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1  INTRODUCTION

| Jiahong Wu?

This paper examines the existence and uniqueness of weak solutions to the d-
dimensional magnetohydrodynamic (MHD) equations with fractional dissipation
(—A)*u and fractional magnetic diffusion (—A)?b. The aim is at the uniqueness of
weak solutions in the weakest possible inhomogeneous Besov spaces. We establish the

local existence and uniqueness in the functional settingu € L*(0, T'; B; /12_20’“ (R%Y)

and b e L=(0,T; B‘zj,/f[Rd)) when @ > 1/2, >0 and a + f > 1. The case when
a =1 with v > 0 and # = 0 has previously been studied in [7, 19]. However, their
approaches can not be directly extended to the fractional case when @ < 1 due to the
breakdown of a bilinear estimate. By decomposing the bilinear term into different fre-
quencies, we are able to obtain a suitable upper bound on the bilinear term for « < 1,

which allows us to close the estimates in the aforementioned Besov spaces.
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This paper examines the existence and uniqueness of weak solutions to the d-dimensional incompressible magnetohydrodynamic
(MHD) equations with fractional dissipation,

ou+u-Vu+v(=A)Y'u=-VP+b-Vb,
0b+u-Vb+n(—=APb=0b-Vu,
V.-u=V-b=0,
u(x,0) = up(x),

xeRe >0,
xeRe >0,
(1.1

xeRY >0,
b(x,0) = by(x),

where u, P and b represent the velocity, the pressure and the magnetic field, respectively, and v > 0,7 > 0, @ > 0 and > 0 are

real parameters. The fractional Laplacian operator (—A)* is defined via the Fourier transform,

where

(CAfE) = 1€ £ (o),

FreN — 1 —ix-&
f(if)——(zﬂ)d/2 /Rde f(x)dx.

Z Angew Math Mech. 2020;100:e201900290.
https://doi.org/10.1002/zamm.201900290

www.zamm-journal.org ~ © 2020 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim 10f 20


http://crossmark.crossref.org/dialog/?doi=10.1002%2Fzamm.201900290&domain=pdf&date_stamp=2020-06-10

The standard MHD equations govern the motion of electrically conducting fluids such as plasmas, liquid metals, and electrolytes.
The justification for the study of this fractionally dissipated system can be made from several different perspectives. First, (1.1)
represents a two-parameter family of systems and contains the MHD systems with standard Laplacian dissipation as special
cases. (1.1) allows us to simultaneously examine a whole family of equations and potentially reveals how the properties of
its solutions are related to the sizes of a and f. Second, the fractional diffusion operators can model the so-called anomalous
diffusion, a much studied topic in physics, probability and finance (see, e.g., [1, 15]). In particular, (1.1) can model long-range
diffusive interactions. Third, fractional dissipation has been used in turbulence modeling to control the effective range of the
non-local dissipation and to make numerical resolutions more efficient (see, e.g., [14]).

The MHD equations have always been of great interest in mathematics. Mathematically rigorous foundational work has been
laid in [10] and [22]. Recently, the MHD equations have gained renewed interests and there have been substantial developments
on the well-posedness problem, especially when the MHD equations involve only partial or fractional dissipation. A summary
on some of the recent results can be found in a review paper [27]. Roughly speaking, there are two different focuses on the
well-posedness problem. One is the global existence and regularity of classical solutions while the other is the uniqueness of
solutions in a weak functional setting. The first focus intends to establish the global existence of classical solutions with the
smallest fractional indices. A general result on the global existence and uniqueness of classical solutions to the d-dimensional
MHD equations with fractional dissipation can be found in [25] and [26]. A special consequence of this result asserts the global
well-posedness of (1.1) when

d d
-, >0, >14+=.
+4 B a+f +2

| —

The case whena > 1 + g with v > 0 and n = 0 is obtained by K. Yamazaki [31]. Logarithmic improvements of these fractional
powers are also contained in [26] and [31]. A very recent work establishes the global well-posedness with only directional
hyperviscosity [32]. Many more exciting results on the global regularity problem are available for the 2D case (see, e.g., [4-6,
8,9, 11, 17, 18, 28-31, 33]).

The other focus on (1.1) is to establish the existence and uniqueness of local solutions in a weakest possible functional setting.
There is a stream of progress in this direction on (1.1) with @ = 1, v > 0 and # = 0. Q. Jiu and D. Niu [16] proved the local
well-poseness of (1.1) in the Sobolev space H® with s > 3. Fefferman, McCormick, Robinson and Rodrigo were able to weaken

the regularity assumption to (ug, by) € H® with s > = 1n [12] and thentouy, € H*~ =€ and by € H® withs > > 1n [13]. Chemin,
d_
McCormick, Robinson and Rodrigo [7] made further improvement by assuming only u, € B and by € B : ,- They obtained

the local existence for d = 2 and 3, and the uniqueness for d = 3. R. Wan [24] obtained the un1queness for d 2 J.Li, W. Tan

4
and Z. Yin [19] recently made an important progress by reducing the functional setting to homogeneous Besov space u, € B
d

and b, € B;l with p € [1,2d].
di1-2
The aim of this paper is to establish the local existence and uniqueness when the initial data u, € BZZT a([R{d ) and b, €

4
B22 | (R?) for the largest possible ranges of @ and . We remark that our result will not be just a parallel extension of the results

for the case when a = 1. As we shall explain in detail later, the proofs in [7] and [19] can not be directly extended to the case
when a < 1. Our main result can be stated as follows.

