Advances in Mathematics 285 (2015) 352—-393

Contents lists available at ScienceDirect

Advances in Mathematics

www.elsevier.com /locate/aim

MATHEMATICS

Analyticity of Lagrangian trajectories for well
posed inviscid incompressible fluid models

@ CrossMark

Peter Constantin ®*, Vlad Vicol*, Jiahong Wu"

2 Department of Mathematics, Princeton University, Princeton, NJ 08544,

United States

Y Department of Mathematics, Oklahoma State University, Stillwater, OK 74078,

United States

ARTICLE INFO

ABSTRACT

Article history:

Received 28 April 2015

Accepted 3 May 2015

Available online xxxx
Communicated by Charles Fefferman

Keywords:

Euler equations

Surface quasi-geostrophic equations
Lagrangian paths

Analyticity

We discuss general incompressible inviscid models, including
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equations. All these models have classical unique solutions,
at least for short time. We show that they have real analytic
Lagrangian paths. More precisely, we show that as long as a
solution of any of these equations is in a class of regularity
that assures Holder continuous gradients of velocity, the
corresponding Lagrangian paths are real analytic functions
of time. The method of proof is conceptually straightforward
and general, and we address the combinatorial issues head-on.
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1. Introduction

Analyticity of Lagrangian paths of solutions of incompressible Euler equations is a

classical subject. Propagation of real analyticity in space and time, from analytic initial
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data, and for as long as the solution exists, has been amply investigated [3,2,1,13,26,
27,24,25,37,31]. The smoothness or real analyticity of Lagrangian paths without having
analytic Eulerian data is quite a different subject from propagation of analyticity. This
subject has been addressed in the past [28,6,17,32,34,33,7,22], and has recently generated
renewed interest [36,18,35,16,20,30,38,15]. The remarkable property of smoothness of
the Lagrangian paths in this system holds even when the Eulerian variables (velocity,
pressure) have a limited degree of smoothness. A relatively low degree of smoothness of
the Eulerian variables is maintained through the evolution if it is initially present, because
the equations, when well posed, are time-reversible. Consequently, the real analyticity
of Lagrangian paths in such circumstances is all the more remarkable. An interesting
example of the distinct degrees of smoothness of Eulerian and Lagrangian variables is
provided in the recent works [19,4], which concern a rough enough Eulerian setting
for non-uniqueness. The purpose of this paper is to show that the real analyticity of
Lagrangian paths of solutions of hydrodynamic models is a general property which occurs
naturally when the Eulerian velocities are slightly smoother than Lipschitz, and follows
from a uniform chord-arc property of the paths using singular integral calculus.

The Lagrangian paths of any fluid model with velocities u(x,t), with * € R% and
t € R are defined by ordinary differential equations

dX
o = u(X,t), (1.1)
X (a,0) =a. (1.2)

We refer to a € R? as a “label” because it marks the initial point on the path a
X (a,t). The gradient of the path obeys

d

Z(VX) = (Vu)(VX) (1.3)

with initial data the identity matrix. As long as w is Lipschitz, we have

sup |[VX (a,t)] < exp/HVuHLocdt (1.4)

acR?

where we denote by |-| the norm of the matrix. The maps X are C17 and invertible if u
is in L'(0,T;C™7), and the inverse, the “back-to-labels” map A(x,t) = X ~'(z,t) obeys

A +u-VA=0, (1.5)

with initial data A(x,0) = x. Incompressibility is not needed for this to hold. The
gradients obey

0(VA) +u-V(VA) + (VA)(Vu) = 0, (1.6)

with initial data the identity matrix, and with (VA)(Vu) the matrix product. Therefore
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sup |VA(z,t)| < exp/ IVul| o dt (1.7)

zER?

follows by integrating on characteristics. Because
a—b=A(X(a,t),t)— A(X(b,t),t)

it follows from (1.7) that
la —b| < |X(a,t) — X(b,t)\exp/ IVu| Lo dt,

and because
1
d

X(a,t)
(a,%) ds

X ((1—s)a+sb,t)ds
0

it follows from (1.4) that
X (a,t) — X (b,1)| < |a— bl exp/ V| et

We have thus the chord-arc condition

la — b

Al < <\ 1.
= X(at) — X(b,0)] (18)
where
t
)\:exp/HV’uHLwdt. (1.9)
0

This condition holds for any fluid system, as long as the velocities are Lipschitz, even
if the fluid is compressible. Time analyticity of paths will be discussed here only in
the incompressible case, for convenience, but the proofs are the same for compressible
equations, modulo differentiating the Jacobian of the path map.

We consider here one of the following equations: the 2D surface quasi-geostrophic equa-
tion (cf. (2.1)—(2.2)), the 2D incompressible porous medium equation (cf. (2.5)—(2.6)),
the 2D and the 3D incompressible Euler equations (cf. (2.9) and (2.8)), and the 2D
Boussinesq equations (cf. (2.10)—(2.11)). These are by no means an exhaustive list of
equations for which our method applies. They have been chosen because, with the sole
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exception of the 2D Euler equations, all the above models are examples of equations
where the question of global existence of smooth solutions remains open. Nevertheless,
they all have real analytic particle paths. The main result of this manuscript is:

Theorem 1.1 (Lagrangian analyticity in hydrodynamic equations). Consider any of the
above hydrodynamic systems on a time interval when the Eulerian velocities are C'7,
for some v € (0,1). Then, as the chord-arc parameter in (1.9) remains finite on the time
interval, the Lagrangian particle trajectories are real analytic functions of time.

We note that the assumption of the theorem holds for short time if the initial data
are such that the Eulerian velocities are C'*7. The analyticity is a local property. It
follows from the proof of the theorem that the radius of time analyticity of X (-,t) is
a function of a suitable norm of the initial data and time, which enters only through
the chord-arc parameter \. This parameter dependence is consistent with that for the
spatial analyticity radius in the case of real analytic initial datum [24,25].

The main idea of the proof starts with a representation of the velocity in Lagrangian
variables in terms of conserved quantities. It is easiest to show this in the case of 2D
active scalars. Two dimensional incompressible hydrodynamic velocities can be expressed
in terms of a stream function 1,

u =Vt (1.10)

where V+ = (—0,, ;) is the gradient rotated counter-clockwise by 90 degrees. The active
scalars solve transport equations

00 +u-V0=0 (1.11)

with w given by (1.10) and ¢ related to 6 by some time independent linear constitutive
law ¢ = L#. In most cases this leads to a simple integral formula

u(x,t) = p.v./K(w —y)0(y,t)dy

with a kernel K that is singular at the origin, real analytic away from the origin, and
integrates to zero on spheres. Note that (1.11) simply says that

0(X(a,t),t) = by(a). (1.12)

Composing the representation of the velocity with the Lagrangian map we obtain

dX aXla,t) _ oo /K (a,1) — X (b, 1))00(b)db (1.13)
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where the symbol p.v. denotes a principal value in the Eulerian variables. Throughout
the manuscript, for notational convenience we drop the p.v. in front of the integrals, as
they are always understood as principal values in the Eulerian sense. In Section 2 we
give the precise versions of (1.13) for the hydrodynamic models under consideration.

The straightforward general idea is to use the chord-arc condition and analyticity of
the kernel to prove inductively Cauchy inequalities for all high time derivatives of X
at fixed label. The implementation of this idea encounters two sets of difficulties: one
due to combinatorial complexity, and the other due to the singularity of the kernels and
unboundedness of space.

Combinatorial complexity is already present in a real variables proof of real analyticity
of compositions of multivariate real analytic functions. We discuss this issue separately
in Section 3. We use a multivariate Faa di Bruno formula (cf. [11] or Lemma 3.2 below),
multivariate identities (we call them “magic identities”, because they seem so to us;
cf. Lemma 3.3) and an induction with modified versions of Cauchy inequalities (cf. (3.4)
or (4.4), inspired by [23]) in order to control the growth of the combinatorial terms.
This difficulty is universal, and because we addressed it head-on, the method is appli-
cable to even more examples, not only the ones described in this work, and not only to
hydrodynamic ones.

The singular integral difficulties are familiar. In all these systems the gradient of
velocity is also represented using singular integrals of Calderén—-Zygmund type. The
singular nature of the kernels is always compensated by the presence of polynomial
terms in X (a,t) — X (b, t), which arise since the kernels have vanishing means on spheres
centered at the origin. The fact that we integrate in the whole space necessitates the
introduction of a real analytic cutoff, which for simplicity we take to be Gaussian.

The Euler equations have classical invariants [8,9,38], which yield completely local
relations involving dX /dt in Lagrangian coordinates. This is remarkable, but special:
in more general systems the corresponding relations are not local. Because of this, we
pursue the same proof for the Euler equations as for the general case.

We give the fully detailed proof of Theorem 1.1 in the case of the 2D SQG equations.
This is done in Section 4. The proofs for the 2D IPM and 2D and 3D Euler equations
are the same. The 2D IPM and 3D Euler equations have of course different kernels; 2D
Euler has a less singular kernel. The proof in the case of the 2D Boussinesq equations
has an additional level of difficulty since the operator L in the constitutive law for 6 is
time-dependent. This issue will be addressed in a forthcoming work.

