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Abstract

This paper concerns the vanishing viscosity limit of the two-dimensional
degenerate viscous lake equations when the Navier slip conditions are
prescribed on the impermeable boundary of a simply connected bounded regular
domain. When the initial vorticity is in the Lebesgue space L? with2 < g < oo,
we show that the degenerate viscous lake equations possess a unique global
solution and the solution converges to a corresponding weak solution of the
inviscid lake equations. In a special case when the vorticity is in L, an
explicit convergence rate is obtained.

Mathematics Subject Classification: 35Q30, 76D03, 76D09

1. Introduction

In [15] Levermore and Sammartino derived a system of shallow water equations that model the
large-scale horizontal motion confined to a fixed basin with a slowly varying bottom topograph
from three-dimensional incompressible flow with eddy viscosities, which read as

(1.1)

qv+v-Vv—ub 'V-Q2bDW) — bV -vl)+Vh = —nv + f,
V. (bv) =0,

where x € Q,1 > 0, Q C R? is a simply connected bounded domain. The unknown functions
are v(x, t), which is the horizontal fluid velocity averaged vertically over x € €2 at time ¢, and
h(x,t), which means the top surface height. @ and 5 are a positive eddy viscosity coefficient
and a nonnegative turbulent drag coefficient defined over €2, respectively, and f(x, ) is the
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wind forcing defined over 2 x [0, 00). [ is a2 x 2 identity matrix and D(v) stands for the
deformation tensor, defined by
Vv + (Vv)!
> .

Physically b = b(x) denotes the depth of the basin and is assumed to be positive in [15], i.e.
b(x) = by > 0, x € Q for some positive constant by, which means that lakes and oceans have
vertical lateral boundaries, like swimming pools.

The derived boundary conditions in [15] are

v.n=0, wut-2DW)-n+av-7=0 x € 092, (1.2)

D) =

where n(x) and t(x) are the outward unit normal and a unit tangent to 9€2, and «(x) is a
nonnegative turbulent boundary drag coefficient defined on 9€2. (1.2) are usually called the
Navier boundary conditions, which were first used by Navier in 1827 and mean that there
is a stagnant layer of fluid close to the wall allowing a fluid to slip, and the slip velocity is
proportional to the shear stress. In [15], the authors also studied the well-posedness of the
initial-boundary-value problem to the system (1.1)—(1.2) with some given initial data.

At the end of [15], Levermore and Sammartino proposed that °......it would be natural to
investigate the zero viscosity limit of our model equations (i.e., system (1.1)) and prove that
the solutions converge to the solution of the model derived in [4], which is

A u’ +ud- Vu0+VpO =0,

V.-bu’) =0, (1.3)
with the corresponding boundary condition
bu’ - n=0 on 92, (1.4)
and given initial data
u(x, )lmo = uo, x € Q. (1.5)

(1.3) are the known lake equations which have been derived in [4,5,8, 13] to model
the evolution of the vertically averaged horizontal components of the 3D velocity to the
incompressible Euler equations confined to a shallow basin with a varying bottom topography.
It is clear that when b(x) has a positive lower bound, (1.4) is equivalenttou -n = 0, x € 9€2.
In this paper, we are not assuming that b is nondegenerate, namely that b may be zero on

0€2. We neglect the linear term nu and the source term f in (1.1) (for simplicity) and consider
the following viscous lake equations:

dut +ut - Vut — ub='V - 2bDW*) — bV - utl) + Vpht =0, (16)

V- (but) =0. '
Attention is focused here on the initial- and boundary-value problem (IBVP) for (1.6) with the
free boundary condition

bu* . n=0, Vxut=0, x€d, t>0, 1.7)
and given initial data
ut(x, 1) li=0= uo, x €, (1.8)

It is remarked that (1.7) is called the free (Navier) boundary condition, which was introduced
in [1, 16, 17] and can be regarded as a special case of the general Navier boundary condition

bu* -n=0, 2DWw"n-t+au" -1 =0, x € 092. (1.9
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In detail, (1.9) reduces to (1.7) when a(x) = 2« (x), where k(x) is the curvature of the
boundary 9€2 (see lemma 2.1 in [7] and corollary 4.3 in [12], see also lemma 2.8 in section 2)
The boundary condition V x u* = 0 makes the L9(2 < g < oo)-estimates of the vorticity
available and it is still unknown so far how to get these estimates using the general Navier
boundary (1.9).