Theorem 1.1. Let d > 2. Consider (1.1) with a and f satisfying
a>%, 20, a+p=>1
Assume the initial data (uy, by) obeys V - uy =V - by = 0 and
we B IR, by e B2 ®RD. (1.2)
Then, there exist T > 0 and a unique weak solution (u, b) of (1.1) on [0, T] satisfying

d
we (0.8}, ®)nL'O.T; B Hwdy, (1.3)

R (md 1 5t g
bEC([O,T],Bzyl(R ))ﬂL(O,T,BZ’1 (R%)). (1.4)
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The Besov spaces in Theorem 1.1 are defined in Section 2. Theorem 1.1 with @ = 1, v > 0 and # = 0 recovers the results in
some of the previous work. We describe the framework in the proof of Theorem 1.1 and explain why the approaches for the
case a =1, v> 0 and # = 0 in [7] and [19] can not be directly extended to the case a < 1. The existence of weak solutions
stated in Theorem 1.1 is proven through a successive approximation process, which starts with the construction of a successive
approximation sequence (1", b™) satisfying

-

u) = Souy, b = S,b,,

Au D + (=AY u D) = P(—u . VD 4 p v pm),
30,6 4 (=AY pHD = —y ) . ypED 4 p0) gy
V.uth =0, v.prth =,

u("+1)(X, O) = Sn+11/l0, b(n+1)(xs 0) = Sn+lb0’

L

where P’ is the standard Leray projection and .S is the standard inhomogeneous low frequency cutoff function (see Section 2 for
its definition). The next step is to define a suitable functional setting Y and show that, if (1, by) satisfies (1.2), then the sequence
@™, b™) is bounded uniformly in Y. The precise definition of Y is given in (3.2) in Section 3. The uniform boundedness is
shown via an iterative process. We assume (u, b™) € Y and show (u"*!, p"+D) € Y. To do so, we need to evaluate

6™ . Vb<n>||B%72a+1 . (1.5)

] (RY)

In the case when a = 1, this term can be bounded suitably through the product estimate

”b(n) . Vb(")” 4, < ||b(") ® b(n)” d <C ”b(n)”2 d
B22J (RY) Bzz,l(Rd) Bfl(Rd)

based on the following lemma (see, e.g., [2, p.90] or Lemma 2.6 in [19]).

Lemma 1.2, Let1 < p< o0, 51,5 < % and s| + s, > d max{0, 1% —1}. Then

T

B,

SClIfll g llgll g2 (-
R4) Blhll RY) BP,ZI(Rd)

However, when a < 1, Lemma 1.2 does not appear to be applicable. We can still write (1.5) as

15 VO g <NBP QBN 4y, =157 @6
2 Rd) 2 Rd) B2

d d.
5 —a+D+(5—a+l)—=5
B 2 2
2,1 2,1 2,1

Fora <1, s, = % —a+lands, = % — a + 1 no longer satisfy the condition

QU

S1,82 < =

\S]

and Lemma 1.2 is not applicable. We are able to overcome this difficulty by performing a detailed analysis on different frequen-
cies of this product and making full use of the available dissipation in the case when a < 1. The suitable estimate obtained for
this product allows us to conclude that (u”"+1, 5**+1) is indeed in Y . The next step is to extract a strongly convergent subsequence
via the Aubin-Lions Lemma and show the limit (u, b) is indeed a weak solution of (1.1). The uniqueness of weak solutions in
the regularity class (1.3) and (1.4) can be established by directly working with the L-norm of the difference between any two
weak solutions.

The rest of this paper is divided into three sections. Section 2 provides the definitions of the Besov spaces and related tools.
In addition, we prove two bounds on triple products involving Fourier localized functions. These bounds are repeatedly used in
the subsequent sections. Section 3 proves the existence part of Theorem 1.1 while Section 4 establishes the uniqueness part of
Theorem 1.1.



2 | PREPARATION

This section serves as a preparation. We provide the definition of the Besov spaces and related facts to be used in the subsequent
sections. More details can be found in several books and many papers (see, e.g., [2, 3, 20, 21, 23]). In addition, we prove bounds
on triple products involving Fourier localized functions to be used extensively in the sections that follow.

