2
52 {seR2zr> (PR o 3(v§f|§|2+nl£2)2>16(7n€f+§§)}-

Then we have
(1) there are two constants C > 0 and ¢y > 0 such that, for any £ € Sy,

€21l + g €212 + mlgf?

Re)\l S 2 ) R@)\Q S 4 )
e31e1~24n1€1? —
Gi)| < tem Tt M6, )] < Cem @€t =12 3;
(2) there is a constant C > 0 such that, for any & € Sa,
3(~E2€]-2 2 2 ¢2
A< (v&21€17% + nlé] )’ N < 27775_12+€z .
4 VELIEI T + ml¢]
2 EECT I R I ) S {—
IGi(t)| < s 73 | € 1 t 4 vEFIEl 2nie] 7
YELIEI2 4+ nlE[?

clg)?

M (t)] < C(e= TGS 4+nlet 4 o™ w&%\&l*2+n|§\2t)7 i=1,23.
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If we further write So = S21 U Sag with

So1 Z:{€€SQZ ‘f|§1},
522 22{56522 ‘£|>1},

then, for i =1,2,3 and some constants C' > 0,¢1 > 0,¢co > 0,

IM(6,0) < C e @l if ¢ e 5y,
IM(t)] < C e @t L O eme2t if € € Sy,

Proof of Proposition 3.3. For mnotational convenience, we denote B =
vE2|€|72 + nl€]?. Then A1, Ag, I can be rewritten as

_ —B-T

_ —B+VT
2 - )

A1 5

A2 I'= B* — 4(néi + &).

Forée S, I <0or0<VT < g. It is then clear that

3B B B
L SReM <3, Reha< -, |Gi(D)] <te ¥

where we have used the mean-value theorem in bounding G1(¢). If A; is a real number,
by the simple fact that z e™* < C for x > 0, we have

B B

FE(1)] = |lEPCr(t) + MG (1) + | < Bte % + OBte %1 + e~ %t < Ceeolél™

for some pure constant ¢y dependent on v and 7. If A\; is an imaginary number,
namely, I' < 0 or
B —4(ynéf +€3) <0,

we further divide the consideration into two subcases: /yn&? +&3 < |VT | and
VAnEE + €2 > |VT |. In the case when /&7 + €2 < |V/T|, by the definition of G1,

we have

2 2 .
|A1G1(t)| = M |€)\1t _ e>\2t| S Cefzt,
VT

In the case when /yné? + &3 > |VT |, we have
V€L + & > Ayt + &3) — B°

or

3(yméd + &) < B2

MG (O] = \JynE + 161 (1)] < CBte™#t < Ce 1.

As a consequence, if A1 is an imaginary number, we obtain

Then

|My(t)] = ‘77|§|2G1(t) + MG (t) + €M < Bte™ 5t 4 Cem 7t < Cemlél™
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In summary, for € € Sy,
(3.12) My (t)| < Ce0l¢lt,
Similarly,
IM3(8)] = | — nl€[2G1(t) — MGy (t) + eMt| < Cemolélt,
The proof of the bound
(3.13) IMa(t)| < Cecolélt

is similar to that for M;(¢). By the definition of M, in (3.6) and the upper bound for
G1 in (3.12), we have

_ B

()] < Jealt e .

To prove (3.13), we consider two cases |&| < |VT| and [&| > |VT|. In the first case
&2 < VT |, we have

&
JT

where we have used x e=* < C for > 0. In the second case, |&3] > |ﬁ | or

|B? —A(mgt + &) < &,

My(t)] = | =K et — ] < Cemeoldl™,

which is equivalent to
—€ < B? —4(méi + &) < &.
In particular,
B? > 4(ynéf + &) — & > &.
Therefore,
My (t)| < B |Gi(t)| < Bte™ 5t < € e~ @lEl*t,

Now we assume £ € So. Then g <+T < B and

“B< A < —%B,
-8 mg+g _ ClP
2 — >~ =~ 9
2(B+VT) B B
2 : H
|G1(t)| < Non (eM! 4 ett) < E(e_%Bt e <F f.