In [3] Bresch and Métivier studied the well-posedness of the lake equations (1.3) in the
presence of a beach, assuming that b(x) is positive in the interior of the domain and vanishes
at the boundary 0€2. Motivated by [3], in this paper, we write 92 as the zero level set of a
smooth function. That is,

b(x) = p(x), Q={p>0} and 9Q = {p =0}, (1.10)

where a > 0 and ¢ € C?(R2). This type of condition (1.10) covers a wide range of functions
and is the same as what is required in the degenerate elliptic estimates obtained in [3] (see
lemma 2.7 in section 2).

It should be noted that in the derivations of (1.1) in [15] and (1.3) in [4,5,8,13], it
is assumed that the amplitude of the surface waves is much smaller than the depth of the
lake and therefore it is reasonable to impose that the bottom function b(x) has a positive
lower bound. However, it would be interesting to study the case in the presence of a beach,
which corresponds to the case that the bottom function b(x) degenerates on the boundary. As
remarked by Levermore et al in [13], when the lakes and oceans have beaches, the dynamics
in the interior of the domain still can be described by the lake equations, but how to model
the surface wave near the beach may need further investigation. Although it is not physically
relevant in the presence of a beach, similar models are still used by several geophysicists and
mathematicians to understand the dynamics of the lakes (see [3]).

Our goal here is to understand the vanishing viscosity limit of solutions to the IBVP (1.6)—
(1.8) when the initial vorticity wy = b~'V x ug € L1(2) for some q satisfying 2 < g < 00,
under the assumption of (1.10) in the presence of a beach. To deal with the vanishing viscosity
limit problem, we first establish the global existence of solutions to the viscous IBVP (1.6)—
(1.8) with wg € L9(2) for 2 < g < oo. For the inviscid IBVP (1.3), (1.4) and (1.5), there is
an adequate theory on the existence and uniqueness of weak solutions. For the general case
wy € L9(2) with2 < g < 00, a global weak solution to (1.3)—(1.5) in the distributional sense
is obtained in [10, 13] for nondegenerate b(x), namely

0<by<bx)<bh forall x € Q. (1.11)

When b(x) is degenerate, the global weak solution can be obtained by replacing b(x) by
b(x) + € for small € > 0, applying the result for the nondegenerate case in [10] and taking
the limit as ¢ — 0. The weak solutions of (1.3)—(1.5) are in the distribution sense and their
uniqueness is unknown if we just have wy € L?(2) with2 < g < oco. If wy € L*(2), Bresch
and Métivier [3] established the global existence and uniqueness of weak solutions in the class
w € L*®(Q x [0, T]) for any T > 0. In this paper, we are able to establish two vanishing
viscosity limit results. The first one is the strong convergence (up to a subsequence)

ut — in L7 (0, T; W?"'(Q)) aspu — 0,

where u* refers to the aforementioned solution of (1.6)—(1.8) and u° is some weak solution
of (1.3)—(1.5) associated with wy € L4, and the indices r and § will be specified later. When
wp € L, an explicit rate of convergence can be obtained. More precisely, we have

VB — )@, < € M0 (Wb —u) O +ur)”

Here u° is the unique weak solution of (1.3)—(1.5) obtained in [3]. Precise statements of these
results will be given in the following section.
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To put our results in proper context, we briefly summarize some recent work on the viscous
and inviscid lake equations. When b = 1, (1.6) and (1.3) become the classical Navier—Stokes
and Euler equations, respectively. There is a large amount of literature on the inviscid limit of
the Navier—Stokes equations with the Navier boundary conditions (see, e.g., [1,2,7,9, 18, 19]).
If b is not a constant but nondegenerate, namely b satisfies (1.11), the global existence and
uniqueness of strong solutions to the IBVP (1.6)—(1.8) are obtained in [15] while the global
weak solutions to the IBVP (1.3)—(1.5) are studied by Levermore et alin [13, 14]. The vanishing
viscosity limit of (1.6)—(1.8) in the case when b is nondegenerate was investigated by Jiu and
Niu [10], which answered Levermore and Sammartino’s question of [15] in the nondegenerate
case. They proved that the solution of (1.6)—(1.8) with any initial vorticity in L? (1 < p < 00)
converges to a weak solution of (1.3—(1.5). In another recent work [11], Jiu and Niu studied
the viscous boundary layer problem for (1.6) with Navier boundary conditions.

