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Abstract

This paper focuses on the three-dimensional (3D) incompressible anisotropic Boussinesq
system with horizontal dissipation. The goal here is to assess the stability property and pin-
point the precise large-time behavior of perturbations near the hydrostatic balance. Important
tools such as Schonbek’s Fourier splitting method have been developed to understand the
large-time behavior of PDE systems with full dissipation, but these tools may not apply
directly when the systems are only partially dissipated. This paper solves the stability prob-
lem and designs an effective approach to obtain the optimal decay rates for the anisotropic
Boussinesq system concerned here. The tool developed in this paper may be useful for many
other partially dissipated systems.

Mathematics Subject Classification 35B35 - 35B40 - 35Q35 - 76D03

1 Introduction

This paper intends to understand the stability of the hydrostatic balance or hydrostatic equi-
librium and provide optimal estimates on the large-time behavior of perturbations near the
hydrostatic balance. There are two distinct motivations for this study. The first is physical.
Hydrostatic balance is an important equilibrium of many geophysical fluids. In fact, our
atmosphere is mainly in hydrostatic balance, between the upward-directed pressure gradient
force and the downward-directed force of gravity. Understanding the stability of pertur-
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bations near the hydrostatic equilibrium may help gain insight into certain severe weather
phenomena (see, e.g., [17, 24]). The second is mathematical. The partial differential equation
(PDE) system concerned here models anisotropic fluids and involve only partial dissipation.
Although significant progress has been made on the large-time behavior of fully dissipated
PDE systems (see, e.g., [25-27]), but the large-time behavior of anisotropic PDE systems
is generally not well-understood and is a very active research topic. This paper offers new
ideas and presents a successful story on a partially dissipated Boussinesq system.

The most frequently employed PDE model for geophysical fluids is the Boussinesq system
for buoyancy-driven fluids (see, e.g., [8, 11, 20, 24, 34]). The Boussinesq system studied here
is for anisotropic fluids and involves only horizontal dissipation,

oru+u-Vu=—VP +v Apu + Oes, xeR3 >0,
30 +u-VO =nA0, xeR3 >0, (1.1)
V.u=0, xeR3 >0,

where u = (u1, ua, uz) denotes the velocity field, P the pressure, ® the temperature, e3 =
(0,0, 1),and v > O and > 0 are the viscosity and the thermal diffusivity, respectively. Here
Ap = Oy, x, + 0x,x, stands for the horizontal Laplacian. For notational convenience, we shall
write 9; for dy, fori = 1,2, 3, and V), = (91, 92). (1.1) arises naturally in the modeling of
anisotropic fluids such as the rotating fluids in Ekman layers. A standard reference is Chapter
4 of Pedlosky’s book [24].

The hydrostatic balance given by

1
u® = (0,00, 09 =y, P(0)=§x§ (1.2)

is a very special steady-state solution of (1.1) with great geophysical and astrophysical impor-
tance (see, e.g., [17, 23, 24, 33]). To understand the stability and large-time behavior of
perturbations near the hydrostatic balance in (1.2), we consider the equations governing the
perturbation (u, 0, p) withd = © —x3, p = P — PO,

ou+u-Vu=—-Vp+vAyu+bes, xeR3 >0,

8,0 +u-VO+us=nA,0, xeR3, >0, (13)
V-u=0, xeR3 >0, :
u(x,0) = uo(x), f(x,0) =6p(x), xeR3.

We remark that here buoyancy acts in the direction of gravity ez and that the gravitational
constantis rescaled to 1. Our goal here is to understand the stability problem and give a precise
account of the large time behavior of the solutions to (1.3). The large-time behavior problem
is not trivial. Due to the presence of the buoyancy forcing term fe3 in the velocity equation,
Sobolev norms and even the L2-norm of the velocity in (1.1) can grow in time. Brandolese and
Schonbek have shown in [6] that the L2-norm of the velocity to the Boussinesq system with
full viscous dissipation and thermal diffusion can grow in time even for very nice initial data
(say, data that are smooth, fast spatial decaying and small in some strong norm). Therefore
the original system (1.1) is not even stable due to the explicit examples of Brandolese and
Schonbek [6]. Perturbing near the hydrostatic balance generates the new term u3 in (1.3),
which helps balance the buoyancy force. In fact, the buoyancy term is canceled by the new
term u3 in the process of estimating ||u IIiz + 1|6 ||i2 or Sobolev norms. We caution that, if we
take ®© = —x3, then we may have instability [12]. However, due to the lack of the vertical
dissipation, the system (1.3) is degenerate. Indeed, the wave equations in (1.7) converted
from this system are degenerate wave equations. A quick inspection on the spectra of the
linearized system of (1.3) would shed light on the nature of this degeneracy.
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To separate the linear parts in (1.3) from the nonlinear parts, we apply the Helmholtz-Leray
projection P = I — VA~!V. to the velocity equation in (1.3) to obtain

oru = vApu +POe3) — P(u - Vu). (1.4)
By the definition of P,
—0103A710
POe3) = 0e3 — VATV - (Be3) = | —d0547 10 |. (1.5)
0 —03A""0

Alternatively we can write 0 — 332A_10 = ApAT16. Inserting (1.5) in (1.4) yields

- 3A" 10
u=vAu+ | —KxA™0 | =P - Vu),
ApA~lo
0,0 = nAp0 —u3z —u-Vo,

(1.6)

which separates the linear parts from the nonlinear parts. Furthermore, by differentiating
(1.6) in time and making suitable substitutions, we discover that (1.6) can be converted into
a system of anisotropic and degenerate wave equations

dpur — (v + M Apdur +vpAluy + Ay + 310 Auy = Ny,
duz — (v + M Apduus + vnAius + 91 A" uy + Ay = No,
dpus — (v + M) Apdus + vnAius + Ay A~ uz = N3,
30 — (v + M) ARYO + VA0 + AyATI0 = Ny,
(1.7)

where

Nt = (=0 +18p) (Pl - Vi), + 019387 (u - V),

Ny = (=9 + nAp) (P(u - Vu))y + 020347 (u - VO),

N3 = (=9 +nAp) P(u - Vu)); — ApA™ (u - VO),

Ny = (=0 +vAp)(m-VO)+ (P(u - Vu))s.
Clearly, u3 and 0 satisfy the same linear wave equation with different nonlinear parts. The
equations for u; and u, are slightly different. The precise formula of the spectra can be

obtained from (1.6) or (1.7). To avoid nonessential notation complications, we setv = n = 1.
Taking the Fourier transform of the linear portion of (1.6), we have

3 [%} =A[g], (1.8)

where A denotes the matrix of multipliers associated with the linear operators,

&> 0 0 &

bk

—IE |2 _ 5253
0 0 -l
00 -1 &GP
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with &, = (&1, &). The corresponding characteristic polynomial is given by

O+ 182 (AZ + 206 + lenl* + ||gsh||2 ) 0.

which yields the spectra,

e (e 2 _ _@ @
Mo=ho= &l A3 =—l&l? | i —|&nl* + e

The spectra reveal that the dissipation in the linearized system is essentially horizontal. More
precisely, The real part of all eigenvalues A; with j =1,2,3,41is —|&, |2 and thus

. _ 2
|€A-’t| —e [&nl t’

which is the symbol of the heat operator associated with the horizontal Laplacian. Therefore,
as far as the large-time behavior is concerned, this linearized system is essentially controlled
by the horizontal Laplacian. Classical tools for large-time behavior such that Schonbek’s
Fourier splitting method no longer directly apply to the system studied here. This paper
develops a new approach to obtain the optimal decay rates for this partially dissipated system.
We expect this approach to work for many other partially dissipated PDE sytems.

To gain insight on our problem, we briefly examine the 3D anisotropic heat equation with
horizontal dissipation

ot = VAU, xeR3 >0,

u(x,0) =upx), xe R3. (1.9)

In order to obtain an explicit decay rate of the solution to (1.9), the energy method is no
longer sufficient and the explicit representation of the solution is necessary,
u(t) = eVl yy.

To extract the sharp decay rates for the solution u of (1.9), it is generally necessary to assume
either ug in a suitable Lebesgue space

up € L4Y(R?) with 1 <q <2,

or in a Sobolev space with negative index. Since the dissipation in (1.9) is only horizontal,
the negative derivatives should also be horizontal,

A} %up € L%,
where A;”uo is defined in terms of the Fourier transform

A, uo(®) = 1l @ ).