The paper is organized as follows. In Section 2 we provide the self-contained La-
grangian formulae of type (1.13) for each of the hydrodynamic models under consider-
ation. In Section 3 we introduce the combinatorial machinery used in the proof of the
main theorem, which is centered around the multivariate Faa di Bruno formula. In Sec-
tion 4 we give the proof of Theorem 1.1 in the case of SQG. Lastly, in Appendix A,
for the sake of completeness, we give the derivation of the natural Lagrangian formulae
stated in Section 2. In Appendix B we recall from [23] the one-dimensional Faa di Bruno
formula and its application to the composition of real analytic functions.
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2. Self-contained Lagrangian evolution

In this section we give self-contained formulae for the time derivatives of X and VX
for each of the hydrodynamic equations considered. In each case the initial datum enters
these equations as a parameter. We use the usual Poisson bracket notation

{f,9} = (011)(029) — (92£)(01g) = (VLJC) (Vg).
2.1. 2D surface quasi-geostrophic equation

The inviscid SQG equation is

O+ (u-V)0 =0, (2.1)
u=V(-A)"29 =R 0 (2.2)
where R = (R1, Ry) is the vector of Riesz-transforms. Here € R? and ¢ > 0. We recall
cf. [10] that the SQG equation is locally well-posed if 8y € C*7, with v € (0,1). It follows
from (2.1)-(2.2) that the vector fields V6 - V and 9; + u - V commute. The ensuing

self-contained formula for the Lagrangian trajectory X induced by the velocity field w
is

%(a,t) = /K(X(a,t) — X (b,1))0y(b) db, (2.3)

while the gradient of the Lagrangian, V, X, obeys

%(a,w — V.X(a,t) / K(X(a.t) — X(b,1)) (VleL(b, t)) - V300(b) db.
(2.4)
Here the kernel K associated to the rotated Riesz transform R* is given by
1
K(y) =50
We refer to Appendix A.1 for details.
2.2. The 2D incompressible porous media equation
The inviscid IPM equation assumes the form
O + (u-V)0 =0, (2.5)

u =P(0,0) = —Vp— (0,0). (2.6)
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We recall, cf. [12] that the IPM equation is locally well-posed if 0y € C*7, with v € (0, 1).
For the particle trajectories X induced by the vector field u we have

diX 1 [ (X(a,t)— X(bt)*
E(aﬂt) - _% |(X(a,t) — X(b, t)‘z {QO(b)vXQ(bat)} db

and

d(vd(;X)("”t) = VaX(a’t)/K(X(a’t) — X (b,t)) {60(b), X2(b,t)} db
+%{90(a),X2(a,t)} l(l) _01 VaX(a,t)

where K is given by

K(y) = K(y1,92) = 27r|1y|4 [;%yiy;% 352;1352] . (2.7)
The details are given in Appendix A.2.
2.8. The 3D Euler equations
The three-dimensional Euler equations in vorticity form are given by
dw+u-Vw=w- Vu (2.8)

where the divergence free u can be recovered from w via the Biot—Savart formula [29]

1 r—y

u(x,t) = X w(y,t)dy.

ir ) Je—yP
R3

The geometric interpretation of (2.8) and incompressibility is that the vector fields w -V
and J; + u - V commute. The local existence and uniqueness of solutions to (2.8) with
initial data ug € C17, for v € (0, 1), goes back at least to [28] (see also [29] and references
therein for a more modern perspective). Due to the Cauchy formula

w(X(a,t),t) = VX (a,t)wy(a),

the Lagrangian map X obeys the self-contained evolutions

aX 1 [ X(a,t)— X(bt
an=1 |X((a,t)>— X t))|3 x (Ve X (bt b))db

and
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d(VoX)

i (a,t) = (VoX)(a,t) /K(X(a,t) — X (b,1)) (VX (b, t)w(b)) db

(Vo X (a,t)wp(a)) x (V. X)(a,t)

| =

+

where for vectors  and y the matrix kernel K (x)y is defined in coordinates by

3(Exyostao@xy), 3 @xys+@xy),ms
87 |5 ~ 8 EE

(K(2)y)ij =
The details are given in Appendix A.3.
2.4. The 2D Euler equations

The two-dimensional Euler equations in vorticity form are
Ow+u-Vw=0 (2.9)

where the Biot—Savart law [29] in two dimensions reads

u(a) = o [0 yay.

or ) -y

The equations are locally in time well-posed if the initial velocity ug € C'+7, for some 7 €
(0,1) (cf. [28]). In two dimensions solutions cannot develop finite time singularities [21],
but this fact will not be used in our proof, since global existence is not known for any of
the other hydrodynamic equations considered in this paper. The particle trajectory X
obeys the evolution

dX ]/(X@J)—X@JDL

oY= 5 | X(a) = X (b0 00

while the time derivative of V,X obeys

d(VaX)

L m¢>=v¢¥m¢{/Kxxm¢y<X@¢»wdwdb

1 0 -1
= X
+ 2w0(a’) [1 0 ‘| Va (a’vt)
with K being the kernel in (2.7). These details are given in Appendix A.4.
2.5. The 2D Boussinesq equations

The two-dimensional Boussinesq equations for the velocity field w, scalar pressure p,
and scalar density 0 are
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u+ (u-V)u=—Vp+ ey, V-u=0, (2.10)
80 + (u- V)8 =0, (2.11)

where e; = (0,1), & € R?, and t > 0. The scalar vorticity w = V* - u = 0,,us — 0y, u1
satisfies

Ow + (u - V)w = 0y, 0.

The local well-posedness for the 2D Boussinesq holds for initial data wug, 8y € C+7 with
v € (0,1) (cf. [14,5]). The particle trajectories X induced by u then obey

dX, . 1 [(X(a,t)—X(bt)*
a = %/ (X (a, )~ X (bt 0P
a,t)— 1 :
+%/|(i§(-<(c;,t2) _§?7f2)>|2 /{90(b>7X2(b7T)}dT db
0
and
d(VaX)

A2 a,t) = ( / K(X(a,t) — X (b, 1)) wo(b) db) VoX(a,t)

+ /K(X(a,t)7X(b7t))/{90(b),X2(b,T)} drdb | V,X (a,t)
0

0 -1

X
1 0 VU/ (a‘? t)?

+% wo(a)+/{90(a),X2(a,T)}dT l
0

where the kernel K is given by (2.7). The derivation is given in Appendix A.5.
3. Analyticity and the composition of functions: combinatorial lemmas

Let X: R — R? be a vector valued function which obeys the differential equation
X (1) = K(X(1)) (3.1)

where K : R? — R? is a given real analytic function of several variables. In this section
we show that if X is bounded, then it is in fact real analytic (see Theorem 3.1 below).
This statement should be understood in the neighborhood of a point tg € R, and Xy =
X (tg) € R%.

The proof in the case d = 1 is taken from [23, Chapter 1.5], and serves as a guiding
example (see Appendix B below). The case d > 2 requires an extended combinatorial
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machine, and for that we appeal to the multivariate Faa di Bruno formula in [11]. The
precise result is:

Theorem 3.1. Let K = (Ky,...,Ky): RY — R? be a function which obeys

o all
|0 K;(X)| < C% (3.2)

for some C,R > 0, i € {1,...,d}, and for all X in the neighborhood of some Xo =
X (tg), where X = (X1,...,Xq): R = R? is a function which obeys

|Xi(t)] < C (3-3)

for all t in the neighborhood of to, and i € {1,...,d}. If X is a solution of (3.1), then
we have that

0P X)) < (~1)"! (1/ 2) @,

for all n > 1, all coordinates i € {1,...,d}, and all t in a neighborhood of ty. In
particular, X is a real analytic function of t at ty, with radius of analyticity R/C.

3.1. Preliminaries

We denote by Ny the set of all integers strictly larger than —1, and by Ng the set of
all multi-indices o = (o, - - , og) with a; € Ny. For a multi-index o, we write

o] =1+ ...+ aqg

al = (a1l) ... (aq!)
9% = 0% ..o
y*=(yr) - (yg?)

where y € R? is a point. The following definition shall be needed below.

Definition. Let n > 1, 1 < s < n, and o € N¢ with 1 < || < n, define the set

Py(n, ) = {(kl,...,ks;ﬁl,...,és) eNdx.. N¢xNx..N:
0< |k1|70 <€1 <... <€S,Zki :a,Z|kl|€Z :’n} (35)
1=1 =1

In particular, we note that ¢; # 0.
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Moreover, for an integer 7 > 1 we define

(1/2) _/2(/2-1).. . (1/2—j+1)

J J!

and

()~

We use the above non-standard convention for (1(/)2) so that we can ensure
, 1/2
(1)“( / ) >0
J

for all 7 > 0. Moreover, we will use that

i-2 . - .
j!(—l)j—1(1§2> 213 g(%ﬂ) (2j 2j3)!! _ 22J(_%JQU 3)12)! < C;J‘ (3.6)

for some universal constant C, whenever j > 2.
With this notation in hand, we recall [11, Theorem 2.1].

