Journal of Mathematical
Fluid Mechanics

(© 2021 The Author(s), under exclusive licence to Springer Nature Switzerland AG

J. Math. Fluid Mech. (2021) 23:100 I
https://doi.org/10.1007/s00021-021-00617-8

t')

Check for
updates

Stability and Exponential Decay for the 2D Anisotropic Navier—Stokes Equations with
Horizontal Dissipation

Boging Dong, Jiahong Wu, Xiaojing Xu and Ning Zhu

Commumnicated by K. Pileckas.

Abstract. Solutions to the 2D Navier-Stokes equations with full dissipation in the whole space R? always decay to zero in
Sobolev spaces. In particular, any perturbation near the trivial solution is always asymptotically stable. In contrast, solutions
to the 2D Euler equations for inviscid flows can grow rather rapidly. An intermediate situation is when the dissipation is
anisotropic and only one-directional. The stability and large-time behavior problem for the 2D Navier—Stokes equations
with only one-directional dissipation is not well-understood. When the spatial domain is the whole space R?, this problem
is widely open. This paper solves this problem when the domain is T x R with T being a 1D periodic box. The idea here
is to decompose the velocity u into its horizontal average 4 and the corresponding oscillation u. By making use of special
properties of %, we establish a uniform upper bound and the stability of u in the Sobolev space H2, and show that u in H!
decays to zero exponentially in time.
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1. Introduction

Let T = [0, 1] be a one-dimensional (1D) periodic box and let © = T x R. Consider the 2D incompressible
Navier—Stokes equations with only horizontal dissipation,

owu+u-Vu=—-Vp+rvou, =z, t>0,
u(z,0) = uo(w),

where u denotes the velocity field of the fluid, p the pressure and v > 0 the viscosity. Here 0; is the
abbreviation of the partial derivative 0,,. In certain physical regimes and after suitable rescaling, the 2D
Navier-Stokes equations become degenerate and reduce to the model in (1.1). One outstanding example
is Prandtl’s equation (see, e.g., [6,7,11]).

When the spatial domain is the whole space R?, the global existence and regularity of solutions to
(1.1) relies on the Yudovich approach and the upper bound on the Sobolev norms is double exponential
in time. The stability of perturbations near the trivial solution remains an open problem, let alone the
precise large-time behavior of these perturbations. This paper focuses on the domain §2 specified above.
The goal is two-fold. The first is to establish a uniform upper bound on the Sobolev norms of solutions
to (1.1), and the second is to assess the stability of perturbations and pinpoint the exact large-time
behavior of these perturbations. The results presented in this paper appear to be the very first ones
devoted to understanding the 2D anisotropic Navier—Stokes equations. We shall explain some of the
difficulties associated with the uniform upper bound and the stability problem.
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Mathematically the model in (1.1) is intermediate between the 2D Euler equations and the 2D Navier—
Stokes equations with full dissipation. The 2D Euler equations given by

O+ u-Vu=—Vp,
V-u=0

represent the simplest but one of the most frequently used models for incompressible ideal fluids. There
have been considerable recent interests on the precise large-time behavior of its solutions. One particular
issue is whether the vorticity gradient can grow double exponentially in time. Here the vorticity w = V xu
is transported by the velocity field,

Ow +u-Vw=0.

The vorticity gradient in any Lebesgue norm LP with 2 < p < oo admits an upper bound that grows
double exponentially in time. A significant problem is whether or not the double exponential growth rate
is sharp [10]. Kiselev and Sverak were able to construct an explicit initial vorticity on a unit disk for which
the corresponding vorticity gradient indeed grows double exponentially [4]. A general bounded domain
appears to share this property [13]. Whether or not such examples can be constructed in R? remains
an open problem. Other important results on related issues can be found in several references (see, e.g.,
[2,3,15]). As a special consequence of these growth results, perturbations near the trivial solution of the
2D Euler equations are in general not stable in the Sobolev setting. In contrast, the Sobolev norms of
solutions to the 2D incompressible Navier—Stokes equations

V.uz0 (1.2)

{8tu+u~Vu— ~Vp+vAu, z€R2 t>0,
always decay algebraically in time (see, e.g., [8,9]). In particular, perturbations near the trivial solution
of (1.2) are always asymptotically stable in the Sobolev space H?(R?).