As a consequence,
— 2
|Mi(t)| = ’77|§|2G1(t) F MG () + 2] <2B|Gy (1) 4 et < c(e*%Bt + ef%t),

2
< C’(e*%Bt feTF t).

M3(1)] = | = ngPGr(t) = MGr(t) +

Since VT > g,
3
1B > A + &) 2 6.
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Therefore,
— ( )
|Ma(t)| < CB |G1(t)| < C(efﬁBt e*%t).

The upper bound for \Z\Z(f,tﬂ with €& € So; or £ € Sos is a consequence of the
following estimate:

&? _ €17 ol Clelif [¢] <1,
B~ ~e2€l-2 + 2=~ 2 =
YE7 (€] nlg? — v+l o i1
This complete the proof of Proposition 3.3. 0

With the integral representation in (3.7) and (3.8) and the upper bounds for the
kernels in Proposition 3.3 at our disposal, we are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. By differentiating (3.7) and (3.8), we find, for k = 1,2 and
m=0,1,2,

Oru(€, 1) = M (8)0f u, + Ma(£)Igb,

(3.14) + /O t (M (t — 7)I"N, (1) + My(t — 7)3 N (7)) dr,
OEb(&,t) = Ma(t)Dgtuy + M (19",

(3.15) + /O t (Ma(t — 7)I"N, (1) + Ms(t — 7)3" N (7)) dr.

We apply the bootstrapping argument to (3.14) and (3.15) to establish the sharp
decay rates stated in Theorem 1.2. First we recall that the initial datum (ug,bp) is
assumed to satisfy (3.1), namely,

(w0, bo)||gs <0 and |[(uo, bo)[L1 <0

for sufficiently small § > 0. The bootstrapping argument makes the ansatz that, for
t<T,

(3.16) lu()|2r2) + |b(t) ]| L2r2y < Cod (1 + 72,
(3.17) | Du(t)|| 2Ry + |1Db()] L2rzy < C16 (L+¢)7,
(3.18) [ D2u(t)|| p2(r2) + | D?b(t)]| 2(r2) < C26 (1+ )73,

where Cy,, (m = 0,1,2) will be specified later. We then show via (3.14) and (3.15)
that (D™u(t), D™b(t)) admits a smaller upper bound,

C _1
(3.19) @)l 22y + [16(t)] L2(r2) < 70 6 (L+1t)"2,

C _
(3.20) [Du(t)|| L2re) + [ Db 2 (r2) < 71 §(1+6)7,

C _3
(3.21) [1D%u(t)]| L2 g2y + [ D*b(t) | L2 g2y < 72 6 (1+1t)2.

The bootstrapping argument then assesses that 7' = oo and (3.19), (3.20), and (3.21)
actually hold for all time. The rest of the proof focuses on verifying (3.19), (3.20),
and (3.21).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/27/20 to 139.78.244.96. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

STABILITY PROBLEM ON THE 2D MHD EQUATIONS 5029

We start with the estimate of |9 ul|2(r2). Taking the L? norm on both side of
(3.14), we have

10 ull2®2) = 05" u() || L2 @2y < [[M1(8)0g ug | L2 (m2) + | Ma2(8) 5570 || L2 (m2)

t
4 / IB0(t = )TN, () p2(ee) dr
0

t
(322) —|—/ ||M2(t—T)&?N2(T)||L2(R2)d7'.
0

We will estimate only the first term and the third term since the estimates for the other
two terms are similar. Without loss of generality, we assume ¢t > 1. By Proposition 3.3
and Lemma 3.1, the first term on the right-hand side of (3.22) can be bounded as

- I oy —
| M1 (8) 05wy || 12 (m2y < Clle™ R omu || p2mey + (e O uy || 12 (m2)
~%le*t A Tmgm —cat|| G
=| [§]"e oleEA O ugll L2 ey + e 2t o ug ||22(r2)
_lim _
<SCM+1)7 72 Juollpr ey + C(1 +1)
(3.23) <C+1t)"2"0,