Lemma 3.2 (Multivariate Fad di Bruno formula). Let h: R? — R be a scalar function,
C™ in the neighborhood of y, = g(xo), and g: R — R? be a vector function, C> in the
neighborhood of xy. Define f(x) = h(g(z)): R = R. Then

f(")(xo):n! Z (0%h)(g(x0) Z Z H
1<|a|<n s=1 P, (n,a) j=1

holds for any n > 1, with the convention that 0° := 1.
3.2. Main combinatorial identity

The following lemma will be essential in the proof of Theorem 3.1.

Lemma 3.3 (Multivaried magic identity). For n > 1, with the earlier notation we have
that

k51

n /
S nelary 3 H( ) 2n + >(n1fl).

1<|x|<n s=1 Py(n,a) j=1

Proof of Lemma 3.3. The proof mimics that of the proof of [23, Lemma 1.5.2], by using
a diagonal argument.
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Let Z: R — R be defined as
Z(t)=(1-vVI—2t) = (1 — (14 (—2t))1/2) .

This function has the property that

@20 =~ (")) -2

for any ¢ > 0. Also, Z(0) = 0.
Next, consider a function K: R® — R, such that

(9*K)(0,...,0) = |a]!

for any multi-index o € N¢. For example, take a real analytic function of several vari-
ables, which on the diagonal is given by

For example, consider

1 1/d
—Z;

which is smooth in a neighborhood of the origin in R<.
Let F: R — R be defined as

d
K(Zlaazd)_H<1

This function has the property that

FO(0) = —(n + 1)! (nli 21> (—2)mtL (3.7)

for any n > 1.
Using Lemma 3.2 we have on the other hand that

FMO0)=n! Y (0°K)(0,...,0)>

1<|al<n s

MDD |

NIk;l
1<|x|<n s=1 Py (n,a) j=1 g )
|ka|
SO VENEE o o
1<]e|<n s=1 Py(n,a) j=1

The proof of the lemma is concluded by appealing to (3.7). O
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3.8. The proof of Theorem 3.1

Proof of Theorem 3.1. The proof is by induction. The case n = 1 is contained in as-
sumption (3.3).

We now show the induction step. Fix one coordinate ¢ throughout the proof. Using
the multivaried Faa di Bruno formula of Lemma 3.2 we obtain

(071X (t) = O (Ki(X (1))

k;

(0rx)m)

B 1Nk
1<lal<n R B CDI GRS

»

By appealing to (3.2) and the inductive hypothesis (3.4), we obtain

N
(v 4(1/2)339_15.)

opt X < ont Yy "Tl'\i > H

1<aten TS Pl 51 D]
(2Cc)™ s ( 1/2 )|k n
1§|a|<n s=1 P, (n,a) j=1
n (20)" 1/2
= Onl(-1) Fz(nﬂ)(H 1)
n+1
=(-1)"(n+ 1)!% (nlfl)n!_

In the second-to-last inequality we have essentially used Lemma 3.3. With (3.6), the
proof is complete. O

4. Lagrangian analyticity for the SQG equation

In this section we give the proof of Theorem 1.1 in the case of the surface quasi-
geostrophic equations. The precise statement is:

Theorem 4.1 (Lagrangian analyticity for SQG). Consider initial data 6y € CYY N W1,
and let 0 be the unique mazimal solution of the initial value problem for (2.1)—(2.2), with
0 € L2([0,Ty); CYY n W), Given any t € [0,T%), there exists T € (0,T, — t), with
T = T(IVull g t,(t41,) /2150y ), and R >0 with R = R(t, ||0o||c1.~aw11,7), such that

107 X || oo (¢, 415017y < CnlRT"

holds for any n > 0. Here C is a universal constant, and the norm || X | c1.~ is defined
in (4.3) below. In particular, the Lagrangian trajectory X is a real analytic function of
time, with radius of analyticity R.
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Take any t € (0,7,). Analyticity is a local property of functions, so it is sufficient
to follow the Lagrangian paths for a short interval of time [t,t + T past ¢t. Note that
from the local existence theory we have the bounds on the size of (-, ). Without loss of
generality it is sufficient to give the proof for ¢t = 0.

Fix a A € (1,3/2] throughout this section. Let T' € (0,7}) be such that

T
/ [Vu(t)||Ldt < log \. (4.1)
0

The existence of this T is a consequence of the local existence theorem. It follows that
the chord-arc condition

1 la — b
Z < < 4.2
)‘_|)((a‘vt)_)(<b7t)|_A ( )
holds for any a # b € R? and any ¢ € [0, T].
For v € (0,1), define
[Xlcrr ==X (a) = al L= + [[VaX(a)| 2= + [Va X (a)lcr (4.3)

Our goal is to use induction in order to show that there exists Cy = Co(||0o|lcrvawr1,
v,A) > 0 and Cy = C1(A\,Ck) > 0 such that the Cauchy inequalities

3 vl

107 X | = (o, rsc) < (=)™ ( ) cypop! (4.4)

hold for any n > 0. Here A is the chord-arc constant in (4.2), and Ck is the kernel-
dependent constant from (4.6) below.
In order to have the induction base case n = 0 in (4.4) taken care of, we choose

Co 2 | X || Lo (0,101 7). (4.5)
The right side of (4.5) is finite in view of the local existence theorem. To prove the
induction step, we need to estimate sup;cpo 7 107X (- ) || oo s SUPyeo,1] otV X)

(-, 1)|| ==, and lastly the Holder semi norm sup, ¢y, 1) [0/ (Vo X)(-, )]~ This is achieved
in the following three subsections.

4.1. The L*> estimate
Recall that

dd—):(a,t) - /K(X(a,t) — X (b, 1))00(b) b,
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where K (y) = y/(27|y|?). We need to localize this kernel near the origin with a rapidly
decaying real analytic function. For this purpose we use a Gaussian and define

L1 1
Yy _y|? Y Zlyl?
Kin(y) = CE N W and  Kou(y) = W(l eIl

so that K = K4, + K ,:. There exists a universal constant C'x > 1 such that

clal
|yl

o C"a‘a 2 o
D" Kinly)l < 7 |a||+26 W2 and 07K ui(y)| <

(4.6)

holds for any multi-index a and any y # 0. The proof of the above estimates is given in
Section 4.5 below. Moreover, since faBl(o) K, (y)dy =0, we write

@0 = [ Ka(X(@.t) = X(6.0)(60(s) - bofa) db
+ / K ot (X (a,t) — X (b,1))00(b) db. (4.7)
We apply n time derivatives to (2.3) and obtain
91X (a,t) = / K (X (a,t) — X (b,1)) (60(b) — bo(a)) db
+ / 'K ot (X (a,t) — X (b,1))0y(b) db (4.8)

Fix an index ¢ € {1,2} and let either K = Ky, ; or K = K yy. Apply the Faa di Bruno
formula in Lemma 3.2 to obtain

o (K(X(a,t) — X (b,1)))
ol Y U)X (et - X)) Y
s=1 Py(n,

1<|a<n

X (b, 1))~
1;[ g |)|k \

(4.9)

a)Jj

Combining formulas (4.8) and (4.9) with the inductive assumption (4.4) for the Lipschitz
norm of X, and the bound (4.6), we arrive at
|a|ICL?Q—\X(a,t)—X(b,t)\?/?

| X (a,t) — X (b, 1)l

07 X (a,t) <n! Y

1<|a|<n
;1
(e ke e el
X
; Psga)jll (kj')(gj!)‘kjl

% |0o(b) — fo(a)| db
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la|iCe
Xy X(at) - X501

k;
(oo Ace oy a—b)

< Y

s=1 Py(n,a) j=1 (kj!)(gj!)‘kj‘

|00 (b)[ db.

(4.10)

From the definition of Ps(n, ) in (3.5), we recall

ij\kj\:n, Zlkj|:|a|=
j=1 j=1
and estimate (4.10) becomes
o X (@, 0] < nl (-1 Cpey Y (~1)afogior™

1<|a|<n

s 1/2)|k 1

XZ Z H k' Izn+Iout) (411)

s=1 P, (n,a) j=1

where

la — bflele—1X (@.0-X(b.0)/2

X(a) — X e o®) -

Iin = 90((1)|db

and

o = [ o o (b
Using the chord-arc condition (4.2), and
[60(b) — bo(a)| < [bo]c~|a — b[7,
we estimate
Iin < [Bo]cn A2 / la — b)Y ~2e~ 188"/ (2 gb < 8A2(y 1 4 \) (] A,
On the other hand, (4.2) also yields
Lous < A100][ 11,
so that

Lin + Lous < IN1®(8X2 (v + M) [fo]c + [|60] 1) (4.12)
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Therefore, if we let

Ci1 > CgA (4.13)
and
Co 2 1
5 28 (7 + Nbolen + 6ol (4.14)
from (4.11) and (4.12) we conclude
1 n s (1/2)“".7"
n n n n [o 2]
07 X (a,0)) < gui=1mcptter B0 (nlaly s 30 [T
1<]al<n s=1 Py(n,a) j=1 J
< (n+1!(-1) (n+1>00+1cl (4.15)

where in the last inequality we have appealed to Lemma 3.3. Estimate (4.15) proves the
L portion of the induction step in (4.4).