When the dissipation is degenerate and is only one-directional as in (1.1), it is not clear how the
solution would behave. In the case when the spatial domain is R2, the global existence and regularity
relies on the Yudovich approach designed for the 2D Euler equations [14]. The essence of the Yudovich
approach is that the vorticity w = V x u is bounded for all time. We can show via the Yudovich approach
that any ug € H*(R?) with s > 2 leads to a unique global solution of (1.1). The solution remains in
H? for all time, but the H*-norm of the solution could grow rather rapidly in time. An upper bound on
|lu(t)|| s is double exponential in time,

ec [lwollpoot

[z < ([uollz) ; (1.3)

where wyg = V X ug is the corresponding initial vorticity and C' is a pure constant. It remains an open
problem whether or not the upper bound in (1.3) is sharp. Another immediate issue is whether or not
we can lower the regularity of the initial data to ug € H?(R?). Due to the Yudovich approach, the initial
vorticity wg = V X ug is required to be in L>(R?), which in turn forces ug € H*(R?) with s > 2. If we
want to lower the regularity assumption to H?(R?), we need a different approach. Unfortunately the lack
of dissipation in the vertical direction makes it impossible to control the growth of its solution without
the boundedness of the vorticity. When we resort to the energy method to bound Vw, namely

d
LIV + 2010 V()]s = 72/w Vu-Vwda,

the one-directional dissipation fails to control the nonlinearity. In fact, the nonlinear part contains four
component terms
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Hard := — Vw-Vu-Vwdzx
R2
= — 81u1 (81w)2 dr — 81UQ 81w 82(4} dxr
R2 R2
- 82U1 81&) 82(4} dr — 82U2 (agw)2 dzr (14)
R2 R2

and the last two terms in (1.4) do not admit a time-integrable upper bound. This explains the difficulty
of seeking a solution in H? as well as lowering the exponential upper bound. This is also the main reason
why the stability problem on (1.1) in R? remains a mystery.

When the spatial domain is 2 = T x R, this paper is able to obtain the global existence and regularity
in the H?-setting and provide a uniform upper bound on the H?-norm of the solution. By offering an
upper bound depending explicitly on the initial data, this paper also proves the stability of perturbations
near the trivial solution. More importantly, we establish the precise large-time behavior of the solutions.
The main idea here is to separate a physical quantity into its horizontal average and the corresponding
oscillation. More precisely, for a function f = f(z1,22) integrable in z; on T, we define the horizontal
average

f:/f(xl,xg)dxl (15)
T
and write

f=r+71 (1.6)
Clearly f also represents the zero-th horizontal Fourier mode of f. This decomposition is very useful due
to some of the associated fine properties. For example, f and f are orthogonal in L?, namely the inner

product (f, f) = 0 and as a consequence, for any f € L%(Q),
117200 = 171 720) + 111720

In addition, a strong Poincaré type inequality holds,

1fll2) < CllOLfllL2(0)-
By applying this decomposition to the velocity field, namely writing © = @ + u and taking advantage of
the special properties of u such as the Poincaré type inequality, we are able to establish suitable upper
bounds for the nonlinear terms in (1.4), which in turn leads to a global and uniform upper bound for
|lwe|| grz. This explicit upper bound also implies the stability of perturbations near the trivial solution. In
addition, by writing the evolution equations of the oscillation %, we also able to prove that the H'-norm
of u decays to zero exponentially in time. More precisely, the following theorem holds.

Theorem 1.1. Let T = [0,1] be a 1D periodic box and let @ = T x R. Let v > 0. Consider (1.1) in Q.
Assume ug € H*(Q2) and V - ug = 0. Then (1.1) has a unique global solution u that obeys the global and
uniform H? bound,

t -
||U(t)||?g2 +I// ||81U(7_)H§{2 dr S ”uo||§{26C(Hu0”:1+“u0“i11) (17)
0

for some constant C' > 0 and for all t > 0. In particular, (1.7) implies the stability of any perturbation
near the trivial solution.