We can easily check that the solution u of (1.9) and its first-order derivatives obeys the
following optimal decay rates, for any ¢ > 0,

lu()ll 2 < C D2 A, uoll,2, (1.10)
133u (1)l 2 < C (D) ™% 18345 uoll 12, (1.11)
IVau@®l2 < C o0~ [|A; uollp2. (1.12)

The estimates above follow from the solution formula (&, 1) = e —vignPrg uo(£). The power
decay in ¢ is due to arbitrarily small frequencies.
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With these helpful hints from the heat equation, our approach starts with solving the
linearized system (1.8) and representing the nonlinear system (1.6) in an integral form via
the Duhamel principle

a0 _ a[io ’ A(,_n[@(r)]
[e(n]‘e [%%/0 ¢ A

where M and M> are the two nonlinear terms in (1.6),
My = —P(u-Vu), My = —u-Vo0.

To avoid possible notational confusion, we remark that M; € R3 and M, € R are not compo-
nents. In order to obtain an explicit formula for the fundamental matrix e4’, we diagonalize
A via its eigenvalues and eigenvectors, and break e’ down to explicit kernel functions. The
detailed derivation and the precise integral representation of (1.6) are given in Sect. 2. Alter-
natively we could have also achieved the same formula by solving the wave equations in
(1.7).

As a preparation for the optimal decay rates on the nonlinear system, we first examine the
linearized system of (1.6), namely

—9193A710
du=vAuu+ | —303A710 |,
ARAT0
0,0 = nARO — us.

The analysis is performed on its corresponding explicit solution representation,

o e §n€3 5y, 6183 ~ bz~
up = e "uop + (76 + =Gy +E5G Jups — — G116y (1.13)
€12 €12 €17
- 2y~ Enl® | ~
w3 = (—Ga — &l Gl)u03+WG190 (1.14)
8 = —Giiigs + (G3 + |&]*G1)b. (1.15)

where G, G, and G3 are given by (see (2.4) below)

Agt A3t —1
e — e _1E 2 h . h
Gl = =¢ 1&n 1"t <7|E |> sSin L;: |t,

Ay — 23 &1 €]
Azerl — puet3t
Gy=2 ! =23Gy — ™,
Ay — A3
AgeMt — pzet3t
G3 = 4 3 =)\.3G1 +€)»4r.
Ay — A3

We are able to obtain the stability and optimal decay rates stated in the following proposition.
The results in this proposition and their proofs are part of our program for optimal decay rates
on the nonlinear system (1.6), and will be used in the proof of our main result, Theorem 1.3
below.

Proposition 1.1 Let s be non-negative and o > 0. Assume the initial velocity field ugp =
(uo1, up2, uo3) satisfies V- ug = 0.

(1) 1If (uo, 60) satisfies

ug, 6o, A;ouo, A;(I@o IS HS,
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then the solution (u, 0) given by (1.13), (1.14) and (1.15) satisfies
@ s 10O e < € (10, )l s + 1A, w0, Ay 001 o) L+ 075, (1.16)
(2) If (uo, 6o) satisfies
duo, 300, A, dsuo, A} 9300 € H,
then
1036 s> 18360 (] fys
< € (11330, 3360) [l ;35 + (A, " B30, A" 8360) | ) (1 + 1) 5. (1.17)
(3) If (uo, 6o) satisfies
A %uo, A; %6 € HY,
then, for any t > 0,
Ve @)l gss VRO @)l s < C (A, o, A7 00) |l s . (1.18)
If, in addition, (ug, 6p) satisfies
A% Vo, A, Viby € H,
then

IVRu (@l s IVRO O fys
_ _ _ _ _ol
< C (1A, Vauo, A7 Vb0l s + (A, uo, Ay 00) I gs) (140772 . (1.19)

The bounds for the linearized problem are explicit and thus easily seen to be optimal. It is
also clear that the vertical derivatives have the same decay rate as that for the solution itself,
but the horizontal derivatives increase the decay rate by —1/2. We also remark that (1.18)
is suitable for large + > 0. For ¢ > 0 close to 0, (1.18) is an over-estimate and should be
replaced by (1.19).

The second preparation is a small data global well-posedness and stability result on the
nonlinear system (1.6).

Proposition 1.2 Consider the nonlinear system in (1.3) with v > 0 and n > 0. Assume
(ug, 6p) € H™(R3) withm > 2 satisfies V - ug = 0. Then there exists ¢ = €(v, n) > 0 such
that, if

luollzm + 1160l 5m < e,

then (1.3) has a unique global solution (u,0) € L°°(0, oo; H™) satisfying, for a constant
C > Oandforallt >0,

t t
() 3m + 10O 5m + ”/o I Vptl|3m dT + n/o V403 dT < C &%

We are now ready to state our main results presenting the stability and optimal decay rates
for perturbations near the hydrostatic balance.
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Theorem 1.3 Consider the nonlinear system in (1.3) with v > 0 and n > 0. Let % <o <1
Assume (ug, 6y) € H*(R3) satisfies V - ug = 0,

luoll g4 + 160l g+ < e, (1.20)
A, “uolize + 1A, 7ol 2 < e, (1.21)
183A), “uoll 2 + 1034, 6ol 2 < e (1.22)

Sfor some sufficiently small ¢ > 0. Then (1.3) has a unique global solution (u, 0) satisfying,
for a constant C > 0 and for all t > 0,

lu@llgs + 10D gs < Ce,
IA, T u@®)ll2 + 1,002 < Ce,

(@)l 2. 1836 @)l 2. 10 | 2. 1830 (1)ll 2 < Ce(1+1)7 7,
o _ 1
Vi@l L2, VRO @2 < Ce(l4+1)"272.

The regularity requirement (uq, 6p) € H 4 and the condition o > % are needed in order
to handle the most challenging term d33u when we estimate ||d3u| ;2. More technical details
are provided on pages 28-29 in the proof of Theorem 1.3. The decay rates for the solution are
the same as those in (1.10), (1.11) and (1.12), and are thus optimal. The sharp decay result
presented here appears to be the first such result on the 3D anisotropic Boussinesq equations.
It is hoped that this result together with its proof helps chart a new path to the stability and
large-time behavior problems involving anisotropic fluids.

We thank the referee and the editor for bringing to our attention the work of Shang and Xu
[28]. Shang and Xu [28] examined the stability of two Boussinesq systems with dissipation
and thermal diffusion in two directions as well as the decay of the corresponding linearized
systems. Their decay results, stated in their Theorems 1.3 and 1.6, are for the linearized
systems (1.10) and (1.17) in [28], which involve no nonlinear terms. Their paper doesn’t
provide any decay result for the nonlinear systems.

The main goal of our paper is to obtain the optimal decay rates of the nonlinear Boussinesq
system involving only horizontal dissipation. It is generally much more difficult to obtain
the large-time behavior of nonlinear PDE systems. The anisotropic dissipation here makes
the optimal decay problem even more challenging. Since only dissipation in the horizontal
directions is available, the nonlinear effects require much more delicate analysis. In particular,
we need to exploit cancellations and other properties such as the incompressibility in order
to control terms involving vertical derivatives.

Since the energy method and other classical tools such as the Fourier-splitting scheme [25]
no longer work for the nonlinear Boussinesq system considered here, this paper proposes and
implements an innovative approach. We derive and make use of the integral representation
of the nonlinear Boussinesq system. Our approach consists of three main steps. The first is to
solve the linearized system explicitly and use this explicit solution formula to derive decay
rates for the solution itself as well as its derivatives. The main result of this step is presented
in Proposition 1.1. In comparison with the decay results for the linearized systems in [28],
Proposition 1.1 contains much more information. Besides the decay rate for the H®-norm,
Proposition 1.1 also features decay rates for the horizontal and the vertical derivatives, which
are optimal and reveal a faster decay rate for the horizontal derivative. The second main step
is to establish the small data global well-posedness and stability for the nonlinear system.
The result of this step is stated in Proposition 1.2. In particular, Proposition 1.2 guarantees
that the solution of the nonlinear system is global and it is legitimate to study its precise
large-time behavior. The third step, the main thrust of our work, is to establish the optimal
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decay rates for the nonlinear Boussinesq system, as stated in Theorem 1.3. By the explicit
solution formula of the linearized system and Duhamel’s principle, we convert the nonlinear
Boussinesq system into an integral representation. Then the bootstrapping argument is applied
to this integral form. Due to the lack of dissipation in the vertical direction, the analysis on the
nonlinear effects is very difficult and involved. In particular, we need to exploit cancellations
and other properties such as the incompressibility in order to control terms involving vertical
derivatives.