4.2. The Lipschitz estimate

Similarly to (4.7), we decompose (2.4) as

e

V. X(a,1) / K (X(a,t) — X (b,1))
X (vleL(b, £) Vo (b) — VEX(a,t) Vaﬁo(a)) db
+ V. X(at) / Kou(X(a,t) — X (b,6))VEX (b, t) Vobo(b) db.  (4.16)

To estimate the L norm of 97 (V,X), we apply 9} to (4.16). By the Leibniz rule we
obtain

NV, X (a,t)

- ¥ (:‘) (;)g);”vaX(a,t)

0<m<r<n
« /&{”KM(X(a,t) ~ X (b1))

X 0" (Vi X (b,)Vubo(b) — Vi X (a,1)Vabo(a)) db
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+ Y (’:) (7;)6?—?%)((@,0

0<m<r<n

x / O I (X (a,1) — X (b, 0))0] ™ (VX (b, 1))V, () db

Invoking the inductive assumption (4.4), we have
n—r n—r—1 1/2 n—r n—r— 1
|0 VX (a,t) < (-1) (n—r)! . Cy"CY

Also, in view of (4.4) we estimate
|07 (Vi X (b,1)) Vebo (b) — 0, "™ (Vo X (a, 1)) Vabo(a)]

<Caymte-m (|2

r—m

)ca—mcf-m—wa B[ Vo]

and

|07~ (Vi X (b,)) Vo (b)]
1/2

<Cayrte-m (12 )amer v,
Let i € {1,2}. Using (4.9) and (4.6) we bound

10" Kin,i(X (a,t) — X (b,1))]

369

(4.17)

(4.18)

(4.19)

(4.20)

Ol jale X (@n-X®nI*/2 (|8y VX t)|| o |a — b|)*s
|
=m Z |X (a,t) — X (b, t)|lal+2 Z Z H )(£51) 1k

1<|a|<m s=1 P,(m,a) j=1

AN 71
( 1)[1*%—!(2?)0(‘;@? 1)
e DG

IO NS SO |

1<\a\<m s=1 Py(m,a) j=1

/)lkl

<Crmeper Y (CyecEer e, S Y T o

1<|a|<m s=1 Py(m,a) j=1

where

la — b|lle— X (an-X(b.0)/2

[ X (a,t) — X (b, 1)l

Tin =

Using the chord-arc condition (4.2) we arrive at

Tin < |a — b|_26_|a_b|2/(2)\2))\\a\+2

(4.21)
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and recalling that C1 > ACk, we obtain from (4.21) that

|8ZnKin,i(X(a'a t) - X(b’ t))|

< (~1)"MmICP O |a — b 2e et/ (X0 \2

|k;|
D SNEICIY) i 3 ot i

1<|a|<m s=1 Py(m,a) j=1

< (—=1)™mICIC™|a — b|~2e~ 19701/ (X)) X291y 4 1) <m1f1) (4.22)

where in the last equality we have appealed to Lemma 3.3. Similarly, from (4.9) and
(4.6) we have

‘aanout,i(X(a7 t) - X(bv t))|

1/2y 1kl
< Commcper Y (CHRCET e,y Y H( k),
1<|al<m =1 P, (m,a) j=1
(4.23)
Using (4.2) we arrive at
Tout = |a — b|‘a‘ |Oé‘

X(a.0)~ Xl =

Therefore, appealing to Lemma 3.3 we arrive at
|07 K out,i (X (@, t) — X (b,1))] < (—1)"m!Cy"CT*2(m + 1) —— (4.24)
Combining (4.17)—(4.20), (4.22), and (4.24), we arrive at

07 VX (a,t)]

1 5, (e

0<m<r<n

< ymmcgepatm+ (2 ) o —m (V2 Yepmep

m +

(4.25)

where
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I = )\2Hv90”07/|a_ b|'y—2e—|a—b|2/(2>\2)db_|_/|vb90(b)|db
< 8(y™1 + M)A Veollor + Vol

C3Cy (4.26)

by making Cj sufficiently large, depending on the initial data. The above and (4.25)
imply

07TV X (a, )]

<qopremm Y (e ( 1/2 ) (1) + 1>< 1/2 )

n—r m+1
0<m<r<n

x (=1)r=m ( 1/2 ) (4.27)

r—m
At this stage we invoke another combinatorial identity.

Lemma 4.2. We have that

IS S EATSI NG

0<m<r<n

< 4(n+1)(=1)" (nli 2 1) (4.28)

holds for any integer n > 1.

The proof of Lemma 4.2 is given in Section 4.4 below. From (4.27) and (4.28) we
conclude

v, X (@) < cpriery (o () scpriepenror ()12

which concludes the proof of the Lipschitz estimate in the induction step for (4.4).
4.3. The Holder estimate for V,X

In order to prove that [9;"T'V X (a,t)]c~ obeys the bound (4.4), we consider the dif-
ference

VX (a,t) — OV X (b, 1)

and estimate it in a similar fashion to |07 7'V, X (a, t)|. However, before applying n time
derivatives, we use (4.16) to re-write
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d

- (VX(a,t) = VX (b,1))
= (VX (a,t) — VX(b, t))/Km(X(a,t) - X(c,t))
x (VX (e, t)Vhy(c) — VXt (a,t)Vy(a))de

+(VX(a,t) — VX(b, t))/Kout(X(a,t) — X (e, t)VEX! (e, t)Voy(c)de
VX (b,1) / [Kin(X(a,1) ~ X(e.0) (VX (e.0)Vho(e) ~ V- X (a,1)Vo(a))
C K (X(bt) - X(c,1)) (vLXl(c, V8o (c) — VEXL(b, t)VGO(b))] de
+ VX(b,t)/ (Kout(X(a,t) — X (c,t)) — Ko (X (b, t) — X(c, t)))VLXl(c, t)
X Vo (c)de. (4.29)
In view of (4.29), similarly to (4.17) we write
NIV X (a,t) — 0P VX (b,t) = Ly + Lo + Lz + Ly,

where

L= Ogggn (:) (;) (07 "V X (a,t) — 7 TV X (b, 1))

« / O K (X (a,1) — X(c,1))
X O (VXL (e,t)Voo(c) — VX (a,t) Vi (a)) de (4.30)

Ly = Ogggn <:> (;) (07 "V X (a,t) — 97 "V X (b, 1))

X /G?Kout(X(a,t) — X (¢, 1))0 "™ (VX (e, 1))V (c) de (4.31)
1 n\ [T\ an_r
Ly = ogng;gn <T> <m> VX (b, t)

x / [8;"Km(X(a, t) — X(c, t)or™ (val(c, H)Vlo(c) — VEX(a, t)veo(a))

— O K (X (b, t) — X(c,8))ar ™ (vin(c, £)Voo(c) — VEXL(b, t)vao(b))} de
(4.32)



P. Constantin et al. / Advances in Mathematics 285 (2015) 352-393

Li= Y (:f) (;) TV X (b, t)

0<m<r<n
< [ (0 KX (@) ~ X(e.0) — 0 K o X (b.0) — X (1)
X OV Xt (e, 1)V (c)de.

First we notice that by using the bound

07 "VEXH (a,t) = 97TV EX (b, )]
1/2

n—r

<la—b(=1)"" " (n - r)!( )cg’”c;t”

instead of (4.18), precisely as in Section 4.2 above we show that

1 1/2
< Z _ plymtleom q\n !

under precisely the same conditions on Cy and C; as above.
In order to estimate L3, we decompose it as

L3 = L3 + L3z + L33 + L3y,

where

L= Y (:‘) (7;)6{’_TVX(b,t)

0<m<r<n

y / O K in(X (a,1) — X (e, 1))
|cfaT+b|§4‘a*b‘

X 0] (VEX (e, 1)V (c) — VX (a,t) Voo (a))de

Lp=- Y (f) (;) 1TV X (b, t)

0<m<r<n

y / O K (X(b,1) — X(e,1))
le— 242 |<4|a—b|

X O ™(VEX (e, 1) Vo (c) — VEX (b, 1)V, (b))de

account for the singular pieces, and

373

(4.33)

(4.34)
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Ly = % 3 (:) (;) TV X (b, 1) (X(a,t) ~ X(b, t))

0<m<r<n

1
<[ [arvKLeX(@n (- )X 0.0 - X(e )i

le— 2t |>4]a—b| O

x 7" (2VE X (e,) Vo (e) = VX (a,1)Vio(a) — VEX (b,1) Vo (b) ) de

1 N\ (7 aner
el S ()()rexes
0<m<r<n

x r=m (lel(b, £)VOo(b) — V- X (a, t)vao(a))

x / (a;me(X(a, t) — X (¢, 1)) + 0" K (X (b, 1) — X (c, t)))dc

le— 232 |>4|a—b|

account for the pieces at infinity. Here, we have used the polarization identity Lsz+ L3y =
x1y1 — Xaya = (1 — x2)(y1 + y2)/2 + (1 + 22)(y1 — y2)/2. Moreover, for the term L33
in the above decomposition we have used the mean value theorem to write

O"K in(X(a,t) — X(c,t)) — 0" K in (X (b,t) — X (c,t))
— (X(a.t) - X(b,1)) / OV in(pX (a,t) + (1 p) X (b,t) — X (c.1))dp.
0

We first bound L3y and Lsz. We appeal to (4.18), (4.19), (4.22), (4.25), and Lemma 4.2
to obtain