We start with the partition of unit. Let B(0, r) and C(0, ry, r,) denote the standard ball and the annulus, respectively,

BO,r)={¢eR’: |g|<r},  CO,r,ry)={E€R?: r <|E|<r}.
There are two compactly supported smooth radial functions ¢ and y satisfying
supp ¢ C B(0,4/3), suppy C C(0,3/4,8/3),

&)+ D w@IEH =1 forall E€R". 2.1

>0
We use 7 and h to denote the inverse Fourier transforms of ¢ and y respectively,
h=F'¢, h=Fy.
In addition, for notational convenience, we write y;(§) = w(27/¢). By a simple property of the Fourier transform,
hi(x) :=F~ (y))(x) = 2 h(2/x).
The inhomogeneous dyadic block operator A; are defined as follows

A f=0 for j < -2,

A f=hx*f= /R f(x =y h(ydy,

Aif=h=f= 2"1/ f(x=y) hQ'y)dy  forj>0.
R4
The corresponding inhomogeneous low frequency cut-off operator .S is defined by

Sif= ) A

k<j-1

For any function f in the usual Schwarz class S, (2.1) implies

FO =@ F&+ Y w27e) f&) 2.2)

j=0

or, in terms of the inhomogeneous dyadic block operators,

f=D A or Id= ) A,

j>-1 j=-1

where Id denotes the identity operator. More generally, for any F in the space of tempered distributions, denoted S’, (2.2) still
holds but in the distributional sense. That is, for F € S’,

F= ) AF o Wd= ) A, in §. (2.3)

Jjz=1 j==1
In fact, one can verify that

S;F 1= Z AMF—>F as j—>oo in S
k<j-1

(2.3) is referred to as the Littlewood-Paley decomposition for tempered distributions.
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In terms of the inhomogeneous dyadic block operators, we can write the standard product in terms of the paraproducts, namely

FG= ) S FAG+ Y AFS G+ ) AFAG,
li~kI<2 j~kl<2 k>j-1

where Zk =A;,_1+A;+ A, .Dueto V- F =0. This is the so-called Bony decomposition.
The inhomogeneous Besov space can be defined in terms of A; specified as above.

Definition 2.1. The inhomogeneous Besov space B; g with 1 < p,q < 0o and s € R consists of f € S’ satisfying

1/ llgs, = 1270, £l ol < oo.

Bernstein’s inequality is a useful tool on Fourier localized functions and these inequalities trade derivatives for integrability.
The following lemma provides Bernstein type inequalities for fractional derivatives.

Lemma 2.2. Leta > 0. Let1 <p<gq < co.
1) If f satisfies
supp [ C {E € R+ |&| < K2},
for some integer j and a constant K > 0, then

2aj+jd(2-1)
I(=2)* fl Loy < Cy 2 2 f N Lorey-

2) If f satisfies
supp f c {E€RY : K2 <|&| < Kp2/)
for some integer j and constants 0 < K| < K,, then

2aj+jd(5=1)

Cy 22N Wl gy < W=D pagaay < €22 1 lzre)

where C| and C, are constants depending on a, p and q only.

Next we state and prove bounds for the triple products involving Fourier localized functions. These bounds will be used quite
frequently in the proof of Theorem 1.1 in the subsequent section.

Lemma 2.3. Let j >0 be an integer. Let A; be the inhomogeneous Liitlewood-Paley localization operator. Let F be a
divergence-free vector field. Then

'/ Ai(F-VG)-AH dx
R4

. d,.
< ClAH| <2, D 22"IALFlle Y IIAGH

m<j—1 [i—k|<2

d . d ~
+ ) IAFl Y 29 PMA, Gl + Y 222" ||AkF||Lz||AkG||Lz> 24
lj—k|<2 m<j—1 k>j—1



and

/ A;(F-VG)-A,Gdx
Rd

d
scuA,GuLz( > 2D AL e D 1A

m<j—1 [j—k|<2

d . d ~
+ ) IAFI2 X 2" A,Gl e + ), 2122k||AkF||Lz||AkG||Lz). (2.5)

|j—k|<2 m<j k>j—1

Proof. By the paraproduct decomposition,

A(F-VG) = D A(S F-AYG)+ Y A(AF S VG + Y AJ(AF - VAG).
[i—k|<2 [j—k|<2 k>j—1

By Holder’s inequality and Bernstein’s inequality in Lemma 2.2,

’/ A;(F-VG)-AH dx
R4

suA,HuLz( > 2 US Flle 180Gl 2+ D IACF 2 1S4 VG
[i—k|<2 [i—k|<2

+ ) ||AkF||Lz||ZkG||Lm>,

k>j-1

where we have used V - F = 0 in the last part. (2.4) then follows if we invoke the inequalities of the form

dm
I1Se 1 Fllps <) 22" 1A, Fll 2. 2.6)

m<k-2

To prove (2.5), we further write the first term as the sum of a commutator and two correction terms,

A(F-VG) = Y [A,S_ F-VING+ Y (S, F=S;F)-AAVG
li~kl<2 j~kl<2

+SF-VAG+ ) A(AF-S V) + Y A(AF - VAG),
lj—k|<2 k>j—1

wherezk=Ak_1+Ak+Ak+1.DuetoV-F=0,
/ S;F-VA,G-A;Gdx =0.
R4

By Holder’s inequality, Bernstein’s inequality and a commutator estimate,

'/ AJ(F-VG) - A;Gdx
Rd

1.
suA,GuLz( > VS Pl Gl + €202 N [IAGF Il 14,612
lj—k|<2 lj—k|<2

. d ~
+ Y MAFI 2 1S VGl s + ) 27228 |AF |l 2 ||AkG||Lz>-
lj—k|<2 k>j—1

(2.5) then follows when we invoke similar inequalities as (2.6). This completes the proof of Lemma 2.3. O