The framework of the proof is to apply the bootstrapping argument to the integral rep-
resentation of the nonlinear system given by (2.1), (2.2) and (2.3). A very useful abstract
version of the bootstrap principle can be found in [31,p. 21]. We assume the initial datum
(uo, Op) satisfies the assumptions (1.20), (1.21) and (1.22), and make the ansatz that the
solution (u, 6) satisfies, for a suitably selected constant Cy > 0,

()l g, 16O < Coe,
1A, 7 u@ll2, 1A, 700l < Coe,

(@) 2. (1350 2, [0 2. 13362 < Coe(l +1)7 %,
V@) 2, V4@l 2 < Cos(l+1)7 573,

fort € [0, T]withT > 0.Theinitial time 7 > 0 exists by local well-posedness. By imposing
the smallness conditions on (ug, 6p) as in (1.20), (1.21) and (1.22), we then show via (2.1),
(2.2) and (2.3) that (u, 0) actually satisfies the following improved inequalities,

Co
@l ga, 10O gs < > & (1.23)
— — Co
A, 7wz, 1A,700) 2 =5 (1.24)
CO _a
lu(@)l 2, 103 @)l L2, 10 @) L2, 1030 ()] 2 < 78(1 +1)7 72, (1.25)
CO _o_1
IVru() 2, IVRO@)] 2 < 78(1 +1)7272. (1.26)

The bootstrapping argument then implies that the maximal time 7" with this property is given
by T = oo. Thus, the four inequalities above indeed hold for all # < oco. In particular, they
yield the global in time bounds and decay rates.

Our main efforts are devoted to proving (1.23), (1.24), (1.25) and (1.26). The initial time
T > 0 exists by local well-posedness. Proving these improved inequalities is very hard due
to the lack of full dissipation. As aforementioned, some of the nonlinear terms such as d33u
in the expression of dzu require extremely careful analysis. Various cancellations and other
properties are exploited. This is a long and nontrivial process. Various anisotropic inequalities
are invoked to fully make use of the anisotropic dissipation in the system. In order to obtain
suitable upper bounds for some of the terms, we have to exploit the structure of the kernel
function together with the corresponding term it acts on. To explain this point, we take two
terms from the representation of u, in (2.1) as an example,

<%e*” + %Gz + Eh&Gl) 103 (1.27)

and

t —_—
/0 (Zlilzew*f) + E’;—S;Gz(t — 1)+ E&5G (1 — r)) (P(u - Vu))s(t)dr. (1.28)
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The kernel function in (1.27) has a factor which has to be canceled in order to obtain a

1
[€nl”

2 . . . o .
bound of the form e~ 161", The idea here is to combine &3 with 1103 and use the divergence-free
condition &3itg3 = —&p, - oy, to generate a factor &,. To deal with the nonlinear term (1.28),

we have also managed to generate factor &, in (Pﬁ u))3. By applying the definition of
the projection operator and the divergence-free condition V - u = 0, and invoking some
cancellations via combination, we find the identity

(P(u - Vu))s = Vi, - upuz) — Vi - 3471V - (u ® uy)

— Vi - A71333(upuz) + A7V ARO3(uzus)

and the Fourier transform of the right-hand side involves &, which allows us to cancel
the factor ﬁ in the kernel. More technical details can be found in the proofs of the two
propositions and Theorem 1.3.

Finally, we mention some of the closely related work. Due to their practical applications
and mathematical significance, the stability and large-time properties of perturbations near the
hydrostatic balance have recently attracted considerable mathematical interests. The work
of Doering et al. [12] investigated the stability of the hydrostatic equilibrium to the 2D
Boussinesq system with only kinematic dissipation (without thermal diffusion) and rigorously
proved the global asymptotic stability of any perturbation near the hydrostatic equilibrium
[12]. In addition, extensive numerical simulations are performed in [12] to corroborate the
analytical results and predict some phenomena that are not proven. The work of Tao et
al. [30] resolves several important issues left open in [12]. In particular, [30] provides a
precise description of the final buoyancy distribution in case of general initial conditions
and the explicit decay rate of the velocity field or the total mechanical energy. The paper of
Castro, Cérdoba and Lear successfully established the stability and large time behavior on the
2D Boussinesq equations with velocity damping instead of dissipation [9]. The stabilizing
effect of the temperature on the buoyancy-driven fluids and the stability of the hydrostatic
equilibrium were discovered for several partially dissipated 2D Boussinesq systems [2, 15,
16]. There are very significant recent developments on the stability of shear flow to the fluid
equations with various partial dissipation [3-5, 10, 13, 14, 18, 22, 29, 32, 37, 39-41].

The rest of this paper is divided into four sections. Section 2 details how we convert the
nonlinear Boussinesq system (1.6) into an integral form stated in Proposition 2.1. Section 3
presents the linear stability theory and the optimal decay rates for the linearized system. In
particular, we prove Proposition 1.1. Section 4 proves the nonlinear stability result stated
in Proposition 1.2. The optimal decay rates, our main result stated in Theorem 1.3, are
established in Sect. 5. For the sake of clarity, Sect. 5 is further divided into four subsections.

2 Spectra and integral representation

This section separates the linear and the nonlinear parts in (1.3), solves the linearized sys-
tem and represents the nonlinear system in an integral form via Duhamel’s principle. More
precisely, we prove the following proposition.

Proposition 2.1 The system in (1.3) can be converted into the following integral form
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Engs i Ens )A
ity 2 G 686G SRLLLE
&n2e + &2 2+ 683G | uos

t —
_/ MU (Pl - V) (1) de
0

/ (Sh&a hiG—t) 4 5hS3 §n83 G2+g,,g3(;1> (P(u - Vu))s(x) dv

uh—e uo +<

En2° |&n]2
L &g —
+ e Gi(t — ) - VO)(1) drt 2.1
0
o 2oy, L&
w3 = (—Gy — |&I°G1) T3 + WG 180
t
+/ (Gy + €2 G1)(t — T)P(u - Vu)s(r) dt
2
||§;||2 Gi(t—1)(u- V@)(t)dr 2.2)

t —_—
0 = —Giilos + (G3 + &1 G 1)bo +/ Gi(t — )P - Vu)3(t)dt
0

! —_—
—/0 (G3(t —7) + &G 1(t — D) - VO) (x) dT 23)

where

Aqt A3t -1
e —e _ 2 h . h
Gl=—"—=¢ 5" (LE |> sin L | 2

Ay — A3 &1 1§
A Aat A A3t
Gy = P = kG =, 24)
4— A3
)»46)‘” — )»38)‘3t 3
G = = G 4t.
3 e — 7 3G1 t+e
with Ay, Ay, A3 and ,4 given by
&l . 1nl
Mo=o=—l&l% A =—l& - M= —l&nl* + Ik (2.5)

Proof of Proposition 2.1 We have separated the linear parts from the nonlinear ones in (1.3)
and obtained (1.6). Taking the Fourier transform of (1.6), we find

(1) () M,
3 [em] A [90)] * [Mz ’
where A represents the multiplier matrix of the linear operators, and M| and M, are the
nonlinear terms,

_|~§h|2 0 0 2
0 —l&l® 0 %

A =
0 0 —laP
00 -1 &P

M, = —P(u -Vu), M= —u-Vo.
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By the Duhamel principle,

u(t) Az[ﬁ?)] /t A(zr)[ﬁl(f)]
= =e ~ |+ e ~ dr. 2.6
[90)} o] Jo My (r) (20
We compute the fundamental matrix e’ explicitly. The characteristic polynomial associated
with A is given by

( + 1€)? (AZ + 2170 + L&t + 'f;h"z ) =0

and thus the spectra of A are

|&n | €n] .
Mo=ha =&l ra = —lgl® — =5, —l&nl® + i
&1 &1
The two eigenvectors corresponding to A; = A, are
1 0
- 0 = 1
Vi ol V2=1y
0 0

—
The eigenvectors V ,, associated with the eigenvalues A, (m = 3, 4) satisfy

—>
Aml — AV,
2 &8
)\m + |g):h| 0 0 g&? le
. 0 Am + |'§-‘_h|2 0 # V2 | _ 0
o 0 mtlaP —EE ] Vi)
0 0 I I | LY
and thus
—61& —§1&3
73 _ —6&3 74 _ —&&3
—03 + &2 IEP | —(ha + & H? €
(3 + &P IE (ha + &) IEI
Thus the eigen-matrix is given by
10 —&163 —§153
V= 01 —&&3 —&¢3

00 =43 + 16)2IEI* —(ha + 1E1D)7IE
00 (3+IElMIER G+ I5PIENR

and
515
10 |£x)? 0
01 24 0
v-l=— &, 5 s
“|loo _atlEl (Aa+[8n 1)
& 12(ha—23)  |En>(Aa—23)
00— MHEl? stEa)?