1/2
Lsi + Lg> < CoCY (=1)" (n + 1)1 <n-/i- 1) Lin (4.35)
where
Iy in = NC1*|[ Vo] cv / b — |7~ 2e1bel?/(2A%)

le— 232 |<4|a—b|
_ _ _ A2 2
+|a — e[ 2e7lamel /2N g

< 20my ' Ci* (Vo |l |a — b7,
Since C7 > ACk. Letting

Co > 1607y CR2(| Vo | o (4.36)
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we obtain in combination with (4.35) that

1 1/2
< Z _ mlyontlong 1\n | .
L3 + L3s < 3 |a b| CO Cl ( 1) (’I’L + 1) (n n 1) (4 37)

holds. In order to estimate L3z, we notice that due to the chord-arc condition,
t

| X (b,t) — X(c,t) —b+c| < Alb—¢] / IVu(s)||Leds < Alog Alb — ¢,
0

and similarly for a and ¢. Thus, we have that

[pX(a,t) + (1 = p)X(b,t) = X(c,1)|
> lpa+ (1 p)b— ¢ - plX(a,t) —a— X(e, ) +
- (1=pIX(b,1) —b—X(c,t) + ¢l
> |e— (a+b)/2| — |a— bl/2 — Mog A(pla — ¢| + (1 — p)[b —cl)
>|lc—(a+b)/2| —|a—0b|/2 - Alog\(|lc— (a +b)/2| + |a — b|/2)
holds for any p € (0,1). Therefore, in view of the choice A € (1,3/2] we have that
Alog A < 2/3, and thus
[pX (a,t) + (1 - p)X(b,t) — X(c,t)| = [e = (@ +b)/2[/3 — |a — b]
> |c— (a+b)/2]/12 (4.38)

holds whenever |¢ — (a + b)/2| > 4|a — b|. Using (4.6) and (4.9) we thus bound

1
/ OV (X (a,t) + (1 — p)X (b.t) — X(c,1))|dp
0

<ml 3 |0°VEKn(pX (a,t) + (1 - p)X (b,t) — X(c,1)

1<|al<m

" °L (pof (X (a,t) — X(c,t 1— )]0 (X (b,t) — X (c, t)])%
Y Z(pl (X(a,t) = X(c,t)[ + (1= p)d, (X (b,t) — X(c,1)])

p R e (R ) (£ 1)1

| Cll;?|+1(12)‘°“+3(|a| + 1)16—\c—(a+b)/2|2/(288)
< ml!
=" e = (a+b)/2[3

1<|a|<m

s (9)\|c—(a+b)/2\ (_1)4,1 (12/2)ng ij_1> k;
J

x> > > - T (4.39)
s=1 Py (m.e) j !

a) j=1
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Therefore, once we notice that |o| + 1 < 2/l if we let
C1 > 27T\Ck, (4.40)

from (4.39) and Lemma 3.3 we deduce that

1
[10r T K (X @.1) + (1= )X (0.1) - X(c.0)ldp
0
me*IC*(CHb)/?IQ/(?SS)

< 203 12%ml(m 4 1)(=1)" (mlfl> A e P

(4.41)
Using (4.18), (4.19), (4.25), Lemma 4.2, and (4.41), we arrive at
L3z < CRCT(=1)"(n+ 1)! nt1 la —b|1s, ou (4.42)

where

IS,out = 2>\CK123C1_2||V00“C’Y
la —c|” +|b—c|” e—le—(a+b)/2|?/(288)

d
x 2 lc— (a+b)/2]°

C

le—(a+b)/2|24|a—b|

< 144||Vbp||c~ / lc — (a+b)/2|"3dc

le—(a+b)/2|>4|a—b]|

< 2881/(1 — )| Vbo||c~ (4]a — b])T~!

1
< — — bt 4.4
< 16Co|a | (4.43)
if we choose Cy sufficiently large. From (4.42) and (4.43) we conclude that
1 1/2
Lss < —CyH'CP(—=1)"(n+1)! — b, 4.44
0 < GG ()7 la - (1.44)

In order to estimate L34 we need to appeal to one more cancellation property: each
component of the kernel K is a derivative of a non-singular scalar kernel, i.e.

L
Yy Lf 1
Kb =—-2 _—v .
) 2rlyl* Y (%Iyl)
This is in fact the reason why K has zero mean on spheres. The kernels associated

to each of the hydrodynamic systems considered in this paper obey this property. The
upshot of the above identity is that we have
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Kinly) =V (K5 ) + K@) = (K5 )9} + KD w) (4.45)

where {-,-} denotes the Poisson bracket, and
and

Similarly to (4.6), there exits Cx > 0 such that

M yl?/2

|y|lexl

K |O£| e—|y‘2/2 and |8(1 m (y)‘ -

a 7-(1)
0" K4 W)l < prar

(4.46)

holds for any multi-index a and any y # 0.
The importance of the cancellation property hidden in (4.45) is seen as follows. When
bounding the term L34 we need to estimate

T(a) = / O K (X (a,1) — X (c,1))de,
je— 252> 4la—b|

and a similarly defined T, (b). Due to (4.45), and the change of variables

(VEKI) (X (a,t) — X(e,t))

9% e 9 g _ 9% e -9 W _
862 (C7t)8cl K’L’ﬂ (X(a7t) X(C,t)) + 301 (c7t)aCQKin (X(O’?t) X(C7t))

= (K (X(a,t) — X(c,1), X;(c,1)}

which holds due to the Poisson bracket being invariant under composition with a
divergence-free X, we rewrite

Tn(a) = / orK'? (X (a,t) — X(c,t))de
le—232|>4|a—b|
- / oK) (X(a,t) = X(e,1)), X (e, 1) }de
le— 242 |>4]a—b|
- / oKD (X (a,t) — X (c,1))de

le—F2|>4|a—b|

- ;0 (T) / {0155 (X (a,t) = X (e.1)), 07 X (e, ) }de.

le— 22| >4|a—b|
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In the second term in the above, we integrate by parts in the ¢ variable (the variable
in which the derivatives in the Poisson bracket are taken) and note that c-derivatives
commute with ¢-derivatives, to obtain

Tn(a) = / orK'® (X (a,t) — X(c,t))de

le—2£2 | >4]a—b]

_ Zm: <:’L) / iKY (X (a,t) — X(c, 1)) nt

i=0 "
|c7#|:4|a7b|

SOV X (¢, t))do(c) (4.47)

where m is the outward unit normal to the circle {c: |c — GTH’| = 4]la — b|}. The cor-
responding formula also holds for T,,(b). Using (4.46) and the argument used to prove
(4.22), it follows that

o—la—cl?/(23%)
0iKD (X (a,t) — X (e, 1))] < (- >zcoclwvz<i+1>(jﬁ) (4.48)

for all 7 >0 and

2 2 1 2
0" K? (X (a,t) — X(c,1)| < (=1)"mlCCirea—el?/(2A )/\22(m+1)< / )

m+1
(4.49)
for all m > 0. Therefore, using (4.18) and (4.46)(4.49) we conclude that
T (a)] < (=1)"m!CF O A?*2(m + 1) 1/2 / o—la—cl?/(23) g
" B o m—+1
le— 232 |>4]|a—b|
+Z vicioina+ 1 V2
0C1 i1
< 1/2
-1 m—i—1 o m—i, ym—i—1
X (1) z>(m )c c:
e—la—c?/(2)?)
X / —— do(c)
la — |
|e— 2t |=4|a—b|
1 1/2
< ES(-l)’”m!CngCTQ(m +1) (m{f— 1> (4.50)

by choosing Cy sufficiently large, depending on A. Here we have used that |[a—c| > 3|a—b|
and the combinatorial identity
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zm:Q(iﬂLl)(—l)i(1/2)(—1)m‘i‘1< 12 ) :4(_1>m(m+1)( 1/2 )

, i1+ 1 m—1 m—+1
1=0

which is proven using the argument given in Section 4.4. To conclude the T34 bound, we
combine (4.50) and the corresponding estimate for the b term, with (4.18), (4.19), and
Lemma 4.2 to obtain

1 1/2
< n+l-nm/_ 1\n ! _ Rl
L34 = 1600 Cl ( 1) (n + 1) (TL T 1> |a b|

for all n > 0.
Thus, from (4.37), (4.44), and the above estimate for Ls4, we obtain the desired bound
for L3, namely

1 1/2
< = n+l-m/ _ 1\n | I N
Ly < G CF(-1) (n+1).<n+1)|a b (4.51)

It is left to estimate Ly, as defined in (4.33), which is achieved similarly to Ls. First
we decompose

Ly = Ly + Lao + Lys,

where

Lu= Y (:) (;) TV X (b, 1)

0<m<r<n
“ / O K (X (@, 1) — X (e, £)07™ (V2 X (e, £)) Voo (c)de
le—2F®|<4|a—b|

Lip=— Y (:) <;) TV X (b, t)

0<m<r<n

x / DMK ot (X (b, 1) — X (€, )07 "™ (V2 XL (e, 1)) Vo (c)de

le—2F2|<4|a—b|

and

Lus = Ogggn (:‘) (;) VX (b, t)(X (a,t) — X (b, 1))

x / / OVEK yui(pX (a,1) + (1 - p) X (b,1) — X (e, 1))dp

le—23®|>4]a—b| O

X OV Xt (e, 1)V (c)de
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We appeal to (4.18), (4.20), (4.24), and Lemma 4.2 to obtain