3 | PROOF FOR THE EXISTENCE PART OF THEOREM 1.1

This section proves the existence part of Theorem 1.1. The approach is to construct a successive approximation sequence and
show that the limit of a subsequence actually solves (1.1) in the weak sense.
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Proof for the existence part of Theorem 1.1. We consider a successive approximation sequence {(u", b")} satisfying

P

u) = Soug, b = S, b,

atu(n_H) + v(_A)au(n+l) — ﬂ:p(_u(n) VD Vb(n))7

) atb(""'l) + n(—A)ﬂb(n+l) = —ym . ypntD) 4y . Vu(")’ 3.1
V.ourth =0, Vv.peth =,

M(n+1)(x, 0) = Sn+lu()’ b(n+1)(x9 0) = Sn+1b0’

\

where P is the standard Leray projection. For

M =2 Nlugll a,, ,, +lboll « )
B}, B},

T > 0 being sufficiently small and 0 < 6 < 1 (to be specified later), we set

Y= (u,b)' [l 4o, SM, bl 4 <M, |ul a, <6, |l 4y S6 0. (32)
L°<>(0,T;3221 ) Lw(o,T;Bz%l) Ll(O,T;Bzzl Ll(o,T;B,Z1 )

Our goal is to show that {(u", 5"™)} has a subsequence that converges to the weak solution of (1.1). This process consists of
three main steps. The first step is to show that (u, b”) is uniformly bounded in Y. The second step is to extract a strongly
convergent subsequence via the Aubin-Lions Lemma while the last step is to show that the limit is indeed a weak solution of
(1.1).

Our main effort is devoted to showing the uniform bound for (™, ") in Y. This is proven by induction. Clearly,

<M, b7 . <M.

1
flu ] 4o
L°°(0,T;B221)

LW(O,T;BZ%I
If T > 0 is sufficiently small, then

ST Clugll « <6,
2

d =
§+l 5+1-2a

1
[l ¢y STSyull
.p2 ) B
2,1 2,1 2,1

L'(0,T;B

150 iy STUS bl a0y ST Cliboll 4 <6
LY(0,T;B? B? 2

5By 2.1 B,

Assuming that (u™, b) obeys the bounds defined in Y, namely

[lu] do. SM, B i <M,
L°°(0,T;B221 ) L°°(0,T;B221)

[l i, <6, 16" 4., <6,
LY(0,T; B2 LY(0,T; B2

2,1 2,1

we prove that (u*1), p+1) obeys the same bound for suitably selected T > 0 and & > 0. For the sake of clarity, the proof of
the four bounds is achieved in the following four subsections.

d
E—Za(

3.1 | The estimate of u™*? in B; RY)

Let j > 0 be an integer. Applying A; to the second equation in (3.1) and then dotting with A;u"*!, we obtain

1d
5 1A I, + VIATA WV, = Ay + Ay, (33)



where

A= —/Aj(u(") VD). Aju("“) dx,
A, = /Aj(b(") Vb)Y - Au™tD dx.

We remark that the projection operator P has been eliminated due to the divergence-free condition V - u"+! = (. The dissipative
part admits a lower bound

VIA®A DR, 2 Co 22 AV,

where C, > 0 is a constant. According to Lemma 2.3, A can be bounded by

1+4 1+4
AL < ClA™ D2, 3 2 DA o+ C A 4™ Y 20 A,

m<j—1 m<j—1

: 4y ~
+C ”Aju(n+1)”L2 9J Z 275 1A 1™ o 1A, w0
k>j-1

Also by Lemma 2.3, A, is bounded by

; 4 1+2
[4o] < CHAU" N2 2 14,62 Y 27 1A, bl 2 + C A Dl 2 1867 2 Y, 202714, 62

m<j—1 m<j—1

. dy ~
+C AN 220 N 2 A 2 1A .
k>j—1

Inserting the estimates above in (3.3) and eliminating ||A; utn | 12 from both sides of the inequality, we obtain

%HAJ.W“)”LZ + Co 2 AUV STy 4+ T, (3.4)

where

1+4
Ji=Clau™ Ol Y 2 A,u ",

m<j—1

1+4
Jy=Cllau®la 3 20Ul

m<j—1

. d ~
Jy=C2 Y 2RI o A 2,
k>j—1

=~
I

. d
C2 ANz D, 22" 1A, 2,

m<j—1

d
Js=ClAB 2 Y 202" A,67 2,

m<j—1

. d ~
Jo=C2 Y 225 |AO| 2 A 6™l .
k>j-1

Integrating (3.4) in time yields

) t )
1A w02 < e A w0+ [ P 4+ 1) di (3.5)
J L 770 L 0 1 6
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d .
Multiplying (3.5) by 22 72* and summing over j, we have

t
+1 1+4—2a); —C, 224 (1—
DO g € WP g J 202 [ e g e (3.6)
B B i 0
J

2.1 2,1

The terms on the right-hand side can be estimated as follows. Recalling the definition of J; above and using the inductive
assumption on u™ . we have, for any t <T,