[E20u—23) &P (la—23)
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As a consequence, the fundamental matrix is given by

A0 0 0
At
A 0 e 0 0 -1
M=V o e o |V
0 0 0 M
erMt 0 %EAII‘F%G2+51$3G1 —%Gl
Mt 8283 ot 4 ©283 _5&
_| O e R Tt Rst 0
) ,
0 0 ~G2 — &G G
0 0 -G G3 + &11>G,
where we have written
1&n|
G = el _ o3t _ e*\fﬂzl sin |g‘t
Ay — A3 ‘%l
Agerl — puet3t
Agett — pqet3t
Gy == A4—}»i =13G + M.

Inserting e in (2.6) yields the desired representations (2.1), (2.2) and (2.3). This completes
the proof of Proposition 2.1. O

3 Linear stability and optimal decay

This section focuses on the stability of the linearized system of (1.3) and the optimal decay
rates. This result serves as the first step for the nonlinear stability and optimal decay rates
presented in the next two sections. Recall that, by (1.6), the linearized portion of (1.3) can
be written as
—0193A710
hu=vAu+ | —hhAlo |,
ApATlO
0/0 = nApRO — u3.

3.1)

According to Proposition 2.1, (3.1) can be solved explicitly as (1.3) can be represented as

~ e En3 51, €n63 ~ &3 . ~
up = eMuop + (76 4+ =G24+ £,63G | ups — —5 G16p (3.2)
1€r1? €12 &2
~ 2 ~ |‘§h|2 ~
3= (=G2 — 617G 1) T3 + WGIOO (3.3
0 = —Giiios + (G3 + |& G D)o, (3.4)

where G1, G2, G3 and A1 through A4 are given in (2.4) and (2.5), respectively. Our goal here
is to prove Proposition 1.1 given in the introduction.

In order to prove Proposition 1.1, we first state a lemma that provides upper bounds for
G1, G, and G3 defined in (2.4).
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Lemma 3.1 There are two constants C > 0 and ¢y > 0 such that, forany € € R3 andt > 0,

2 2

IGi| < te 118, 12|Gy| < Ce 0l
< C p—Colanlt < C o—ColEnl?t
|Ga2| < Ce , 1G3 =Ce .

Proof of Lemma 3.1 The upper bounds for G| follow directly from the definition of G| and
the simple fact that | sin y| < |y| for any real number y. To bound G», we notice that

1&nl
Gy = 213Gy — M = —1,1°G) _lEGl

and thus
|G2| < |&x|*t o lEnlt + 2l < Ce ™ Ié}z\zt’

where we have used the fact that y* e™ < ¢7%Y for any @ > 0 and y > 0. G3 can be
bounded similarly. O

Proof of Proposition 1.1 Due to the frequency decoupling in the solution representation in
(3.2), (3.3) and (3.4), it suffices to set s = 0 and consider the L?-norm. We start with the
estimate of uj,. The first term in (3.2) is easily bounded. Forany 0 <t < 1,

At

lle* Wonllp2 < lldonllz2 = lluonllzz. (3.5)

Fort > 1,
A —I&n -
e Tonll 2 = I1En1” e |8y Tonll 2 < C =5 1A, uonll 2. (3.6)

Here we have used the following inequality

a

o 2 o
sup |6]” e 18 = 175 sup(l&, P T e 18 = 1%,

&n &n

where C = sup-( bZe? < oco. Combining (3.5) and (3.6) yields

e Tonll 2 < C (lluonll 2 + 1A, Tuonll2) (141672

Since the bound for 0 < ¢ < 1 is quite simple, we shall only present the estimates for ¢ > 1
in the rest of the proof. We consider the second term in (3.2). For notational convenience, we
write

|‘§h|2 —|—7|S |2G2+’§h53G1>ﬁ03-

ByV-up=0or SlﬁOI + Sgﬁoz + $3ﬁ03 = 0 and Lemma 3.1,

ek]t G R
&n < + Gl) &3u03

(Eh& it 6nE3

112 =

EEARTE o
e}qt G2 .
Gt ) (¢, -
gh<|sh|2 TEET 1>( Shoton) |

= (™" + G2 + &> G )iton 2
< lle™ 5P G 2.
Therefore,

1112 < C (luonllz2 + 1A, T uonll2) (1 +1)"2
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We now turn to the last term in (3.2). Since

Shé; Shéza T Sm‘;?\’ < ol
Sh53 | <
g g &
Therefore,
&n&3 &2 - -3
WGe = 1T Gl 2 < € (Mol 2 + 1AL 6oll2) (1 +)72
L

Combining the estimates for the three terms above yields

lu@llz2 < C (Ion, 00l 2 + I1(A, “uon, A, 60) 1l 2) (1 +1)72
Using Lemma 3.1 and noticing that

n Ll
&l ‘|sh| Sl i

1§12

e 2
<e |§h|l’

GE '%

we have from (3.3) that

lusll 2 < € lle™ 5 o 12 + le & ol 2
< C (I3, 60)ll 2 + (A, w0z, A;00) 1 12) (L +1)72.

The estimate of the first term in (3.4) needs some attention. By V-ug = 0 or &, - oy, +&3103 =
0,

2, \gg|l 2 |§|
n — | lénl7t —l&nl"t
1Ginosll.2 = H ] ”03‘ 2 = H €l
€1
< He_|gh\2t 1€n + 1531~ ‘
N €n1 L?

—|& 12t 1&n - @|
|&n|
< C (luollp2 + 1A, uoll2) (1 +1)"2

_ 24~
< lle 5 Gzl 12 + [ e

L2

The second term is easily bounded,

1(G3 + & PGB0l 2 < € (160l 2 + 1A, Boll2) A+ 172
Therefore,

191122 < € (1o, 60) 12 + (A, w0, A7 601 2) 1+ 677

Therefore (1.16) is proven. The proof of (1.17) is similarly to that for (1.16). In fact, (1.17) can
be shown by repeating the process for (1.16) with d3u and 936 replacing u and 6, respectively.
We now turn to (1.18). Noticing that the upper bound for each term in (3.2), (3.3) and (3.4)

. 2 . . . . .
contains the factor e 16" we can easily obtain the extra decay factor via the inequality, for
any t > 0,

_ 2 _o+tl _
IEnle 50 fll 2 < Ct772 1A, fll
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This explains (1.18). Combining (1.18) with # > 1 and the basic inequality with0 <7 < 1,

g 2
&nle ™5 fll 2 < C NERl Il 2

leads to (1.19). This completes the proof of Proposition 1.1. O

4 Nonlinear stability

This section is devoted to proving Proposition 1.2, which establishes the nonlinear stability.
This proposition serves as a preparation for our main result on the optimal decay proven in
the next section.

The proof uses the following lemma that provides anisotropic upper bounds for the integral
of a triple product. It is a very powerful tool in dealing with anisotropic equations.

Lemma 4.1 The following estimates hold when the right-hand sides are all bounded.
1 1 1 1 1 1
/RB |fghldx < CIFIZ 101 F 12018012 10281 1112, 195k %,
1 1 1 1 1 1
fRB | Fghldx < C UL 101 12102 f 15510102 f 15, g1 2, 1938112, 1 2.