Ly + Ly < CFCT(=1)"(n+ 1)! <n1121) Ly in (4.52)
under the standing assumptions on Cy and C7, where
L = / V60 (c)|de < (167]a — b)V/2([Vhy | 12/ < Cola — b
le—2F2|<4|a—b]
by letting
Co > 8(167)"/% (|| V8ol + [ VOo| L) - (4.53)
From (4.52) and (4.53) we obtain the desired bound
L+ i < O3 Cr -1+ 0t 12 Yia o0 (454)
8 n+1

Estimating Lys is similar to bounding Lss. First, note that similarly to (4.41), under the
standing assumptions on Cy and C; we have

1
[ oK wn(pX @)+ (- pX(b.0) - X(e.)dp
0

for |c— (a+b)/2| > 4]a—b|. Combining (4.18), (4.20), Lemma 4.2, and (4.55) we obtain

Lz < CROM(—1)"(n + 1)!<ni 1) la — b| 11, out (4.56)
where
_ Voo (c)|
Ligut = 24 2 __[Vibo(e)
Lout = 24003, / Py

le—F2|>4|a—b|

1
< CA,||V90||L2/(277) la — b|7_1 < §C0|a — b|7_1 (4.57)
by choosing Cj sufficiently large. Finally, from (4.54)—(4.57) we obtain that
1 1/2
Ly < =Cpttop(—1)m 1)! —b[. 4.
v< g ()7 la - (4.59)

The bounds (4.34), (4.51), and (4.58) combined show that
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VX (- ))er < CRHEp(-1)"(n + 1>!(n1fl>

for 0 <t < T, which concludes the proof of the Hélder estimate for VX.
4.4. Proof of Lemma /.2

Proof of identity (4.28). In order to prove Lemma 4.2, we need to compute

O S ek T )
= -y Ay —mbn—r (4.59)
r=0m=0

where n > 1, and we have defined the coefficients

am = 2(m + 1)(—1)’”( 1/2 ) by = (—1)™"! (1/2> (4.60)

m+1 m

for all m > 0. Note that both a,, and b,, are non-negative, and thus it is clear that
Sy, >0 foralln > 1.

We now find the generating function for the coefficients a,, and b,,. We recall the
following generalization of Newton’s Binomial formula: for « € R and —1 < ¢t < 1, we
have

(1) =1+ il <?)(t)j. (4.61)

In particular, we have that

(1-t)Y2=1- i(—l)j (1/2)tﬂ =2 i(_mﬂ'*l (1/,2)tj

i=1 J =0
=2-) bit! (4.62)
§=0

Formally differentiating the identity (4.62) we arrive at

% = i_o: (1/2>t] ' i(nﬂ)(—l)"(nlfl)t" (4.63)

J n=0

and therefore

—1/2 = Z a;t?. (4.64)
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Multiplying the power series formally, we now have that

2

n>0 =0 m=0 >0 >0
2
— (1 1) 1/2 (2 (- t)1/2>
— 41—tV o (2 —(1- t)1/2)

:—2+Zt”(4an—bn).

n>0

Equating powers of t", we thus obtain from the above that

(8 - 2n2_ 1) (n+1)(—1)" <n14/r21)

160 — 10 a
= p1 v UED (n+1>

for all n > 1.
As a consequence, we obtain that

S, = (n+1)(=1)" (nlfl) % < 8(n+ 1)(—1)" (nlfl)

which completes the proof. O
4.5. Proof of estimate (4.6)

The claim is that exists a universal constant Cx > 1 such that

clalt

|yl

Ciellal!
|yllel+2

[0 Kin(y)| < and  [0%K oui(y)] <

(4.65)

(4.66)

(4.67)

(4.68)

holds for any multi-index a and any y # 0. We shall give here the proof of the inner

kernel K,, since the proof for the outer kernel K ,,; follows similarly, in view of the

fact that (1 — e~ 1¥")|y|=2 = O(1) as |y| — 0.
From the Leibniz rule we have

oo (L) = 3 (S)or (L)oo

Btvy=c
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It is easy to check that the number of terms in 9? (%) is at most 218, and that the

coefficient of each one of these terms is bounded from above by (2|8| 4+ 1)!l. Therefore,
we obtain

98 v < 9lBl (2‘5|+1)n—1
lyl* /|~ Clyllole

The total number of terms in 87(6*“/'2) is at most 21711 and the coefficient of each
term is bounded by 217!, Therefore,

|m(e—|y\2)| < 921=1 = lyl® max{1, |y|h|}

Therefore, it follows that

- =yl
o™ e Y )‘
<|y|3

« 1 1 _lyl?
< Y <ﬁ>2'ﬁ' (2|ﬂ|+1)!!| T 221711 =1l max {1, |y|"1}
Bty=a y
e /2 AP Wo2lv—1 o~ [yl?/2 |l ]
SW Z 3 2P (2|8 + 1)1 2 e [y max{1,[y[""}.

Bty=«a

Now for any y # 0, we have the bound

e W2y max(1, [y} < (2y/0),
and using Stirling’s formula

n! = V2mn (n/e), 2mn (n/e)" < n!

we arrive at

e IWI/2 |y max(1, |y} < 2 !
27|y|
Therefore,
5o (iew)’ < L e 3 (a)zlﬁ‘l (2/8] + 1)l 22hI-1 il !
y[3 |y|\a\+2 Bimea B \/2—|'7|

24l \al' a! By
—lyl?/2 Z 2

STl C T 2 Bl al
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where we have used
2181 (28] + 1)1 22171 < 22lel (18] 4 1)1 < 221l (|| 4+ 1)! < 281 !

Since |B]!|v|! < |a]!, the rough estimate

Z o Bl Z o al
By lall — B!

B+y=c B+y=a

holds. In summary, we have shown that,

o (Y5 L] LY
P\p " )| S e ¢

The constant Cx in (4.6) is thus less than 2°.
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Appendix A. Derivation of Lagrangian formulae

In this Appendix we provide the derivation of the self-contained formulae for dX /dt
and dV X /dt stated in Section 2. Let A denote back-to-labels map, which is the inverse
particle trajectory map, i.e.

A(X(a,t),t) = a.
We will frequently use that
(V2 A)(X(a,1),t)(VoX)(a,t) =T
or equivalently
(Vo A) (X (a,1).t) = (VaX)(a,1)) ! = (VaX) " (a,1). (A1)

Coordinate-wise the above identity is equivalent to

dA, X, 9A, _0X,
axl (X(a'7t)7t) - aa2 ((I,t), 8331 (X(a‘at)at) - 8&1 (a7t)7
dA, X, DA, Xy
g (X (a,t),t) = D0, (a,t), . (X (a,t),t) = D4, (a,t).
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The upshot of the above formulae is that if we define
Oo(A(x,t)) = 0(x,t)

then we have

06y ; =
O, 0(, t) = 8TU(x‘l(ﬂv,t))a—k(:M) = aTj(a) Sl (@) (A.2)

where in the last equality we have used (A.1).
A.1. 2D SQG

The constitutive law of SQG yields

u(x)znle(@:/Me( dy — /Kw— v)0(y)dy

2|z — y[?
and the evolution gives

Combining the above we arrive at

92 (at) = / K (X(a,1) — y)0(y. t)dy = / K(X(a,1) — X(b,1))0o(b)db

since by incompressibility the determinant of the Jacobian is equal to 1. To derive the
formula for d(VX)/dt, we switch back to Eulerian coordinates where

Oy ui(z / K(x —1y)0,,0(y,t)dy

and then appeal to (A.2) in order to obtain

d 8X _ 0Xy
dt 3% = da;

/K (a,t) — X (b, t))gzo(b)%;k

(X (b,t),t)db.

Using (A.1) we arrive at

d(V,X)

%) (a,1) = VuX(a.1) / K (X (a,1) — X (b,1))(VEX1)(b,1) (Vyfo) (b)db,

which proves (2.4).
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A.2. 2D IPM
In Eulerian coordinates the scalar vorticity w satisfies
w=V*t-u=-09,0.
Therefore, along particle trajectories we have
w(X(a,t),t) = —(0:,0)(X(a,t),t) = —{0(a), X2(a,t)}.

Therefore, since the kernel of the two dimensional Biot—Savart law in Eulerian coordi-
nates is given by

z— )t
u(z) = i/ﬁw(y)dyy

2r ) |x—y)?

upon letting y = X (b, t) we obtain

dX, . 1 [(X(at)—X(bt)*
dt(a’t)_%/I(X(aaf)—X(b,t)P
t

1 [ (X(a,t) - X(b,1)"
2r ] |(X(a,t) = X(b,1)]

To derive the formula for 9,V X, we differentiate the kernel and arrive at

w(X (b,t),t)db

5 {60(b), Xa(b,t)} db.