We remark that the vanishing viscosity limit problem for the case when b is degenerate
is more difficult than the nondegenerate case. In the nondegenerate case, the viscous term
— fQ ut -V - (2bD(u") — bdivu™I)dx gives rise to the H' bound of u* utilizing the Navier
boundary conditions and integrating by parts in a straight way (see [10]). In fact the restriction
k 2 01in [10] can be removed by adopting the approach by Kelliher [12]. But in the degenerate
case, the degeneracy of b(x) will produce an additional term fQ (u* - V)u* - Vb dx during the
integration by parts, which cannot be estimated by the term fQ |(u” - V)u* - b|dx. Thus,
the H'-estimate of the velocity u* cannot be obtained directly, even under the restriction
k = 0. To encounter this difficulty, we first obtain the L*° ([0, T']; L?(S2)) estimate of ~/bu* in
lemma 3.1. The restriction x > 0 is crucial in this case and it is still open now how to remove
it. Moreover, a key tool employed here is an elliptic-type estimate for degenerate equations
(see [3] and lemma 2.7 below). This estimate allows us to bound the W'9-norm of u* and u°
uniformly with respect to the degenerate b(x). Other techniques involved such as the Yudovich
approach will be unfolded in the subsequent sections.

The rest of this paper is divided into three sections. The second section states the main
results and provides the tools to be used in the subsequent sections. The third section establishes
the existence and uniqueness of solutions to the IBVP (1.6)—(1.8) while the last section presents
the inviscid limit results.

2. Main results and preparations

This section provides the precise statements of the main results and list some of the tools to be
used in the proofs of these theorems.

One of the main theorems asserts the global existence and uniqueness of solutions to the
viscous IBVP (1.6)—(1.8). This theorem involves the vorticity formulation. If u* solves the
IBVP (1.6)—(1.8), then it can be verified (see [10]) that w* = b~'V x u* solves the following
IBVP for the vorticity equation

ot +ut - Vol — pAw* +3ub='Vb - Vol = uGu*, Vut),
bot =0, x €092, 2.1
bw* (-, 0) = bawy, x € Q.
where G (u*, Vu") involves only the linear terms of the first derivatives of #*, and is given by
G=0B"Ab+|VInbP)o" +b7'V x (Vu")Inb)
+b7 'V x (VInb(u" - V(Inb))). (2.2)
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Theorem 2.1. Let Q@ C R? be a simply connected and smooth bounded domain with
nonnegative curvature k > 0. Consider the IBVP (1.6)—(1.8) with b = b(x) being given
by (1.10) for a > 2. Assume \/Euo e L2(Q) and wy = b'V x ug € LI(Q) for some q
satisfying 2 < q < o0o. Then (1.6)—(1.8) has a unique solution which satisfies

d
—/¢-u“bdx+2p,/ Du“:Dqﬁbdx—,u/diVu“divqbbdx
dr Jo Q Q

+/u“-Vu“-¢bdx+2u/ Ku"-(bde:/B,qS'u“bdx,
Q FYe) Q

bu* -n =0, x € 092,

u"*(x, 0) = uo, x e

for any test function ¢ € C([0, T); Wl’ff%l) witheg -n =0o0ndQ2.
In addition, " = b~'V x u is well defined, and satisfies (2.1) in the distribution sense.
1
Furthermore, forany T > 0, brw* € C([0, T]; LY(R2)) and

1
VDU | Lo, 1:22) + 167 0" || L~0.7:0) < C. (2.3)
lu*llwia < C, (2.4)

where C is a constant depending on a, q, T, ||¢||c2) and the initial norms Vbuol 2 and
llwollLa only.

Since €2 is a bounded domain, wy € L*°(£2) can be treated as a special case of theorem 2.1.

Corollary 2.2. Let @ C R? be a simply connected and smooth bounded domain with
nonnegative curvature k > 0. Consider the IBVP (1.6)—(1.8) with b = b(x) being given
by (1.10) for a > 2. Assume /bug € L*(2) and wy € L®(2). Then (1.6)~(1.8) has a unique
solution u*, which obeys (2.3) and (2.4) for any 2 < q < oo.

It is not clear whether the vorticity w* is in L*°(€2). The approach of taking the limit of
lwllLs as ¢ — oo would not work since the bound for |||« grows with respect to g very
quickly (see the bound in lemma 3.2).