14+m
2 Jluoll L2 2y

where ¢y = min{cg, c; } and we have used e~2t(1 +¢)* < C(cg, s) for any s > 0. Now
we bound the third term in (3.22). Invoking Proposition 3.3 and using the fact that
the projection operator P is bounded in L%, we have

t t
/ || M7 (t — T)a’::an(T)||L2(R2) dr < / |1 M (t — T)alanl(T)”LZ(]RZ) dr
0 0
t
<o / eI DGR, (7)) dr

t
(3.24) +C/ e~ 2000 Q, (7) | 2 r) dr,
0

where Q1 = u - Vu — b- Vb. When m = 0, we split the time integral in the first term
into two parts,

t _ R R % ~ 2 ~
| DGy adr = [T e FECGu(r) g2 e

0 0

t
+/ I e‘col&lz(t_T)Ql(T) |z2 dr.
%

By Lemma 3.1, the ansatz (3.16), and (3.2), we get

SIS

/ | e ®lFEIQy(7) 12 dr

0
i _ .

- / 1€ e PP DTG, (7) |1 dr
0

< C/Oi(t = 7) " (lu(r) @ u(r)ll +1[b(7) @ b(7)|| 1) dr

<0(5)" s (s + 10le) [ (el + o))

—1 2 1 1
<) 52/ (147)~% dr < CCod*(1 + )%,
0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/27/20 to 139.78.244.96. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

5030 NICKI BOARDMAN, HONGXIA LIN, AND JIAHONG WU

where we have used u-Vu=V - (v ®u) and b- Vb=V - (b®b). The estimate of the
second integral is slightly different:

t
e IRy o ar
2 ] 1
gc/ (t—7)"|lu-Vu—b-Vb|:dr
Et 1
< C[ (t =) ([[u(m)l[ 2 IVu(r)l 2 + [|6(T)[ 2 VO(T) || L2) dT

t
< 06’052/ (t— 7‘)_%(1 +7)"tdr

2

t\ 1 ¢ 1 1
< 00052<1 + 5) / (t—7)"2dr < CC&*(1+1t)" 2,

t
2

where we have used (3.3) for ||(Vu, Vb)||z2. Due to the fact e=“2*(1+t)* < C(cz, $)
for any s > 0, the second term in (3.24) can be estimated as

t
[ eI dr
0

t | 1
<C ; 1+t = 1) lu()2: Vel 2l V2 u(r)ll 72 dr

1 t 1 1 1
< 00562/0 (14t—7)(1+7)} dr < CCE82(1 + 1)},

where s > 1 and we have used (3.16) and (3.3). In summary, when m = 0, the third
term in (3.22) is bounded by

t . .
/ 1My (t — )Ny (7)|| 2 dr < C(Co + CZ)62(1 + )~ 2.
0

The second term in (3.22) admits the same bound as the first term while the fourth
shares the bound with the third term. Therefore, we have shown that there exist
C3 > 0 and C4 > 0 such that

[u(t)]| 2 < Cad(1+1)7% + Ca(1 + Co)62 (1 + )%,

If Cy and ¢ satisfy

then

SIS

(3.25) lu(t)lze < L0 +0)%,

We now turn to the case when m = 1,2. We again focus on the third term in
(3.22). First of all, we split the first time integral in (3.24) into two terms. The first
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term is further estimated via (3.4) and the fact that

m+1 m+1

(t—7)72 <CQ+t-7)7"= forany7€[0,t-1]

while we use the fact 1 +¢ —7 < 2 for 7 € [t — 1,¢] in the second term. We obtain

t
|1 G, 0 52 e
0

t—1 _ 5 — t —
</0 gl + el FE=DA=mtDgnQ, () |12 d7+/t NORQ(7) 12z dr

m

t—1
<c [ uat-n T RIQEnd
0

t
+C(m)/ (1+t—7)" " |0Q,(7) |2 dr
t—1
t
SC/ (14t =7) "5 AT Qu(7) |12 d
0

m

t o
+C(m) / (4t — 1)~ 00, (7) |22 dr.