1 )
22<1+§—2a>j / G0 § gy
7

IA

0
¢ d . d
c/ D2 TONA WD Y 2 AU (@) 2 d
0

m<j—1

1
C [lutV) o ] L
L® o,r;32412 L! o,z;3212

1
C llu+D| Lo ™) e
L® O,T;3212 L O,T;BZIZ

<C8 ™) ( )
LOO

IA

. 2
O’T’Bz_l

The term involving J, admits the same bound. In fact, by Young’s inequality for series convolution,

t )
22(1+§—2a>j / ~CoPI0=0) 1 4y
P 0
J

! d-. ) d
< c/ 22(1+z>/||Aju(">||L2 Z22“<m—l>2<1+5—2“>m||Amu<”+1>(f)||Lz dr
0 7

m<j

IA

t
C/ W@ o 1@ 0, de
0 2Al2 3212

C & [lu V| 14 2
L=( 0B, 2

C 5 lu"* V| ed o\ -
L (o,T;B2 i 2 >

The term with J5 is bounded by

1 :
22(1+§—2a)j/ o~Co 22 (t-1) Jydr
» 0
j

! d o d, ~
/ 32+ 5 200 2T R 2 A2 de
(U k>j—1

IN

IA

! d . d d ~
C/ Y D, 2RO A 2O B o de
0 ) k2j-1

IA

1
c / PO o W@ o, dr
0 B, 2 B, 2

2.1 2.1

C Jlu™| e llu 14 2
L! O,T;BZ]Z L O,T;3212

C 5 lu" V| od 2\ s
L (O,T;Bll 2 )

IN

(n+1) ”

IA



where we have used Young’s inequality for convolution. Since a > =

2, we choose 0 < p < % such that
1
a—=—p>0. 3.7
2
Using the elementary bound

(20— 4p)/(,_T) ot G20 < (3.8)

we obtain

1 .
22(1+‘21—2a)j / o~Co 22 (1=7) Jydr
- 0
J

t o d . d
) / e VT VR MR 1w A PR

m<j—1

< C™| Z/ 2 Caip)j (¢ _ ) 55 90200 51 p j), de

L°°(0tB D
< Cp| / 22—4“f+2f+4pfzzf 1A BN =)

L°°(0tB D
< Cllp™|? / (-0 5"

L>(0.T; 32

2 2
=S, < Sriom
Lw(o,T;Bz%l)

Since J5 < Jy, the term associated with J5 in (3.6) admits the same bound,
d i ! aj 20
z 2(1+3—2!1)j / e—CO 220 (t—7) JS dr < %T p MZ.
; 0

It remains to bound Jg. Invoking (3.7) and (3.8) again, we have

t A
ZZ(H%—Z(I)j / e—Co 22 (t-7) Jdr
< 0
J

</ QAT 5 186N 1B e
k>j—1

/ 22<2+“2“”2 Q=40 (¢ — Z 234 A 2 1R 672 d

k>j—1

! ) 2a-4p d; d dp o~
c / 22Tl 3 220 Al 2 B2 d
J k>j—1

I/\

< Cllp™|? / (-0 5"
L°°(0TBZI)
2 2
=S, < Sriae

.2
L®0T:B2)
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Collecting the bounds above and inserting them in (3.6), we find, forany ¢t < T,

1 (n+1
[AROT P 7l R

2.1 2,1

1+5—2a

2,
+C 8l Lo+ Sr7 M, 3.9)
L <0,T;B2’1 2 ) P

where 0 < p < % satisfies (3.7).

d
3.2 | The estimate of b™+V in B’ I(IR" )

Applying A; to the third equation in (3.1) and then dotting with A ;5! we obtain

1d

SNV, + € 2 A, < By + B, (3.10)

where C; > 0 is a constant and
B, = —/Aj(u(") VDY A B dx,
B, = /Aj(b(”) Vu™y - A b dx,

By Lemma 2.3, we have

1+4 1+4
1B < ClABDE, N 28 ™A U™ o+ C 1A Dl 2 A u ™2 Y, 2 ™A, 6D

m<j—1 m<j—1

. dp o~
+C AN 220 N 22 R 2 1A 2
k>j-1

and

; 4 1+4
1B, < CUIAB™ D227 A2 YT 22" 1A, b7l 2+ C A Dl 2 1A 6PN Y, 252" 1A,

m<j—1 m<j—1

) dy ~
+CIA B 22 N 25 A 2 B
k>j-1

Inserting the estimates above in (3.10) and eliminating [|A; b+ V]| ;> from both sides of the inequality, we obtain

%IlA,-b(”“)lle + C 27186 V| o < Ky 4+ K, 3.11)
where

1+2
K, =C ”Ajb(n+l)”L2 Z 7 +2)m“Amu(n)||L2,

m<j—1

d
K= Cllau®lz Y 20 20"4,60 0

m<j—1
Ky=C2 Y 2R 1A 2,
k>j—1
. 4
Ky= CUNAu™ 2 Y 22" 14,62,
m<j—1
1+4
Ks= ClAB 0 Y 202" 18,u 2,

m<j—1

Ko=C2 Y 22586 1Bl 2.
k>j-1



Integrating (3.11) in time yields, forany t < T,

) 1 )
185D < e F A BV + / 12D (K 4 4 Ky) dr 3.12)
0

d .
Multiplying (3.12) by 22’ and summing over j, we have

1
16" D@ ¢ < 115
B

2
B,

d . ! i
N 225;/ O (K 4 4 Ky dr. (3.13)
i 0
J

4
2
2.1

The terms containing K; through K¢ on the right of (3.13) can be bounded suitably even without the dissipative factor. For this
reason, we use the simple bound

eCo 22Pi(t—1) <1.