%(a,t) = —VaX(a,t)/K(X(a,t) — X (b,t)) {60(b), X2(b,t)} db
1 0 -1
+3 {0o(a), X2(a,t)} [1 0 ] V.X(a,t) (A.3)
where K is the same as in (2.7), namely
K(y) = Kl = g | 240 B0 (A4)
’ 2yt | w3 — vl 2

A.3. 3D Euler

From the Biot—Savart in three dimensions

1 -y
t=— [ —= t)d
u(x, 1) 47r/|m_y|3 x w(y,t)dy,
R3

composition with the Lagrangian path y = X (b,t), and the Cauchy formula
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w(X(a,t),t) = VX(a,t)wy(a)

we arrive at a self-contained formula for the evolution of X(a,t)

%(a,t) = i / | ;((S”’tg)__ )f((l:f’tg)g % (VX (b, t)wp (b))db.

The evolution equation for VX is obtained by first switching to Eulerian coordinates,
which allows us to compute V, u from w via Calderén—Zygmund singular integrals. For
this purpose one considers the rate of strain matrix

1
Sij = 5 (O + djui)
and uses the Biot—Savart law to compute

Sy =2 (@ —y) xwly)i (@ =yl + (@ —y) < wly), @ -y
s [z —yl°

= /(K(:v —y)w(y))i;dy

where we have defined

Of course, the full gradient is then obtain using

1
(Vu)v = Sv + Jw X v.

To obtain the evolution of VX we then compute

d 9X;
dt 8aj

B Gazk

00Xk
(X(@0.0%,"

0X
— ik(X(a,t),t)a—k

(at)

(a,t)

2@ ) (X (@0, x (Vo X)(a, 1),

= [ (X (@) = X(0.1) (VX (0 8)] ()

+ 5 ((VaX (a,t)wo(a)) x (Va, X)(a,t)),

N =

where we have used the notation in (A.5) for the ¢k-component of K (-)(V,Xwy).
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A.4. 2D FEuler
From the Lagrangian conservation
w(X(a,t),t) = wo(a)

and the Eulerian two dimensional Biot—Savart law [29] we directly arrive at

dxX 1 [ (X(a,t)— X(b,t))*
0= o0 [ R X g

Estimates for the time derivative of VX are obtained from the above by differentiating
the kernel, similarly to (A.3). We obtain

d(VaX)

2 (@, t) =V X (a,1) / K(X(a,t) — X (b,t)) wo(b) db

—&-%wo(a) l(l) _01] V.X(a,t)

where the kernel K is given in (A.4).
A.5. 2D Boussinesq
Along the particle trajectory @ = X (a,t), the vorticity obeys

Biw(X (a,1),1) = (9,,0)(X (a, 1), 1).

Integrating in time yields
t
w(X(a,t),t) )+ / 0:,9)( X (a,7),7)dr.
0

Next, we rewrite (0, 0)(X (a, ), 7) in terms of the Lagrangian coordinates. The equation
for 0 yields

O(x,t) = 6p(A(x,t)).

Therefore, we have

(@0 0) (a0 = S (Al 0) (1) + 50 (Al 1) 52 @),

and letting « = X (a,t) yields
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_ By ) 0
_60,1 8.%‘1

(X (a.1), ) + 220 (@) 222

(02, 0)(X (a,1),t) das " oy

(X(a,t),t).
Upon using (A.1) we arrive at
(02,0)(X (a,t),t) = 04,00(a)0u, X2(a,t) — 8y,00(a)ds, Xa2(a,t) = {0p(a), X2(a,t)},

and therefore

t

w(X(a,t),t) =wo(a) + / {00(a), X2(a,T)} dr.
0

To obtain and equation just in terms of X, we recall

dXx 1 X(a,t) — X (b,t))*

E(a,t) =u(X(a,t),t) = %/ |((X((a,t)) — X((b,Z))P w(X(b,t),t)db
Therefore,

dX 1 (X(a,t) — X(b,t))*

w0 =5 [ e - x.0r 0

¢
1 [ (X(a,t)— X(b,t)* /
— X |
27T/ (X (a,t) — X (b,1)|? {60(b), X2(b,7)}d7 | db
0
To derive the formula for 9; VX, we differentiate the kernel and obtain
aX
%(‘W = (/K(X(avt) — X (b,t))wo(b) db) VoX(a,t)

+ /K(X(a,t) —X(b,t))/{@o(b),Xg(b,T)} drdb | V,X (a,t)
0

0

—1
X
1 0 V.X(a,t),

+% wo(a)—i-/{ﬁo(a),Xg(a,T)} dr l
0

where K is given in (A.4) above.
Appendix B. The composition of analytic functions: the one dimensional case
The contents of this section is adapted from [23, Theorem 1.3.2], and is presented

here for the sake of completeness. This serves as the motivation for the combinatorial
machinery given in Section 3 above.
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Proposition B.1. If g: R — R is bounded h: R — R is real analytic, and g obeys the
ODE

g'(x) = h(g(x)), (B.1)
then g is in fact real analytic.

Lemma B.2 (One-dimensional Faa di Bruno formula). Let I C R be an open interval,
g€ C™®(), and h € C=(J), where J = f(I). Let f = hog. Then for alln > 1 we have

=S 3 LI(2)

kEP(n k) Jj=1

where k = (ki, ..., ky) is a multi-inder,

Pnk)=Qk=(ki,....k.): > jkj=n> kj=k

and we use the notation

A consequence of the Faa di Bruno formula is the following identity, as given in [23,
Lemma 1.5.2].

Lemma B.3 (One-dimensional magic identity). For each integer n > 1 we have
kk' 1/2\" 1/2
D H(/-) ~a (1)
k=1keP(n,k) : j=1 NI

Proof of Proposition B.1. The assumption that h is real analytic translates into the fact
that there exists C, R > 0 such that

k!
P ()] < O (B.2)

for all k > 0, and all y close to some .
We make the following inductive assumption on the function g: that forall 1 < j <n

it holds that
e () (5)

at all points z sufficiently close to some xg.

|9V ()] <

=) =
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Let n > 0. We apply n derivatives to equation (3.1) and use Lemma B.2 to obtain
1 k - Q(J &
= S e I (%5)
keP(n;k) j=1
We appeal to (B.2) and the inductive assumption (B.3) to estimate

|g<"+1 <cC Z n! ;t ﬁ ((_1)],_1(1;2) (;i)f)kj.

kEP(n;k) : Jj=1

Using that } . k; = k and }_,jk; = n we obtain that

n _1\k n k;
gD < Cn!(_1>n(2}§2 Z ( Z)' k! H (1/2>

keP(n;k) =1 J

Using the identity given in Lemma B.3 we thus obtain

|g(n+1)| < Cnl(=1)" (20)"2(n + 1)( 1/2 )

R» n+1
= (n+ 1)!(—1)"7(2(2? <n1f1>

which is exactly (B.3) at level n+ 1. This completes the proof since in view of (3.6), the
bound (B.3) gives

(4) C j!
99 < % mey

which shows that g is real analytic with radius of convergence R/C. O

References

[1] S. Alinhac, G. Métivier, Propagation de I’analyticité locale pour les solutions de I’équation d’Euler,
Arch. Ration. Mech. Anal. 92 (4) (1986) 287-296.

[2] C. Bardos, S. Benachour, Domaine d’analycité des solutions de I’équation d’Euler dans un ouvert
de R™, Ann. Sc. Norm. Super. Pisa Cl. Sci. (4) 4 (4) (1977) 647-687.

[3] C. Bardos, S. Benachour, M. Zerner, Analyticité des solutions périodiques de I’équation d’Euler en
deux dimensions, C. R. Acad. Sci. Paris, Sér. A-B 282 (17:Aiii) (1976) A995-A998.

[4] T. Buckmaster, C. De Lellis, L. Székelyhidi Jr., Transporting microstructure and dissipative Euler
flows, arXiv:1302.2815, 2013.

[5] D. Chae, H.-S. Nam, Local existence and blow-up criterion for the Boussinesq equations, Proc. Roy.
Soc. Edinburgh Sect. A 127 (5) (1997) 935-946.

[6] J.-Y. Chemin, Régularité de la trajectoire des particules d’un fluide parfait incompressible remplis-
sant l’espace, J. Math. Pures Appl. (9) 71 (5) (1992) 407-417.

[7] J.-Y. Chemin, Perfect Incompressible Fluids, Oxford Lecture Ser. Math. Appl., vol. 14, The Claren-
don Press Oxford University Press, New York, 1998.

[8] P. Constantin, An Eulerian—Lagrangian approach for incompressible fluids: local theory, J. Amer.
Math. Soc. 14 (2) (2001) 263-278.


http://refhub.elsevier.com/S0001-8708(15)00301-1/bib416C696E6861634D657469766965723836s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib416C696E6861634D657469766965723836s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib426172646F7342656E6163686F75723737s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib426172646F7342656E6163686F75723737s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib426172646F7342656E6163686F75725A65726E65723736s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib426172646F7342656E6163686F75725A65726E65723736s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib44654C656C6C6973537A656B656C79686964694275636B6D61737465723133s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib44654C656C6C6973537A656B656C79686964694275636B6D61737465723133s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436861654E616D3937s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436861654E616D3937s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4368656D696E3932s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4368656D696E3932s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4368656D696E3938s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4368656D696E3938s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436F6E7374616E74696E303161s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436F6E7374616E74696E303161s1

392 P. Constantin et al. / Advances in Mathematics 285 (2015) 352-393

[9] P. Constantin, Transport in rotating fluids, Discrete Contin. Dyn. Syst. 10 (1-2) (2004) 165-176.