Thanks to the estimates e~ 2 (1 + ¢)¥ < C(ca, s) for any ¢ > 0 and any constant
s > 0, the second integral term in (3.24) can be bounded by

t

t
/ et T, (r)|| 2 dr < C(m) / (14t -7~ F 570, ()2 dr.
0 0

Thus,

t t
/ |V (t — 7)Fp N, (7|2 dr < C / (L4t — )P A Qu(r)] e dr
0 0

m

(3.26) +C(m)/0 (At t— )50, () ||1» dr.

For m = 1, by Hoélder’s inequality and Sobolev’s inequality, we have
t
/(1+t—7)_1||A_1Q1(7‘)||L2 dr
0
t
< C/O L+t —7) " (Ju(n)|[Zs + [6(7)]24) dr
t
< C/O A+t =) (Ju(n) |2 [ Va(r) ] 2z + [6(7) ][22 [ VO(T) | £2) dr.
Then, by (3.25), the ansatz (3.17), and Lemma 3.2,

t t
/ (14t —7)" YA Q1 ()2 dT < 0000162/ A4+t—7)"'1+ 7-)*% dr
0 0
<CCi&*(1+t)~ L
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Similarly,

[ ast=n Qi ar
< [ =D ATuOI + ) e [P
0
IO e + 1)1 927 10)
<C [ t= ) (VU VP e + )l P 92
T[98 -+ 6] [T | 192000 )

11 ¢ s 1
gC(Cl+C§Cf)52/ (L4t—7) (1 +7) S dr <O+ 821+,
0

where we have used (3.25), the ansatz (3.17), and the decay estimate
[(V2u(t), V20(0) [l < CO(1+1)7%.

Therefore, the third term in (3.22) for m = 1 can be bounded by
t — —
(3.27) / IV (t — 1)ORN (7|2 dr < C(1+ C1)62(1 + )L,
0

Collecting the estimates (3.23) and (3.27) yields
|Vl < Cs6(1+8)"" + Co(1 4 C1)8* (1 +1) !
for some constants C5 > 0 and Cg > 0. Therefore, if C, and § satisfy

CSS%) 06(1+Cl)5§%a

then
C] —1
(3.28) [Vulle < S8 +1)

and the bootstrapping argument implies 7' = co. Thus, the decay rate (3.28) indeed
holds for all time. Finally, we bound (3.26) for m = 2. With a similar argument as
for m =1, we get

t 3 ¢ 3 3
/ (1+t—T)_%||A_1Q1(T)”L2 dTSCC()Cﬂ?/ (1+t—7)_§(1+7)_§ dr
0 0

< C2(1+1)"2.
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Also, by Hélder’s inequality and Sobolev’s inequality,
t 3
Jase-ntigmlsa
0

t

= C/ (L4t =) 72 (IVa(n)l| s [V s + 0(r) | o | V3u(r) | 2

0
V() L2 [V20(T) || Lo + [1b(T) | = [ V20(7) | £2) dT

t 1 1

< C/O (14t —7) 2 (Va2 [ V2u(r) | 2| VPu(r) | 22

+ u(m) 172V u(n) [ 2V u(r) ] e
VOO 22 1V20(7) L2 [ V20(7)] 7.
+ (122 V2B 2 1VE0(7) | 2) dr

Then using (3.25), (3.28), the ansatz (3.18), and [|(V3u, V3b)|| 1> < C6(1 + 1)~ =, we
have

t
[ ast=n e ar
0
1 1 1 t 3 3
< C(CFCs + cgc;ys?/ A+t—m) 21+ %dr
0
< C(Cy +CHO2 (L4 1) 5,
Therefore,
t — 3
/ |34 ( — T)OEN (1)l = dr < C(1+ Co)6*(1 4 )4
0
As a consequence,

IV2ul| 2 < C76(1+1)"2 + Cg(1 + Co)0%(1 + 1) 3

for the constant C7 > 0 and Cg > 0. Then the decay rate for |[V2ul|z2 follows from a
similar argument as the case m = 0,1. This completes the proof of Theorem 1.2. 0O
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