Assume the initial data ||ugl| g2 is sufficiently small. Let u be the corresponding solution. Let u denote
the oscillation of u, defined as in (1.6). Then the H'-norm of u decays to zero exponentially in time,
namely

@)l s < lluollzrr e~

for some Cy > 0 and for all t > 0.

The rest of this paper proves Theorem 1.1.
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2. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. A crucial idea in the proof is to decompose the
velocity w into its horizontal average u and the corresponding oscillation part u. We establish and take
advantage of some special properties of this decomposition and those of u. To facilitate the proof, we list
several frequently used facts on the decomposition as lemmas.

Lemma 2.1. Let f and f be defined as in (1.5) and (1.6). Then
F=0, Of=0f=0, 0f =0:f 0of =0f.
If a vector field F' satisfies V - F =0, then
V-F=0 and V-F=0.
For any f € L*(Q), we have
(f./)=0, 11720y = 1F11Z220) + ||f||2L2(Q)v
where (f, f) denotes the L%-inner product.

All the items in Lemma 2.1 can be directly verified by the definition of f and f The next lemma
assesses that the oscillation part f obeys a strong Poincaré type inequality with the upper bound in terms
of 01 f instead of Vf.

Lemma 2.2. Let f and f be defined as in (1.5) and (1.6). If HalfHLz(Q) < 00, then
I£llz22) < ClO1Fll 229

where C is an absolute constant. In addition, if HalfHHl(Q) < 00, then
17l < Clonfllan @)-

The next two lemmas provide anisotropic upper bounds for the L°°-norm of a function on €2 and for
the triple product integral defined on 2. They are simple but powerful tools for dealing with anisotropic
models. Such anisotropic upper bounds on the whole space R? with d = 2,3 have been discovered and
used by many authors (see, e.g., [1,12]). For a 1D function f = f(z2) satisfying f € H'(R),

1l @ < V2IAIE: @ 102512: . (2.1)
B T

However, when the domain is bounded such as T, this type of inequalities would necessarily contain the
L2-part. More precisely, if f = f(x1) satisfying f € H'(T),

1 1
1o < VENSE oy 10115 oy + 1Lz, oy (2.2)
As a consequence of (2.1) and (2.2), we obtain the anisotropic upper bounds in the following lemma.
Lemma 2.3. If a function f = f(x1,12) on § satisfies f € H?(S2), then
1 1 1
1l < CIfllz2(q) (Ifllz2e@) + 100f @) * 10211 f2 (0

1
X (|02 f | 2202y + 101021 L2 () * - (2.3)
In addition, the integral of the triple product over Q2 is bounded by

/Qfghdx

For the convenience of the readers, we provide a proof for this lemma.

< ClAz (fllzz + 101 f1L2)2 HlgllZe 1029172 (12 22 (2.4)
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Proof. Applying Holder’s inequality in each direction, Minkowski’s inequality, and (2.1) and (2.2), we

have
‘/ fghdx
Q

< |[fllzz, Lo llglloe z2 [Pl 22

T2 Ty 2T

< Hf”L2 L HQHL2 L Hh”L2

2T Tl T2

1 1
<C 103 1ol + 1 flee,

2
L2,

} L
o, Neagllzs ||, Weloe

1 1 1 1
< CUZ Ul + 100 f1122)2 NgllZ2 1029112 1R]l 2

Here || f]| L2, Le; represents the L>-norm in the x-variable, followed by the L?norm in the xo-variable.
To prove (2.3), we again use Holder’s inequality, Minkowski’s inequality, and (2.1) and (2.2),

1 1
IFllzs zgg < C ||IfN 22, N102F122

Ty T

’Lgol

<O |Ifles |, 1921z

1 1
2 ‘ 2

2 2
L2, L2,

1 1
<C Hf”iil ||81f||i§1 + [1fll 2,

1
2

2
LI2

1 1
< 192712, 10102112, + 10271122,

2,
1 1 1
< O£z Ufllzz + [101fll2) * 1021117
1
x ([02f[lz2 + 1|0102f(|22)* -
This completes the proof of Lemma 2.3. O

If we replace f by the oscillation part f, some of the lower-order parts in (2.2), (2.3) and (2.4) can be
dropped, as the following lemma states.