Since the estimates are similar to those in the previous subsection, we omit some details. The bounds are

. !
Y 27 / K, dr < C[p" D] Ml Lay S CalY ‘.
7 0 L=(0.T:B})) L! <0,T;32 2 > L=(0.T:B}))

d. [!
2% / Kydr < C ™| Loy 1870 g <C[p g
S 0 L! (0,T;BZI 2 > L®(0.T:By) L®(0.T:By))

The estimate for the term with K3 is also similar,
a [ ’ kX 1 A+ D) (j—k) A1+ Dk
222’/ KngSC/ 2 2 2 B 2T A 2 de
- 0 0 55
J Jok=j-1

< Cllu™| Lay 170 ¢ SCEIB"Y ‘-
L! <0,T;BZ1 2 > L®(0.T:B;)) L®(0.T:B;))

The terms related to K, K5 and Ky all obey the same bound

d. ! d. [! da. [
225// K, dr, 2251/ Ksdr, 225// Kqdt
J 0 j 0 J 0

< ClIp™)| o N i\ SCEM.
o(ora?)

.B2 . 2
L=(OT;B) 0.T:B,,

Collecting the estimates and inserting them in (3.13), we obtain, for any t < T,

16Dl 0 <16yl g +C 8B 4 +CoM. G194
2 2

.g2
Bz,l B2,1 LOO(O’T’BZ,I)

3.3 | The estimate of ||u™*D||

d
1+5
Lt (0,T;Bz’12)

d .
We multiply (3.5) by 20%3)  sum over J and integrate in time to obtain

T
dyi _ o n2a)
”u(n+l)” d S/ 2:2(]+2)J e Cy2°%t ||Aju(()n+l)||L2 dt
L‘(O,T;thi) 0 5

T dy. [ 2qj
+/ 22(1+5)J/ e~ 02T o 4+ Jg) dT ds.
0 Jj 0
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We estimate the terms on the right and start with the first term.
r (1+%yj ¢, 220 (n+1) (1+2-2a)j -Cy 22T (n+1)
3 20 2 A pdr =€ Y 204 <1—e 0 )||Aju0 2. (3.15)
0 j
. 1+%—2a . .
Since uy € B, , it follows from the Dominated Convergence Theorem that

d . aj
%ig}) 2(1+5—2a)j<1 _ e Co2? 1T> ”Ajuénﬂ)”Lz —0.
J

Therefore, we can choose T sufficiently small such that
TS 48—y 220t (n+1) o
22 D e Q2 A 2 dit < 7
0

Applying Young’s inequality for the time convolution, we have

T 149y S 2aj
/ 23y / e Q26N dr ds
0 j 0

T d.. s ” d
C/o 22<1+5>f/0 e Co? AU @) Y 2D AU @) 2 d e ds
J

m<j—1
(1+4y; r 1 (1+3Hm g Cy 220
<c y 2t / 18 D@l Y, 202" A,u @l 2 de / e 0F 0 ds
J 0 m<j—1 0
oy [T (1+%-2a) (n+1) 1+SHm )
<c-ehy [ NIV @) e Y 2D A,u P @) dr
0 J m<j—1
< C1=-e @) ) ety 1l
L"°<0,T;B2’1 > L'(O,T;Bz,1 >
<

2
21

C5(1 —e Ty um*Dy 1ed o\
L°°<O,T' >

where we have used the fact that there exists C, > 0 satisfying, for j > 0,

T . .
/ e~ C02*s g <C272 (] — T, (3.16)
0

We remark that the functional setting here is the inhomogeneous Besov spaces and the index j is bounded below. This is the
reason why there is C, > 0 satisfying (3.16). This can not be done for homogeneous Besov spaces. The terms with J, and J;
can be similarly estimated and obey the same bound,

T .. [ .
/ Zz<‘+a>1/ P60 drds < €5 (1 — e ) |u )| o\ o
0 0 Lm(o,T;BZJ2 )

. 2
L®( 0,T; BZ,1

T dy; S j
[ [ oo nsanas < co- e )
0 i 0
J



140£20 m DATET AL.
By Young’s inequality for the time convolution, we have
T dy . S 2aj
/ Z 2(1+§)] / e—C02 (S—‘L')J4 drds
0 j 0
50ty 1 o ; L
=C / Z 2U*2) / e 0TI A B (7)) 12 2 22" A, b7 (T)| 2 dT ds
0o 5 0 m<j—1
cT T (£ +2-20)) [
< C(1-e T / Y26 MA@z Y 22" AL @] 2 de
0 J m<j—1
T
< C—-e@h) sup B0 « / 16PN a,,,, dt
0<t<T B221 0 B22A1
<ca-e @ a\ 1571 4y
Lw(o,T;Bz%l) L! (O,T;Bfl )
=C(l-e%TYsMm,
where we have used the condition that @ 4+ f > 1. The other two terms involving J5 and J¢ obey the same bound,
T a. S i
/ 2 2(]+5)J / g_C02 a/(s—T)JS drds < C(l _ Q_CZT)ﬁM,
0 j 0
’ a+dy [° gy C,T
/ oty / e QX6 drds < C(1—e@T)5 M.
0 j 0
Collecting the estimates above leads to
[l (3.17)