[10] P. Constantin, A.J. Majda, E. Tabak, Formation of strong fronts in the 2-D quasigeostrophic thermal
active scalar, Nonlinearity 7 (6) (1994) 1495-1533.

[11] G.M. Constantine, T.H. Savits, A multivariate Faa di Bruno formula with applications, Trans.
Amer. Math. Soc. 348 (2) (1996) 503-520.

[12] D. Cérdoba, F. Gancedo, R. Orive, Analytical behavior of two-dimensional incompressible flow in
porous media, J. Math. Phys. 48 (6) (2007) 065206, 19 pp.

[13] J.-M. Delort, Estimations fines pour des opérateurs pseudo-différentiels analytiques sur un ouvert
a bord de R™. Application aux équations d’Euler, Comm. Partial Differential Equations 10 (12)
(1985) 1465-1525.

[14] W. E, C.-W. Shu, Small-scale structures in Boussinesq convection, Phys. Fluids 6 (1) (1994) 49-58.

[15] U. Frisch, B. Villone, Cauchy’s almost forgotten Lagrangian formulation of the Euler equation for
3d incompressible flow, arXiv:1402.4957, 2014.

[16] U. Frisch, V. Zheligovsky, A very smooth ride in a rough sea, Comm. Math. Phys. 326 (2) (2014)
499-505.

[17] P. Gamblin, Systéme d’Euler incompressible et régularité microlocale analytique, Ann. Inst. Fourier
(Grenoble) 44 (5) (1994) 1449-1475.

[18] O. Glass, F. Sueur, T. Takahashi, Smoothness of the motion of a rigid body immersed in an incom-
pressible perfect fluid, Ann. Sci. Ec. Norm. Supér. (4) 45 (1) (2012) 1-51.

[19] P. Isett, Holder continuous Euler flows in three dimensions with compact support in time,
arXiv:1211.4065, 2012.

[20] P. Isett, Regularity in time along the coarse scale flow for the incompressible Euler equations,
arXiv:1307.0565, 2013.

[21] V.I. Judovi¢, Non-stationary flows of an ideal incompressible fluid, 7. Vy¢isl. Mat. i Mat. Fiz. 3
(1963) 1032-1066.

[22] T. Kato, On the smoothness of trajectories in incompressible perfect fluids, in: Nonlinear Wave
Equations, Providence, RI, 1998, in: Contemp. Math., vol. 263, Amer. Math. Soc., Providence, RI,
2000, pp. 109-130.

[23] S.G. Krantz, H.R. Parks, A Primer of Real Analytic Functions, second edition, Birkh&user Adv.
Texts. Basl. Lehrbiicher, Birkhduser Boston Inc., Boston, MA, 2002.

[24] I. Kukavica, V. Vicol, On the radius of analyticity of solutions to the three-dimensional Euler
equations, Proc. Amer. Math. Soc. 137 (2) (2009) 669-677.

[25] I. Kukavica, V. Vicol, On the analyticity and Gevrey-class regularity up to the boundary for the
Euler equations, Nonlinearity 24 (3) (2011) 765-796.

[26] D. Le Bail, Analyticité locale pour les solutions de I’équation d’Euler, Arch. Ration. Mech. Anal.
95 (2) (1986) 117-136.

[27] C.D. Levermore, M. Oliver, Analyticity of solutions for a generalized Euler equation, J. Differential
Equations 133 (2) (1997) 321-339.

[28] L. Lichtenstein, Uber einige Existenzprobleme der Hydrodynamik homogener, unzusammendriick-
barer, reibungsloser Flissigkeiten und die Helmholtzschen Wirbelsitze, Math. Z. 23 (1) (1925)
89-154.

[29] A.J. Majda, A.L. Bertozzi, Vorticity and Incompressible Flow, Cambridge Texts Appl. Math.,
vol. 27, Cambridge University Press, Cambridge, 2002.

[30] N. Nadirashvili, On stationary solutions of two-dimensional Euler Equation, Arch. Ration. Mech.
Anal. 209 (3) (2013) 729-745.

[31] O. Sawada, Analytic rates of solutions to the Euler equations, Discrete Contin. Dyn. Syst. 6 (5)
(2013) 1409-1415.

[32] P. Serfati, Equation d’Euler et holomorphies a faible régularité spatiale, C. R. Acad. Sci. Sér. 1,
Math. 320 (2) (1995) 175-180.

[33] P. Serfati, Solutions C'*° en temps, n-log Lipschitz bornées en espace et équation d’Euler, C. R.
Acad. Sci. Paris Sér. I, Math. 320 (5) (1995) 555-558.

[34] P. Serfati, Structures holomorphes & faible régularité spatiale en mécanique des fluides, J. Math.
Pures Appl. (9) 74 (2) (1995) 95-104.

[35] A. Shnirelman, On the analyticity of particle trajectories in the ideal incompressible fluid,
arXiv:1205.5837, 2012.

[36] F. Sueur, Smoothness of the trajectories of ideal fluid particles with Yudovich vorticities in a planar
bounded domain, J. Differential Equations 251 (12) (2011) 3421-3449.


http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436F6E7374616E74696E3034s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436F6E7374616E74696E4D616A6461546162616B3934s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436F6E7374616E74696E4D616A6461546162616B3934s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436F6E7374616E74696E655361766974733936s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436F6E7374616E74696E655361766974733936s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436F72646F626147616E6365646F4F726976653037s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib436F72646F626147616E6365646F4F726976653037s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib44656C6F72743835s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib44656C6F72743835s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib44656C6F72743835s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib455368753934s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib46726973636856696C6C6F6E653134s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib46726973636856696C6C6F6E653134s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4672697363685A68656C69676F76736B793132s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4672697363685A68656C69676F76736B793132s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib47616D626C696E3934s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib47616D626C696E3934s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib476C617373537565757254616B6168617368693132s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib476C617373537565757254616B6168617368693132s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib49736574743132s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib49736574743132s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib49736574743133s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib49736574743133s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib5975646F766963683633s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib5975646F766963683633s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4B61746F3030s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4B61746F3030s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4B61746F3030s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4B72616E747A5061726B733032s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4B72616E747A5061726B733032s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4B756B61766963615669636F6C3039s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4B756B61766963615669636F6C3039s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4B756B61766963615669636F6C313162s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4B756B61766963615669636F6C313162s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4C654261696C3836s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4C654261696C3836s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4C657665726D6F72654F6C697665723937s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4C657665726D6F72654F6C697665723937s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4C69636874656E737465696E3235s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4C69636874656E737465696E3235s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4C69636874656E737465696E3235s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4D616A6461426572746F7A7A693032s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4D616A6461426572746F7A7A693032s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4E6164697261736876696C693133s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4E6164697261736876696C693133s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib5361776164613133s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib5361776164613133s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53657266617469393561s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53657266617469393561s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53657266617469393563s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53657266617469393563s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53657266617469393562s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53657266617469393562s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53686E6972656C6D616E3132s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53686E6972656C6D616E3132s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53756575723131s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib53756575723131s1

P. Constantin et al. / Advances in Mathematics 285 (2015) 352-393 393

[37] V. Zheligovsky, A priori bounds for Gevrey—Sobolev norms of space-periodic three-dimensional
solutions to equations of hydrodynamic type, Adv. Differential Equations 16 (9-10) (2011) 955-976.

[38] V. Zheligovsky, U. Frisch, Time-analyticity of Lagrangian particle trajectories in ideal fluid flow,
arXiv:1312.6320, 2013.


http://refhub.elsevier.com/S0001-8708(15)00301-1/bib5A68656C69676F76736B793131s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib5A68656C69676F76736B793131s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4672697363685A68656C69676F76736B793133s1
http://refhub.elsevier.com/S0001-8708(15)00301-1/bib4672697363685A68656C69676F76736B793133s1

	Analyticity of Lagrangian trajectories for well posed inviscid incompressible ﬂuid models
	1 Introduction
	2 Self-contained Lagrangian evolution
	2.1 2D surface quasi-geostrophic equation
	2.2 The 2D incompressible porous media equation
	2.3 The 3D Euler equations
	2.4 The 2D Euler equations
	2.5 The 2D Boussinesq equations

	3 Analyticity and the composition of functions: combinatorial lemmas
	3.1 Preliminaries
	3.2 Main combinatorial identity
	3.3 The proof of Theorem 3.1

	4 Lagrangian analyticity for the SQG equation
	4.1 The L∞ estimate
	4.2 The Lipschitz estimate
	4.3 The Hölder estimate for ∇a X
	4.4 Proof of Lemma 4.2
	4.5 Proof of estimate (4.6)

	Acknowledgments
	Appendix A Derivation of Lagrangian formulae
	A.1 2D SQG
	A.2 2D IPM
	A.3 3D Euler
	A.4 2D Euler
	A.5 2D Boussinesq

	Appendix B The composition of analytic functions: the one dimensional case
	References