A simple proof of this lemma can be found in [36]. The 2D version of such anisotropic
upper bounds can be found in [7]. We will not reproduce a proof of Lemma 4.1 here, but
instead begin with the proof of Proposition 1.2.

Proof of Proposition 1.2 Since the local (in time) well-posedness of (1.3) can be established
via a standard approach (see [21]), our attention is focused on the global bound of (u, 8). The
framework of the proof is the bootstrapping argument. Define the energy functional E(¢) by

t t
E()= sup [(u,0)(T)||5m + v /0 IVhtll3m dT +1n /0 IVAO||3md.

0<t=<t

Our main efforts are devoted to showing that, for a constant C > 0 and for r > 0,
E(t) < E(0) + CE(1)3. 4.1)

Once (4.1) is shown, then a direct application of the bootstrapping argument implies that, if

E(0) = || (0. 00) | Fym < é or |(uo, 6p)llam <& := c’ (4.2)
then,
E(t) < L forall t > 0. 4.3)
8C?
In fact, if we make the ansatz that
1
E@) < 1 4.4)

Inserting (4.4) in (4.1) and invoking (4.2) yields

E() < EO)+ 3B o E@) 2E0) = o
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which is only half of the bound in the ansatz in (4.4). The bootstrapping argument then
implies (4.3). It remains to prove (4.1). Due to the norm equivalence

3
1AW ~ W2+ Y13 172,

i=1

it suffices to bound ||(u, 6)||;2 and Z?:l 18" u, 9;"0) || 2. First of all, we have the global
L?-bound. Dotting the equations in (1.3) by (u, @) and integrating by parts, we find

t t
1, )17 + 2v / IVaull;, dt + 21 / IVaO172dT = [[(uo. 00)1I7.  (4.5)
0 0

Applying the differential operator 9;" to the equations in (1.3), dotting the resulting equations
by (9/"u, 9"0), and integrating by parts, we have

3 3 3

d

— ullg, ; 2 ho; Ull;2 n hO; 2

oo 2 (10" uliga + 19 01152) +2v > IVad}"ull gz + 201 3 IVad] 017
i=1 i=1 i=1

=J1+ /5, 4.6)

where J; and J, are given by

3
Ji = —2/8;”(M~Vu)-8;"udx,
i=1

3
Jy = —Z/ M- VO) - 0"0 dx.
i=1
Here we have used the fact that
/(8;"963 <0"u — 8"u39"0)dx = 0.

We decompose J; as

2 2
Ji = —Z/a;"(u-wya;"udx —Z/a;"(uk~aku)-ag"udx
i=1 k=1

- / 05" (u3 - d3u) - 3'udx
= Ji + Ji2 + Ji3.

J11 is easy to deal with. Dueto V - u = 0,

2
Ji = Z/a;"(u ®@u) - Vo"udx
i=1

2 2
< Cllullzee IVaullgm < Cllullgm [Viullgm-

Here we have used the calculus inequality for a product. For any nonnegative integer m, there
exists C > 0 such that, for any u, v € L N H™,

ID" @v)ll 2 < € (lullLoe D™ 0]l 2 + 1 D™ ul 2llvll <) -

@ Springer



Optimal decay for the 3D anisotropic Boussinesq equations... Page170f34 136
This inequality can be found in [21,p.98]. By the Leibniz Formula and
/(u -Vo'u) - 9"'udx =0, i=1,2,3,
we have
2 m
== >"c, f g - 93 deu - 85 u dx,
k=11=1
where Cfn denotes the combinatorial number,
m!
¢ =—.
N m =)
By Lemma 4.1,
2 & I3 Iy yam—l 3 m—1 3
|2l < C D0 N0kl 2, 19195uxl)? 105 xae 2, 10305 g2,
k=11=1
1 1
x 18 ull?, 192052
< C llullgm | Vaulgpn-
By V-u =0ordu3 =—Vj - u; and Lemma 4.1,
m
Jiz=— ZCﬁn / 8§u3 . 8%”_183u 95 udx
=1
m
=>c, f OV w05 3w - 9w dx
=1
N 3 -1 3 am—I 3 m—ln 13
< COY N0 Vi w25 10305 Vi w2 105 D3l 2, 110195 Bsul 2,
=1
1 1
x 10ull} 192052
< C llullgm | Vaulgpn-
Therefore,
11 < C lluell g 11V G- (4.7)

Using V - u = 0, we decompose J, as
2
S = - Z/ "V - (uf) - "6 dx
i=1

2
- Zfa;"(uk.ake) -0 dx —/ag"(u3339) -0 dx
k=1

= Jo1 + Jop + Jo3.
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By integration by parts and Sobolev’s inequality, for m > 2,

2
a1 :Z/ai’"(ue)-va{"edx
i=1
2

<C Y (107" ull 2110 oo + lluell oo 190 2) 11V Ol 2

i=1

< C (lullgm + 101 m) (IVaul3m + V30 Fm ) -

By the Leibniz Formula and
/(u -Vorg)-9"0dx =0, i=1,2,3,

we have

Jo + J3=—

-

m
> a, / Mug - 370,60 - 870 dx
11=1

=1

c / Auz - 379360 - 826 dx.
[

Il
-

By V-u =0or d3u3 = —Vj - u;, and Lemma 4.1,

2 m

1 1 1

1 7 1 2 -l 2

[Jo2| + [J23| = C E E 953ukll ;> 19193ukll /> 195" 301l
k=1 I=1

1 1 1
x 1395 010112, 195611 1820401 2,

" 1 1 1
+C Y 0T Vi w2 11030" Vi w2 110510302,
=1

1 1 1
x (10195~ 930112, 1105"0 112, 1192056112,

< C (lullgm + 101 m) IVl 3m + VRO 3m) -
Collecting the bounds for J>, we obtain
|2l < C (lullgm + 1011 (IVhulFm + V01 5m) - (4.8)

Inserting (4.7) and (4.8) in (4.6), integrating in time over [0, ¢] and adding to (4.5), we deduce

t
E(r)sE<0>+C/O (el 121

+ (el + 101 ) (1l + 1926150) ) d7
< EO)+ CE(®?,

which is the desired inequality (4.1). This completes the proof of Proposition 1.2. O
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5 Optimal decays for the nonlinear system

This section proves our main result, Theorem 1.3. We need several tools, which are stated
in the following lemmas. The first lemma provides an upper bound for the L”-norm of a
one-dimensional function, which serves as a basic ingredient for anisotropic upper bounds.
A proof can be found in [38].

1_1

Lemma5.1 Let2 < p < oo. Lets > 3

. Then, there exists a constant C = C(p, s) such
that, for any 1D function f € H*(R),
11

,,,,, i1 _1
If e < € ||f||Lz(§R(f /) IIASfIIZSéR) 2
In particular, if p = oo and s = 1, then [ = f(x3),

1

1 1
Il < CUFN Lo gy 10311 2 -

The second lemma states Minkowski’s inequality. It is an elementary tool that allows us
to estimate the Lebesgue norm with larger index first followed by the Lebesgue norm with
a smaller index. The following version is taken from [1,p. 4] and a more general statement
can be found in [19, p. 47].

Lemma 5.2 For a nonnegative measurable function f over R™ x R" and for1 < p < g <

oo,
£ e @em) Li@®m = £l za ey |L,,(Rm) .
For convenience, we introduce the notation
q m3y . q 3 .
LI®) = Lo ®), 1F g0, = 112,
- h

which is frequently used in the context.
The next lemma provides an exact L” — L9 decay estimate for the generalized heat operator
associated with a fractional Laplacian (see, e.g, [35]).