. 2 .
O’T’Bz,l T 2.1

3.4 | The estimate of |b"+V|| 1
L

d
S+2p
(O’T; B22,1 )

d .
Multiplying (3.12) by 2 +2PI summing over j and integrating in time, we have

T
4 i . 02Bi
“b(n+l)” 4oy < / 2: 2(2+2ﬂ)j e Ci12 it ”Ajbng)HLz dt
L1<O,T;B22l 0o 5

T d . s i
+/ 3 22 / eV K e+ Ky)dr ds.
0 J 0
The terms on the right can be bounded as follows. As in (3.15),

T d ) 4 )
4108)i — 26j 1 a5 - 2pj 1
A E 2(2+ ‘B)Je €12 t”A]bg’H— )“LZ dt=C E 221<1—e G2 T)”Ajbgﬂ— )”LZ.
J J

d
Since b, € B, |, it follows from the Dominated Convergence Theorem that

d . .
lim 251(1 — e 2””) 14,6012 = 0.

o _ _
u( ) < 7+Co—e CZT)||u<"+”||Lw< B) +C(1-e @5 M.
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Therefore, we can choose T sufficiently small such that

TS 42 = 2001 A (D) 5
22T ST B dr < 7.
0
The terms involving K, through K, can be estimated as follows. Applying Young’s inequality for the time convolution, we have
g kK, gh Kg¢ p
g dopi [° 2j
/ Z 2(§+zﬂ)1 / e—Cl 2 (S—’L')Kl drds
0 j 0

T d ) s . d
c /0 3 2 /0 OB @) 2 Y 2D AW (@) 2 d ds
J

m<j—1

IN

d . T d T ;
c Y 2= / 1A, 0@l Y 2 AW @)l 2 de / G 2s g
j 0 0

m<j—1

IA

T d . d
C(l—e'C3T)/ Y2 A @l Y, 2D, @) 2 de
0

m<j—1

IA

C(1-e STy D) N 1
L® <O,T;B221> L1<0,T;3212)

C5(1—e STy oD i\
L <O,T;BZ%]>

IN

where C; > 0 is a constant. The two terms involving K, and K5 admit the same bound,

oo

T d . s )
/ Y 2520 / O PVOOK, drds < €5 (1 - e Ty D)
0 j 0 L°°<0TB

Y
)

T d ) K )
/ 2 2(5+20)j / e € 22ﬂ/(S_T)K3 drds < C8(1—e STy D)
0 j 0

ST

L>| 0,T;B

)

The terms containing K, is bounded by

T d o[ 28
/ 3 220 / PP 1z ds
0 j 0

T d . S i . d
C /0 Zz<5+2ﬁ” /0 e C1 2 (s=)p) 1A, u™ @) 2 Z 22"|A ()| ;2 dT ds
J

m<j—1
e [T (1+4y; I

< C(1-e ST / D2 A U@l Y 22" 14,6 @) 2 dr

0 7 m<j—1

T

< CU=-eCT) sup B0 / POl .o di

0<t<T 3221 0 3212
<

2,

C (1 - e G))p™| ay Nl W
L“(O,T;le> L1<0,T;B4 2>

C(l-e%TsM.



The terms with K5 and K¢ obey the same bound,

T d s .
/ 2t / IR drds < C(1-eSTo M,
0 j 0

T J s .
/ Z 2(3F20i / e G 22ﬂj(s_T)K6 drds < C(1—-e ST M.
0 J 0

Collecting the estimates above, we conclude that

Sycs (1= e STy ||p*D) +C(1-eSTs M. (3.18)

dop\ S d
L! <0,T;B22J 4 L <O,T; B},

The bounds in (3.9), (3.14), (3.17) and (3.18) allow us to conclude that, if we choose T' > 0 sufficiently small and 6 > 0
suitably, then

16

[l 1] G M, B « <M,
L°°((),T;B£I ) LW(O,T;Bz%I)
a0 0, S8, 6] i S6.
Ll(o,T;Bz%l ) Ll(O,T;Bzzyl )
In fact, if we choose T and 6 satisfying
2
co<t  Srim<l
4 p 4
then (3.9) implies
1 1 1
D) dyas S M+ I i g M
Le(OT: By ) L2( 0.T:B)*
or
1
[l dyog S M.
Loo(o,T;Bz%1
Similarly, if C6 < 1, then (3.14) states
(| ¢ <M.
Lo0,T; 1322,1 )

According to (3.17) and (3.18), if we choose T sufficiently small such that

Cl-e@Ts< 1, Cl-eGT)s< 1,
2 2
Cl-e®HMsy  CU-e“Msy,
then
”u(n+1)” i, < 5, ”b(n+1)|| "y <.
Ll(o,T;B;I ) Ll(o,T;Bf] )

These uniform bounds allow us to extract a weakly convergent subsequence. That is, there is (1, b) € Y such that a subsequence
of (™, b'™) (still denoted by (1", b™)) satisfies

. di1-2 441
W Suoin L¥O,T:B], )N LY0.T; B}, ),

B S b in L¥0,T;BZ)nL'O,T; B2 ).
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In order to show that (u, b) is a weak solution of (1.1), we need to further extract a subsequence which converges strongly to
(u, b). This is done via the Aubin-Lions Lemma. We can show by making use of the equations in (3.1) that (o,u™, 9,b() is
uniformly bounded in

441-3a

4 _2a+1
ou™ € L'(0,T; B, o )N L*0.T: B}, ),

d d_
9,b™ € L'(0,T: B} )n L*(0.T: B} ﬂ).