Two other main results are the following theorems on inviscid limits. The first one is a
strong convergence result without an explicit rate. The second result is that when wy € L™
an explicit convergence rate can be obtained. Before that, we give a definition of the weak
solution of (1.3) in the sense of distributions, which is as follows.

Definition 2.1. For any T > 0, we call (u®, p°) a weak solution of (1.3)—(1.5) if
(i) Vbu € C([0, T); L*()) and for any ¢ € CY([0,T] x ) with¢(x,T) =0,

T T
/¢u0bdx+/ /uO~VuO~¢bdx=/uo¢(O, ~)bdx+/ / 3, pubdx dr;
Q 0 JQ Q 0 Q

(ii) the boundary condition (1.4) is satisfied in the weak sense. That is, for any scalar function
p(x) € C(,

/bu0~V(pdx=O.
Q

We note that the boundary condition (1.4) can also be explained in the weak trace
sense (see lemma 2.1 in [12] for instance). In [3], a definition of the weak solution was
given in the vorticity-stream form. It is remarked that these two definitions are equivalent
if the weak solution has more regularity, for example, if Vo' € C ([0, T]; L*(2)) and
w=>b"'V xu e L®(0, T]; L*(2)) (see remark 2.4 in [3]).
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In the following theorem u° denotes a weak solution of the inviscid IBVP (1.3)-(1.5) in
the distributional sense. As we explained in the introduction, such weak solutions exist for
all time. In particular, for the case when wy € L*°(£2), the existence and uniqueness of weak
solutions was obtained by Bresch and Métivier [3], which is as follows.

Lemma 2.3. Consider the inviscid IBVP (1.3)—(1.5) with b = b(x) being given by (1.10) for
a > 2. Assume «/Euo € L*(Q) and wy € L®(Q). Then (1.3)—(1.5) has a unique solution u°,
which satisfies, forany2 < p < ocoandany T > 0,

u’ e ([0, T]; Whp)y, @’ € C([0, T]; L?) N L>®([0, T] x )

1
1 »
sup — (/ |Vu°|”dx) < 00.
p=3 P Q

We now state our first vanishing viscosity limit result.

and

Theorem 2.4. Suppose that the assumptions of theorem 2.1 hold true. Assume ~/bug € L*(S2)
and wy € L9(2) for some 2 < q < 00. Let u" be the unique solution established in
theorem 2.1. Let w* = b~'V x ut. Then, there exist a subsequence of u* (still denoted
by itself) and a measurable function u®(x,t) such that for any 1 < r < oo satisfying
1<1/r+2/q <3/2,

ut — u® in L"(0, T; W' (Q)), (2.5)
as k —> oo, where ¥’ is the conjugate index of r, 1/r + 1/r' = 1 and § € (0, 1) satisfies
1/r" < 1/qg — (1 —8)/2. Moreover, u® is a weak solution to (1.3)—(1.5), satisfying, in the case
when2 < q < 00

Vo' e LH(RQ), o’ € L®([0, T], L1())
and, if ¢ = o0, @° € L=([0, T], L4(RQ)) forany 1 < § < 0.

When wy € L*®(2), the weak solution ° in theorem 2.4 coincides with the unique one
presented in lemma 2.3, which is as follows:

Corollary 2.5. Suppose that the assumptions of theorem 2.1 hold true. If wy € L*(R2), the
weak solution u® in theorem 2.4 coincides with the unique weak solution in lemma 2.3 and the
convergence in (2.5) holds true for the whole sequence of u*.

Moreover, when wy € L°°(2), we obtain an explicit convergence rate.

Theorem 2.6. Suppose that the assumptions of theorem 2.1 hold true. Assume ~/buqy € L*(S2)
and wy € L>®(). Let u* be the unique solution established in theorem 2.1 and let u° be the
unique weak solution of the IBVP (1.3)—(1.5). Then, forany T > Qandt < T,

IVb" — u®)(0)]2, < € M2 (IVbw" — 1) ©O) |12, + un)®

where C, C and M are constants depending on a, T, ||¢||c2q) and the norms |vbuol| 2 and

llwoll L= only. In particular, if||\/5(u“ —u")(0)||2 = O, then ||vbu" —u®)(t)|| 2 — O with
an explicit rate, as u — 0.