Lemma53 LetB>0,0>0,v>0,1<p <gq <o0. Then

o _B_d(1_1
188 A Py = CEE G

Proof of Theorem 1.3 The bootstrapping argument is suitable for our purpose. We assume
the initial datum (uq, 6p) satisfies (1.20), (1.21) and (1.22) for sufficiently small ¢ > 0. The
bootstrapping argument starts with the ansatz that, for a suitably selected Co > 0,

lu(@)ll g+, 16+ < Coe. (5.1)
A, u@®lizz, 1A,700N2 < Coe, (5.2)
(@)l 2. 133Ol 2. 10O ]2, 13300) 112 < Coe(l+1)72, (5.3)
Va2, IV4AO@l2 < Cos(l 417373, (5.4)

for t € [0, T] with some T > 0. These inequalities hold on the initial time interval [0, T']
guaranteed by local well-posedness. We then show that (5.1), (5.2), (5.3) and (5.4) remain
true with Cy replaced by Cp/2, namely

C
lu@)ll g, 10 ge < 705, (5.5)
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_ _ Co
1AL @2 1477002 = =2, (5.6)
CO _ga
Nl (@)l 2, 103 ()| L2, 1) L2, 11030 () |2 < 78(1 +17z, (5.7)
Co _o_1
V@)l g2, IVaO@Il2 < 78(1 +1)7 272, (5.8)

The bootstrapping argument then asserts that (5.5), (5.6), (5.7) and (5.8) hold for all ¢ > 0.
It then suffices to prove (5.5) through (5.8). (5.5) follows directly from Proposition 1.2
with m = 4. By Proposition 1.2,

lu@llgs, 10N g+ < Cre.

Then (5.5) clearly holds when we take Cyp > 2Cj. The rest of this section is divided into
four subsections. The first subsection estimates || A;”u(t) |72 and || A;“Q(I) |I;2> and verifies
(5.6). The second subsection estimates ||u(?)| ;2 and ||6(¢)] ;2 and verifies part of (5.7). The
third subsection bounds [|93u(¢)|/;2 and |[036(¢)||;2 and completes verifying (5.7). The last
subsection works on || V,u(t)|| ;2 and || V,6(2)]| 2 and proves (5.8).

5.1 Verification of (5.6)

This subsection estimates || A, u(t)||;2 and || A} °0(7)| 2 and verifies (5.6). Applying A} °
to (1.3) and dotting with (A, “u, A}, °6), we obtain

% (1A, ull?, + 1A,701%,) + 2 (||A};"u||iz + ||A,‘;”0||iz)
= —2/ A Vu) - A udx — Z/A;"(u -VO) - A °0dx
=N + Na, (5.9
where we have used
/(A;‘7 (Oe3) - A °u— A u3 A °0)dx = 0.
We distinguish the horizontal derivatives from the vertical ones and write N; as

N = —2/A;"(uh -Viau) - A;gu dx — Z/A;J(u333uh) . A;Uuh dx

—Z/A;”(u383u3) . A;ULB dx
= Ni1 + N2 + Nis. (5.10)

Ny, involves the unfavorable derivative d3 and may potentially generate the worst upper
bound. We deal with this term first. By Holder’s inequality, the Hardy-Littlewood-Sobolev
inequality and Lemmas 5.1, 5.2 and 5.3,

[Nl < 1A, u3dsup)lip2 1A, T upllip2

= 1277 Gt

—0
Lo 1Al
3

< [ husdsung

A, Tunll L2
13,
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< |twsdsunlizz | , 1857wl o
X3 L/1
< —0
< [hestogg stz |, 17l
< —0
< llusll 2 oollasuhllL%ng A, unllp2,
h ~x3
where
1 n o 1
2 2 ¢’
Clearly, for % <o < 1, we have
1l<qg<?2.

The first part on the right-hand side can be further bounded as follows. By Lemma 5.1 and

.. s . . . 1 26 —1
Holder’s inequality with 3 = 7 + =%—,

lusll 2 =<C )
T 700 =

1 1
2 2
u a3u
Il 3”1&3 193 3”L§3

h “x3 LhJ
1 1
<C (llusll;y | _a Hllawallz;
X3 LhZa—l X3 Lﬁ
1 1
<C ”33”3”22 ”"43“24
T,

1 1
< ClIVi-unljy llusll®
L3L;!

1 o1 -
< CIIVh - unllZs lusl s ? 1 Vaualt5

Thus we have obtained the following bound
% ‘7*% 1—0o —0
INial = CNIVh - unll o lusll, 2 = IVausll 5" 103unllp2 1A, " unllp2.
The other two terms in (5.10) can be estimated similarly,
% ‘7_% l—0o —0
Nt < Cllosunll 2y lunls * 1Vhuenll 137 190l 2 1 A7 7wl 2,
1 o1 - B
Niz < C IV - unlly> Nuslly o * 1V3usll 2 1V - unll g2 1A, T usll 2.

Combining the upper bounds for N; yields

o 1 Q*O' —
INUL< Cllull, *IVull 2 Vaull;,  IA, ull 2. (5.11)
The estimate of N; shares some similarities with that for N; and starts by writing

Ny = —2/ A;g(uh -Vu0) - AZUO dx — 2/ A];g(u3339) . A;JG dx

Ny + Noo.
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The two terms N1 and Ny can be estimated similarly as Ny; and Ny2,
1 o1 _ _
Nat < C 1sunllZs lunlSs 2 1Vhunll 57 V4012 1457012,
1 _1

Ny < ClIVh - unll 2o lusl)> > 1Vauslll5” 1836112 1A, 7611 2.

Therefore,
a—% %—U %—U —0
IN2| < Cllull,, = 1(Vu, VO llp2 | IVaull;, - +1VAOll 2 ) IA, Ol (5.12)

Inserting (5.11) and (5.12) in (5.9) and integrating in time, we obtain

t
IAZ7 w2 + 187013 + 2/0 (NAy=oulZ, + 18,7013, ) de

<c [ 1urct ivu, ve Va3 + 1VR012 7 ) 1Al 2 d
= Nl 2 = 1V, VOl 2 \ IVaull 2 +1IVROI - ) IIA, 7012 dT.
Invoking the ansatz in (5.1) through (5.4), we obtain

A, Tull?, + 14,7013, <

t
<ccyé / (1+1')_%("+%) (1+f)(%—0)(—%—%)d1
0

33 (1 -g-3
<CCye (I1+7) 274dt
0
<ccié

for any o > % If we choose ¢ > 0 to be sufficiently small such that

1

CCpe < —,
08_4

then
_ _ 1
IAG 7 ulge + 1A, 7017, < 5 Coe?,
which, in particular, verifies (5.6).
5.2 Estimates of ||u||,2 and || @]|,2 and verification of (5.7)
This subsection verifies part of (5.7). We take advantage of the integral representation formula
in (2.1), (2.2) and (2.3). Since the linear terms in these formula have been estimated in

Proposition 1.1 and its proof, it suffices to bound the time integral parts. For notational
convenience, we denote the time integral terms in (2.1), (2.2) and (2.3) as

t —_—
K1 =/ M (Pu - V), (1) dr,
0

t —
Ky = / (—5"53 =t L S ) 88 G( — r)) (P(u - Vu))3(7) dr,
0

B &l
t —
K — %Glg — ) - VO)(1)dr,
0

t —
Ki= /0 (G2 + 642G — P - V() dr,
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e (18P —
5= T 1t —1) (- VO)(r)dr,

! —
Ko = / Gi(t —1)P(u - Vu)s(r) dr,
0
t —
K7 = /0 (G3(t — ) + &G 1(t — D) (u - VO)(7) d.

We first bound u;, and start with K. By the definition of the projection operator P =
I — VA~!V., we have

Pu-Vu)y =u-Vuy, — VA~V - (u - Vu)
= uy - Vyup + uzosup, —A_IV-V-Vh(u®u). (5.13)

Correspondingly the upper bound consists of three parts,
t
IKill2 < / e Dy - Vyup (o)l 2 de
0
t
+C / 2OV, (u @ u)(1)||,2 dt
0
t
+/ €2 =D u3d3up ()| 2 dt
0
= K1 + K2 + K3,
where we have used the bounedness of the Riesz transform on L2,
IAT'V -V Fll2 < C|IFlp2.