Lemma 2.4. Let f and f be defined as in (1.5) and (1.6). Then

(
- ~ 1 ~ 1
1Flesym < CIAIE ) NuFIEs oy (2.5)

As a special consequence,

~ ~ 1 1 ~ 1 ~ 1
171l (@) < C 1T e 100 Fl 2y 192711 e gy 1020251 2 (2.6)

’/Qfghdx

Proof. (2.6) and (2.7) in this lemma can be shown similarly as those in Lemma 2.3. The only modification
here is to use (2.5) instead of (2.2). Since (2.5) does not contain the lower-order part, the inequalities in
this lemma do not have the lower-order terms. O

and

~. 1 ~. 1 1 1
< CNAIZ2 N0 fIIZe gl Ze 19291122 1Al 22

~ 1 1
< Clo1fllez llglz: 119291 £2 1]l 2 (2.7)

We are ready to prove Theorem 1.1.
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Proof. To establish the global existence and stability of the solutions to (1.1), the first step is the local
existence result, which can be proven by the standard contraction mapping argument together with a
local-in-time a priori bound. The portion with the contraction mapping argument is standard and can
be found in the book [5]. We shall just provide the local a priori bound. Taking the inner product in H?
of u with the first equation in (1.1), we find

d
a”“(t)”%ﬂ + 20|01 u| 32 = —2/ Vu - Vw- Vwdz. (2.8)
Q
where ||ul|%2 = [|ul|2. + ||[Vul]72 + [|Aul|3.. By Hélder’s inequality and (2.3) in Lemma 2.3,
—2/ Vu-Vw - Vwdr < 2|Vu|ps=||Vwl|3:
Q

< C|Vulld, (IVulz2 + |61 Vull2) ¥ [0 Vul
% (102l 2 + 10102V £2) T | Ve 2

< C (|Vull: +110:Vullm) [Vl

< vlovullye +C (luld + llullly2) -

Inserting this upper bound in (2.8) leads to a differential inequality that assesses the local upper bound
for ||ul|g2. The local well-posedness follows as a consequence.

To prove the global existence and stability result, we need to obtain the uniform in time H? estimate.
It is easy to see that, due to V- u =0,

t
lu@®)lz: + 21//0 10vu(7) |72 dr = [luoZe, (2.9)
t
V()72 + 21// 101Vu(r)||72 dr = [[Vuo |72, (2.10)
0
where we have used
/(uVu) -Audzr = 0.
Q
To bound the H?-norm, we resort to the vorticity equation,
Ow + u - Vw = vojw. (2.11)

Taking the inner product of Vw with the gradient of (2.11), we have

1d

ia||vw(t)||%2 + |1 Vw|2. = —/Vu -Vw-Vwdz := N. (2.12)

We further write N into four terms,
N = —/81U1 (alw)2 dr — /81’&2 810() 82(4}6133‘

—/82’LL1 (910)(920)6[33—/82’&2 (820))2 dzx
= N1+N2+N3+N4.

N7 and Ny can be bounded directly. By Lemma 2.1, 912 = 0 and d;u = 01u. By Lemma 2.2, Lemma 2.4
and Young’s inequality,
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|N1| = ’—/81171 81w31c~udx

1 SR 1 1 -
< Cllovu| 22 |0101un |72 [|0ww][ 22 102010 72 [[018]| 2
1 1
< Cllorual 72 |01 Vur[|Z: [01w] 22 [|O1 Vw]| 2
14
< Cl|ovull L2101Vl 2 |Vl 72 + EH@lVWHQB

and

|N2| = ’—/8162 61c~uagwda:

1 IR 1 1
< O|Ovtal| 72 [|0101uz| 72 |010]| ] |0201@]| 72 [| 02w ]| 12
1 1 _
< C||01uzl|f |01 Vuz| 72 [[01VO|| L2 [|[O2w]| 2
14
< C||0rull 2101 Vul| 2 [ Vwl|F2 + §||31Vw||2L2~

The estimate of N3 is slightly more delicate.
N3 = —/62u1 0w Oow dx = —/82(@1 + 171)61& 32(@ -l-(:)) dzx
= —/82’111 0w Ox0 dx — /82’(1,1 0w Osw dx

—/82&1 81&382@d$—/621~1,1 01w Do dx
:= N31 + N32 + N33 + N34.