Since we are in the case of the whole space R?, we need to combine Cantor’s diagonal process with the Aubin-Lions Lemma to
show that a subsequence of the weakly convergent subsequence, still denoted by (1", b), has the following strongly convergent

property,
@",b") > (u,b)  in L*0,T; B} (Q)),
where % —a<y< % and Q C R? is a compact subset. This strong convergence property would allow us to show that (u, b) is

indeed a weak solution of (1.1). This process is routine and we omit the details. This completes the proof for the existence part
of Theorem 1.1.

4 | PROOF FOR THE UNIQUENESS PART OF THEOREM 1.1

This section proves the uniqueness part of Theorem 1.1.
Proof. Assume that (u("), () and (u®, b)) are two solutions of (1.1) in the regularity class in (1.3) and (1.4). Their difference
@, b) with
—uD G2 p®@ 0
satisfies
07+ v(-A)T = —Pu® - Vi + - Vul) + P - Vb + b - Vo),
0,b+n(=A)b = —u® . Vb —7- VoD + b@ . Vi + b - VuD),
V.-i=V-5=0,
#x,0)=0, b(x,0)=0.

“.1)

In the case when @ = 1 and g = 0, the uniqueness has been obtained in [7, 19, 24]. We focus on the case when a > 1/2, f > 0
and a + f > 1. We estimate the difference (i, b) in L. Dotting (4.1) by (i, b) and applying the divergence-free condition, we
find

1d,  ~ ~ ~ ~
5 2, + 1BI2,) + VIATGE, + nlIABI2, = Ly + Lo+ Ly + Ly + Ls,
where

L = —/ﬁ- vul) . udx,

l

L2=/b<2>-VZ-ﬁdx+/b<2>-Vu-bdx,
L3=/75-Vb<‘>-ﬁdx,
L4=—/E-Vb“>-3dx,

Ly = /3 Vi) - bdx.
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Due to V - b® = 0, we find L, = 0 after integration by parts. We remark that L; + L, is not necessarily zero. By Holder’s

inequality,

1 ~12 1 ~12
Lyl < Vel s N7, < C PN g 1171,

2,1

To bound L5, we set

N —
N =
R
-
IR

and apply Holder’s inequality to obtain

7112
12

4
2
2.1 2,1

-~ ~ ~ ~ \% ~
|Ls| < 1Bl 2 IVEV N o 7l o < C BN 2 16PN o, A2 < = IA%E]| 2 + C 16712
g2t 4

where we have used the inequalities, due toa + f > 1,

@, < CIA"Ull 2,

ji+dj(-1)
VB e < D0 11A VD e <€ Y0 27T A 60

j>=1 jz—1

d_. _1 . d . .
<cC Z 22/+(1 o ”Ajb(l)”L2 <C Z 93 J+hi ”Ajb(l)”L2

j>-1 Jjz=1
< ClIBON g,
BZ,I
L, obeys exactly the same bound,
Viiaasy 2 T2
|Lyl < ZNA“Ell 2 + C 16N, 1611,
4 §+ﬁ L
B2,l
The last term L5 can be bounded as L,
ILs| < C PN\ a DI,
BZI2

Combining these estimates leads to
d - ~ _ ~
S, + 1BIT) + VAT, + 20lIA7B,

o) ~12 T2 (1)))2
< Cllu ”BH% (lall7, + 116117 + C Bl dup

2,1 2,1

2
151,

Since (u", b(V) is in the regularity class (1.3) and (1.4), we have

T
/ Nt 4 dt < oco.
0 Bm2

In addition, by Holder’s inequality,

dypyi d . L 1
160 4= Z 2 (G+A)J “Ajb(l)”L2 — 2 23/ ”Ajb(l)“z2 23/t ”Ajb(l)”zz
2,1 J J

J J

1 1
d . 2 d i 2
< <Z 22/ ||Ajb<1>||Lz) (Z 220 ||A,-b“>||Lz)

1 1
D2 Dz
=16V, 10,
2 7+

B2,1 2,1

4.2)

4.3)
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Therefore,

T T
/|WWMZWWS/'Mmmngmmmnhwmswmn a 11 diy <. (44)
0 B, 0 5 B LT LB

Applying Gronwall’s inequality to (4.2) and invoking (4.3) and (4.4), we obtain
Il 2 = 1131l > = 0,

which leads to the desired uniqueness. This completes the proof of the uniqueness part of Theorem 1.1. O
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