K11 and K, involve the good derivative Vj, and are easier to control while K3 is harder due
to the bad derivative d3. By Lemmas 5.1, 5.2 and 5.3,

dt

2
Lx3

t

Ku < [ 120w, ol
0

t

=),

0

! 1

< [a-n

0

t
1
< t—1) 2 T Viau(t dt
_/0( )72 lun( )IIL;gLiII nu( )IIL%L%

dt

2
Lx3

1
(t =) 2 lup - Vau(ol )

2 dt
L2,

lleen (N 2 IVau ()l 2

t
_1
< [ =0 il 102 de
0 e
! 1 1 1
< [ =0 @1, B, Vo2 de
/\'3 .[3

t 1 1
_1 5 5
5/ (t =) 2 Nlunll L 103unll [, | Vau ()l 2 dr.
0
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Invoking (5.1) through (5.4), we have,
t
K < Cge? / (-0 21+ 0+ 51 +0) T 1de
0

1
:cgszf(z—r)—%(uz)—“—%dr
0

Cie?(1+1)° ifo <3
<lce2+n: ifo > 1
C2e2(1+0) 1In(l+1) ifo =1

Therefore, for % <o <1,
K =< Cé e (1+1)77.
If ¢ is taken to be sufficiently small such that

Coe <

—, 5.14
= 1% (5.14)

then

CO a
Kiin<—e(l+4+1"2.
=g 1+1)
K17 contains the good derivative V;, and admits the same upper bound as the one for K.
‘We now turn to K3.

dt

2
L3,

t
Ki3 5/ H||8A”(t_T)M333Mh(T)|IL%
0

t
_1
5/ I = D) 2 lluzdsun(@llg) 2, dT
0 3
4 1
Sf =) 2 us@l 2 103un (Dl 21l2, dT
0 g
= oo }
< / (¢ =D 2z, ,, 185u3(DIZ, ,, 185un (D) 2 dT
0 h™x3 h=x3

t 1 1 1
< [ =0 @I w1 s (012 d
0

Invoking (5.1) through (5.4) yields
t
[ 12 s ol e
0
t
=Cge? / -0+ T A+ I A+ T dr
0

t
= C(% &2 / (t — ‘L’)_%(l + r)_“_% dt
0
<C(+0n"7

for any % < o < l.If ¢ is taken to satisfy (5.14), then
t
C o
/ 12D 33305 ()| 2 dT < — & (1 +1)" 7.
0 128
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Combining the upper bounds, we obtain

C (o4
1K1l < 3—;’8(1+r>*7.

We now bound || K3 || ;2. We take a quick inspection of the integrand in K». In order to bound

?Tgéek.(t—r) + %ilé’(;z(t — 1) + 85361t — 1)

suitably, we need to generate the factor &, from ]P)ﬁ u)3. By the definition of IP,
P(u-Vu)z =u-Vuz — 3A7'V - (u - Vu)

= 01(u1u3) + 92 (uau3z) + 93(uzu3z)
— AT @1 - Vuy) + d(u - Vuz) + 33(u - Vuz))

= 31 (u1u3) + d(uauz) — BATOV - (wur) + 2V - (uuz)
+ 93(uzu3)) — B3AT' 03V - (uu3)

= 31 (u1u3) + h(uau3) — BATOIV - (uuy) + 3,V - (uuz))
— AT 9391 (uyus) — 3309302 (uau3)
+ 33 (uzuz) — B3 A~ 9303 (uzu3)

= 01 (u1u3) + 02 (uauz) — B3AT (1 V - (uuy) + 02V - (uuy))
— 930710301 (uyu3) — 347 330 (uzu3)
+ AN (A3 (uzuz) — 939393 (u3u3))

= 31 (u1u3) + h(uauz) — BAT OV - (uur) + 3V - (uuz))
— 037" 9391 (uyu3) — 3079305 (uau3)
+ AT A3 (uzu3), (5.15)

where we have combined two terms to generate the desirable factor
Ad3(uzu3z) — 030393(uzuz) = Apd3(uzus).

It is clear that each term contains d; or d,. That is, its Fourier transform has the desired factor
|&x|. Therefore, by the upper bounds for G and G, in Lemma 3.1

2 _ 2 _ 2
Gi| < te” 1T |5 P|Gi| < Cem @Bl |Gy < Cem il

we have

‘(1&1('” + L G-+ 86— r)) EP - Vu)s
B |&nl

— 24— — — - —
= e8P0 (g3 | + |gstizus| + |6 g2V - Gua)|

+ 18 PIE 2V - ()| + 183121812103 (uyuz)|
+ le 12105 o) | + 183216172V~ o))

N 20, — — —
< Ce P (103 Guus) | + V- )| + Vi - wsua)l) . (5.16)
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Therefore,
t
1Kall2 < C / 108 D33 (uu3) (D) 2 de
0
t
e / 108D, ) (0)]] 2 de
0

t
—|—C/ 2=, L (uzuz) |2 dr.
0

These terms are pretty much like the terms in K. Thus similar estimates lead to the same
upper bound

C [ed
1Kl 2 < 3—38(1 +1)7%

To bound K3, we first bound the kernel. By the definition of G,

% §h§3 ,\g,|2 sin IE
\

1§12

hs3 < el (5.17)

ClEET B

1

As in the estimate of || K ||2,
t
IK3ll2 < C f 02Dy - V40 (T) || 2 dT
0

t
+/ |02 D) 3850 (1) || 2 d.
0
The two terms on the right-hand side can be bounded as K11 and K13 above. Thus,

Co _g

K32 =< 3—25(1 +1) 2

To bound K4, we use Lemma 3.1 and the definition of G,
(G2 + 182G = )] = Ceml@l e

for two constants C > 0 and ¢p > 0. We also invoke (5.15). Then the estimate of || K42
can be proceeded as in || K2 ||;2> and

IKell2 = 2o (1407
—e

4Lz =73

K5 behaves like K3. Since

| ?
52

IIKs]| ;2> obeys the same bound as ||K3]|,2,

Gl(t —T) < Ce_CO‘Shl (t— f)

C o
IKsll, 2 < 3—§s<1+trf

The estimate of K¢ is pretty much like the last term in K>, and thus

C (o4
IKell 2 < 3—§s<1+r>—f
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K7 behaves like K3 and has the same bound
1Kol < 2o (1407
— ¢ .
Y

Combining the upper bounds for the linear parts and the upper bounds for K through Ks,
we obtain

Coe(l+1)" 7

0| —

g 1 o
lu@®ll2 <Ce(l+1)"2 + ZCO e(l+1)72 <

if we choose Cp > 4C. Similarly, by the upper bounds on K¢ and K7, we obtain

1 o
Oz < ECOS(I +1) 2.

5.3 Estimates of ||93u||,;2 and ||830||,2 and verification of (5.7)

This subsection provides upper bounds for ||d3u|| ;2 and ||936]| ; 2, which allow us to complete
the verification of (5.7). We again make use of the integral representation (2.1), (2.2) and
(2.3). We apply 85 to (2.1), (2.2) and (2.3) and then take the L>-norm. The linear parts have
been estimated in the proof of Proposition 1.1, so we focus on the bounds for 93 K through
d3 K7 with K through K7 defined in the previous subsection.

We start with [|03 K| ;2. As in (5.13), we can write

P - Vu))y = Bu - Vuy +u - 3Vuy — 3V AV - (u - Vi)
= O3up - Vpup + 03u3d3un + up - Vpozup
+ u3dn3up — 0307V - Vi (u - V)
= u3033up + 03up - Vpup — Vi - updzup + Vi - (updzup)
— Vi updsup — BATIV Vi (u - Vi)
= u3033up + (O3up - Voup — 2V - upd3up)
+ Vi - (upd3up) — 03A7IV - Vi (u - V).