The first term Nj; is clearly zero,
N3 = —/ Oali Do /81(721 dxidzy = 0.
R T
To bound Nsz, we first use (2.7) of Lemma 2.4 and then Lemma 2.2 to obtain

|Nao| < C 1020 | 2 1013125 1102018125 1100 2.110, 025 2
C [10aits || 12 1013512 101023

C 1sullt 9ww]3a + [0y Vel22

< C [luolld IVl 10y Vel + 2 0y Vel 2

IN N

and

1 1 1 1

IN33| < C[|02@]| 2 |02t ]| 72 [|0102un ]| 72 [ 01&]| 75 [|0201@]] 72
1 - 1
< C 0wl 2 |010102ur || 72 [[01 V| 2 [|0201]) 7 2

1 _ 1
< COaw]|p2 |1 V@|| ]2 |01V 2 |01 VO 72
< C||0awl 2 |01V 12|01 V@ 2

14
< ClloVullis Vw3 + E”alvaQL?'
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N34 can be similarly bounded as N33. Ny can also be bounded similarly.

|N4‘ = /8161 (82@ + (92&)2 dx

= ‘2/8151 0o Do dx + /8161 (820.7)2 dzr

< O (100112 + 103219171 [ 22 102017132 102112 101833
< C0vull 2110y Vul g2 V|32 + 2510y Tl
Thus,
N <C (J0rull3a + 101 Vul2) [ Vel 22
+ Cluo 3 191 VullZe [Vul3z + 5 101 Ve 3. (2.13)

Inserting (2.13) in (2.12), combining with (2.9) and (2.10) and integrating in time yields the desired
inequality in (1.7),
t
sup ”u(,r)”%[z +I// ”alu(,r)”%p dr < ”uo”?{260(Hu0\|§11JrHuo“irl)_
0<r<t 0
Next we show the desired exponential decay. We first write the equations of @ = (1, @2). Taking the
average of (1.1)
Oy + 62(’[“’&2) =0,
Oylis + 82(U§) = 0bP, (214)
82ﬂ2 =0.
Taking the difference of (1.1) and (2.14), we find

Oty + 91 (uf) + Da(urug — Uruz) = —01p + v,
Oua + 81(U1U2) + 32(u§ — u%) = —0op + vOi1 U2, (2.15)
O1u1 + O = 0.

Taking the inner product of (uy,uz) with (2.15) yields

d - -

auu(t)H%z +2V||81U||%2 :K1+K2+K3+K4, (216)
where

Kl = — /ﬂl al(uf) dl‘, K2 = —/ﬂl 82(u1u2 — U1UQ) dl‘,

Kg = — /172 81(U1U2) dm, K4 = — /62 82(1;% — u%) dz.
By 81u1 = 81&1 and Lemma 2.2,

|[Ky| = < lurllzee [[un Lz |01t || 2

—2 / ﬂl (751 81&1 dx

< Clua || g2 |01 |7
K3 can be bounded similarly,
| K| < 2[[2|z2 [Jull L= |01@] 2 < C llullm= 101212

To bound K5, we write u = 4 + u and

Uil — Uty = U U + Uz Ur + Us Up — Uy U

= Uy Uy + Up Uy + Uy Us (217)
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and thus

62(u1u2 — u1u2) = 82(121 ag) + 62(112 El) + 82(&1 ﬂg)

= U O] — U101U1 + UaOrq + (92("121 ﬂg)

Therefore, by Lemma 2.4,
|Ka| = ‘— /771(52 Oty — W1 0101 + U202U1 + 02 (U1 U2)) dx

1 . 1 - 1 ~ 1
< C||Ogtn |2 ||| 72 (|01 ]| 72 [[02]| 72 |02tz 72
w1 || 22 |02 (U1 w2)|| L2,

where we have used
/ﬂl U 3161 dr =0 and /171 Us 82171 dxr = 0.