Correspondingly d3 K is then divided into four terms,

93K1 =L+ Lo+ L3+ Lia, (5.18)
where
t
L= / e 3 du (1) dr,
0
t
L = f eBn=1) @3up, - Vyup — 2Vy, - updzup)(t) dr,
0
t
Liz= / MDYy (updsup)(r) dr,
0

t
L= _/ A=) 9 ATV LV (u - V) (1) d.
0
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L1 involves the unfavorable derivative d33 and may yield the worst decay rate. By Lem-
mas 5.1,5.2 and 5.3,

t
IL11ll g2 S‘/‘HeAhU_T%BEh3Mh(T)HL2dT
0

dt

2
L2,

t
A —
< [ e v o
0

! 1
EC/(t—r)*i
0

! 1
SC/(I—T)_j
0

t
_1
< [ (€= uall g Vol 2 dr
0 3

dt

2
LX3

s D531 () |

dt

2
sz

u 033U
sl 2 I1933unl 2

! 1 1 1
<C /0 (t =) 2 lusll> 193u3ll;, 1933unll 2 dT
! 1 1 1 2 41
<C /0 (t =) 2llusll [ 1Va - unll 5 13unll ;> 195unll;, dx,
where we have used the interpolation inequality,
2 1
19332112 < 183unll, 193unll
We now invoke the ansatz in (5.3) and (5.4) to obtain, for % <o <l,
1
/ e~ us d33up ()| 12 dT
0
2 2 4 1 o 1_o o
<CCje / t—1) 2(1+71) F(Q+4+1) 34 (1+1) 3dt
0
2 2 ! 1 51
=CCje / (t—1)"2(14+1)"6° " 3dr
0

<CC2 (141 87+s
<CC?(1+n"2

e
= 128" ’

where o > % is used in the last inequality to ensure that

This is exactly where we need the constraints on o. L7 and L3 can be dealt with similarly.

dt

!
ILi2ll;2 < C H ||eA"(’*”83uh = Vaup ()l 2
0 L,

t
sc/a—w%
0
t

_1 3 3
<C /0 (t — O 2B3upll /> 1933unll {2 Vaun ()|l 2 dT

dt

2
Lx3

93an - V(O

@ Springer



Optimal decay for the 3D anisotropic Boussinesq equations... Page290f34 136

‘ | 5 1
<C / t—1)2 ||33Mh||22 ||3§Mh||22 I Viup (o)l 2 d
0
2 0 f° _1 s, 1o
<CCje t—1t) 20 +7) 2°(I+4+1) 27 2dt
0
2 2 4 1 11 1
<CC(Cje / t—1) 2(1+17) 29 2dt
0

CC2e2(1+1)1°

IA

<& iyt
= 128° '

t
A —
Ll =€ [ 109, s @l |, de
0 illz2
3
! 3
¢ [a—o s, o
0 h L%
! 3
<C t— )% |[llupll 4 llOzunll ;2 dt
s [e=o7 mtgiomiy]|,,

t
3
§C/(I—T) upll s g0 103upll 2 dt
0 h™x3
t 3 % %
< — 7)1
_C/O(t 7) IIMhIIL%L;,§ IIVthIIL%LigllawhlledT
! TR i 1 i
SC/(I—T) Hlall 2 N03ully o IVRunll 2 103Vhunll ;5 193unll g2 dT
0

t
gccgg2/(z—r)—%(1+r)‘%"—%dr
0

IA

CC2e2(1 + 1) 87+

= D4
—¢ .
— 128

The estimate of L4 in L2 is pretty much the same as those in the first three terms, so we just
briefly sketch it. By the boundedness of the Riesz transform

13A7'V - fli2 < ClIfllg2,
Co
<

1+1)72.
< 1288( +1)

t
Lz =€ [ e 09, v, e
0

Therefore,
Co o
03K < —c(l+01"2.
03K1ll2 < 328( +1)

To bound ||d3K2 |72, we obtain as in (5.16) the following upper bound

'((%ew*” + %Gz + shszcl) (t - r)) BP(u - Vu)s

= Ce™ PO (103 upun)| + 103V - Gutn)| + 103V - (wsus)l)
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Therefore,

103 K2 ]l ;2

t
cef
0

The three terms on the right-hand side are similar to those terms in (5.18) and admit the same
bound as the one for [|03 K|l 2,

0N (a3 upus)| + 105V - Guan)| + 1033 - (i), d.

Co _g
03 K2l 2 < 3—28(1 +1) 2.

The estimates of d3 K3 through 93 K7 are very similar and thus omitted. Combining all the
upper bounds, we obtain

1 _g
103 (@)l 2, 10302 < 5Cog(l +1)7 2,

which verifies (5.7).

5.4 Estimates of || V,ull;2 and || V0|2 and verification of (5.8)

This subsection proves (5.8). We again make use of the integral representation (2.1), (2.2)
and (2.3). We apply Vj, to (2.1), (2.2) and (2.3) and then take the L2-norm. The linear parts
have been estimated in the proof of Proposition 1.1, so we focus on the bounds for V; K
through Vj, K7 with K| through K7 defined in the Sect. 5.2.

We start with V;, K. As in (5.13), we write

P - Vu))y = usdzup +up - Voup — A~V -V - Vi, (u @ u).

and ||V, K|z2 is then bounded

M; = |IViKillp2 = Myt + Mo+ Myz, for i=1,---,7,
where
t
My = / 13240 (1303101 (2) 1.2 dT,
0
t
My = f IV (- V) (2) 2 dT,
0
t
M3 = / [Vae® D (ATIV -V - Vi @ ) (7) |12 d.
0
By Lemma 5.3,

dt

t
My, 5/ 192 Guapun) (o)1 .2 L
0 X3

t
=C / (t = D72 1 @sd3un) (O 212, d.
0 3

We remark that we can no longer proceed as in the estimate of K3. We already have the
1 . . _1
factor (t — t)™ 2 and an estimate as in that of K3 would generate another (r — 7)™ 2 and thus
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produce (t — 7)~L, which is not integrable on (0, 7). Instead we use a different estimate. We
choose g satisfying

_ 2
T 140

o
7 zgorq

For % <o < 1l,wehave 1 < g < 2. Then, by Lemma 5.3,

d 4o
M =C [ @07 [t ol
0

s dt
L3,

The integrand can be further bounded as in Sect. 5.1,

[ s d310n1l

< us||poo||03u 2
TN

<
< lusll 2 Nosunllpzre,

h “x3
3 3
= C |llusl;, N193u3ll;, || 5 [183unllp2
X3 X3 L};y
} }
<C|lusli, | o |N8susll?y | N9sunll.2
X3 L2¢7—l X3 L4
h h
1 1
< Cliozusl ;5 llusll® 1030l 2
L2
h X3

1 1
< ClUVh-upll, lusll® 5 l183unll2
L3 L

1 o1 -
< CUIVh - unli o lusllyz * 1Vausll 2 193l 2.
Therefore, for any % <o <1,

4 4o 1 o—1 _
MuSC/(t—T) T Vh - unl f lusll o ® IVAusl 7 03ul 2 de
0
! 140 3 1,0 o 1
gccgng(r—r)—%(1+z)—(z—”><f+7>(1+f)—7<“+z)dr
0

t
=CC2e? f (-1 A+ i %dr
0

IA

CCl 1+ F
<L cpedan

_— £ .
=128 °°

M > can be bounded similarly and they admit the same upper bound. For M3, we first bound
it by the fact that Riesz transforms are bounded on L2,

t
Mia=C [ 19 IV )@l e
0
and then proceed as in the estimates of M1 to obtain the same upper bound. Therefore,

C -
IVaMI ()2 < e (1 T
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According to (5.16),
t
IVaMa ()2 < C / Ve D85 (upus) | 2 dt
0
t
+C/ IVae2 =DV (uuy) | 2 dt
0

t
+c/ IVhe2 =D, - (uzu3)l| 2 dr.
0

These three terms can be estimated as those in V, M) and obey the same upper bound. By
(5.17),

t
IVaMs(@) 2 < C / Ve Dy . V,0(2) | 2 d
0

t
+c/ V502 =D y38:0(1)|| 2 d.
0

The terms in V, M3 can also be bounded similarly as those in V, M. The terms in V, My
through Vj, M7 can also be bounded similarly and the details are omitted. As a consequence,
we have verified (5.8). This completes the proof of Theorem 1.3. O

Finally we make some concluding remarks. We have proposed and implemented a new
and effective approach to extracting the optimal decay estimates for the 3D Boussinesq
system with only horizontal dissipation. It is not difficult to see that this approach also
works for the Boussinesq system with full dissipation. When the full dissipation is present,
the estimates of many terms (especially those with vertical derivatives) can be significantly
simplified. In addition, although the approach is developed in this paper for the Boussinesq
system, it is expected to be applicable to many other anisotropic PDE systems such as
the magneto-hydrodynamic equations with horizontal dissipation. We are also working on
anisotropic Boussinesq systems without horizontal velocity or thermal dissipation. There
are many challenges. One particular difficult case is when there is no horizontal velocity
dissipation in the Boussinesq system. Then the dissipation is only in the vertical direction
and it is not clear in R3 if one can control the velocity nonlinearity by dissipation in only
one direction in the Sobolev setting. We are hopeful that some progress will be made on this
front in the near future.
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