By Lemma 2.2 and V - u = 0, we have
[d1]|2 < CllOrun]|r2 < C[|Onil| e,
[uz||L2 < OOtz L2 < C|01ul| L2,

|02tz 2 = [|O1u || 22 < [|Ov2] 2.

Using these inequalities and || f||z2 < ||f|l.2, K2 is bounded by
K| < C[|02tnl| 2 [|0vEl|72 + [l 22 (102 (G W)l 2
< C0sturl 2 101@1 2> + ]l 2 1]l oo (|01 ]| 2
Fllallz2 |02t Lge 2 U2z Lo
< C (02wl + [ ]| =) 1013l 72
K4 can be similarly estimated and
|Ka| < Cllull 210122

Inserting these upper bounds in (2.16) yields

a3 + @~ C ulle) il <0 (218)
According to the stability result established above, if ¢ > 0 is sufficiently small and |ug|| g2 < €, then
lu(@®) ||z < Ce and

2v —C||u|| g2 > v.
(2.18) and Lemma 2.2 then yields the desired exponential decay for ||ul| 2.

Next we show the exponential decay of ||Vu(t)||L2. We start by taking the gradient of the velocity
equation in (2.15) and then dot with Vu to obtain

1d

5 3 IVEO L + V101Vl = Q1 + Q2 + Qs + Qu,

where

Q= —/Vﬁl VO (ud)dr, Qo= —/V% - V0y (uyup — uruz) de,

Q3= —/Vﬂz Vo (uug) dz, Qs = —/V% - VOp(u3 — u3) da.
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All terms can be bounded suitably. In fact, by Lemma 2.2,
‘Ql‘ = ‘Q/Vﬂl . (Vul O1ug + u181V171)d:c

1 . 1 - 1 -~ 1
< O Vu| g2 [Vur || 72|00V || 72 [|01u1]] 72 [[0201 24|
Hur o [|Vaur][ 22 [|[01 V|| 2
< Clluy|| 2|01 Vi |72

Q3 can be bounded similarly and
Q3| < Cllullm=2]|0: Va7
By (2.17),

Qs = —/Vﬂl . vaz(ﬂﬂjg + Ul + 51\1:1/2) dx
= Q21 + Q22 + Q23.
Writing ()21 more explicitly,
Q21 = —/Vﬂl . (Vagﬂlaz + w1 VOsus + Vi 0ot + 82ﬂlva2) dx
and applying Lemma 2.4 and then Lemma 2.2, we obtain

1 oL 1 U
|Q21] < (|VOaty || 2|V || f2 [[01 VU || 72 a2 |7 2 (| 0otz } -
A1 || oo (VL || 2 |V Otz L2
1 SO S S
H[Var ]| g2 |V || 72 (|01 VL ]| 72|02tz 72 (| 020202 | 7 -
1 1 1
+[O2tir|| 2 (VL] f |01V | 72| Va2 || 72 |02V 72

< Cllull 2 (|01 71

The estimate for Q22 is similar and the upper bound is the same.

Qo3| = ‘ val - Vs (U112 dz

‘ /81u1 6182(u1u2 dl‘ — /8211,1 8282(U1U2) dx

< O]l 2 102 t2) | 2 + 102Dt | 2|19 (i o) | 2
< |01t || 2 (|02 (w1 ti2) || L2 + [|02021 || L2 |02 (W12 || 2
< 0101t |2 [[ul| Lo |02l 2
10202t 2 ([t 2 135 102Ul L2 ree + lUallzz, pos 1020222 1ss)

< Cllull g2 1017 Fa
The upper bound for Q4 is the same. Combining the estimates for ||u||z2 and |Vl 2, we find that

d, . ~
1T + v = C flull =) |0n@ll <0,

which leads to the desired exponential decay in H'. This completes the proof of Theorem 1.1. O
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