We now list some of the tools to be used in the proofs of the theorems stated above.
The first one is an estimate for solutions of degenerate elliptic equations. This estimate was
obtained in [3, theorem 2.3].
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Lemma 2.7. Let @ C R? be a simply connected bounded domain with a smooth boundary
and let b = b(x) be given by (1.10). Consider

V-bv)=0, Vxv=f inQ and (»v)-n=0 onaQ.
If, for2 < p < oo,
bv € L*(Q) and f e LP(RQ),
then
veC I @), VvelLl(Q), v-nlg=0
and, for a constant C,, depending on p only,
vl 1-g < Cp Lf Nl + 11V L2).
In particular,
lvller < Cllvllize < Cp (1 f e + 1bV]|£2). (2.6)

In addition, for any py > 2 and py < p < 00, there is a constant C depending on pg only
such that

IVuller < Cp (1 fllLe + 16Vl 2)- 2.7)

Remark 2.1. The estimates in lemma 2.7 bound the W!:?-norm of v uniformly with respect
to b. The estimates in (2.6) and (2.7) actually hold for p = 2, namely the H'-norm of v is
bounded by C(|| fliz2 + ||1bv]|z2).

The following lemma reformulates the Navier friction condition in terms of vorticity (see,
e.g., [18]).

Lemma 2.8. Suppose v € H>(Q) withv - n = 0 on Q2. Then,
D(U)n-T:—K(U-l')+%VXv on 0€2,

where T denotes the unit tangent vector and k the curvature of 0S2. In particular, if V. x v =0
on 022, then

Dwn-t=—«{-1) on 092.
We will also need the following Osgood-type inequality(see, e.g., [6]).

Lemma 2.9. Let a(t) > 0 be a locally integrable function. Assume w(t) > 0 satisfies

/oo ! dr = o0.
0o ()

Suppose that p(t) > 0 satisfies

p(1) < a+/ a(s)w(p(s))ds

fo

for some constant a > 0. Then ifa = 0, then p = 0; if a > 0, then

—Q(p(t) + Q@) < / a(r) dr,

I ar
Q(x):/ ES

where
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3. Global solutions of the viscous equations

This section is devoted to the proof of theorem 2.1. For this purpose, we first establish several
a priori estimates including a global L?-bound for the velocity, a global L¢-bound for the
vorticity and a global L?H! bound for the velocity.

We start with the L2-bound for the velocity.

Lemma 3.1 (L%-estimate). Suppose that the assumptions of theorem 2.1 hold and let u* be a
smooth solution of (1.6). Then, forany T > 0,

T
||\/Zu“||im((0,n;wm)+// ilu - TPbdS < [|Vbuol} g (3.1)
0 JaQ

where k > 0 is the curvature of 2.

Proof. We take the inner product of the first equation of (1.6) with bu** and integrate by parts.
Due to the divergence-free condition V - (bu**) = 0, the contribution from the nonlinear term
and the pressure term is zero. The inner product with the dissipative term is

M/ ut -V .- Q2bDu" — bV - u*I)dx
Q

=—u Qu" - Du*n — W" -n)V - u*)bdS
aQ

+2u/ Vuh Du”bdx—uf(v-u“)zbdx.
Q Q

Writingu” = (u*-n)n+(u*-t)t, applying the boundary condition in (1.7) and the basic identity
Vu* : Du* = Du" : Du*, and invoking lemma 2.8, namely D(u*)n -t = —k (u" - T) on 9€2,
we have

d
—/ |u“|2bdx+2M/ Duﬂ:Du“bdx—uf(v-u“)%dx
dr Jq Q Q

+2u/ Kl - 7*bdS = 0, (3.2)
a0
where k is the curvature of d€2 which is nonnegative by assumption. Since
2Du" : Dut — (V- ut)? = (3ub + du)?* + 3yutf — dub)? > 0,
(3.1) then follows from (3.2). The proof of the lemma is then finished.
For the vorticity w* = b~!V x u*, we have the following estimate.

Lemma 3.2 (Estimate of vorticity). Suppose that the assumptions of theorem 2.1 hold and
let u* be a smooth solution of (1.6). Let " = b~'V x u*. Then, for any T > 0,

1 Ca)r*'T
1B 40,710y < (IVDuON% + ol )e €™ T, (3.3)

where C is a constant depending on a, q, T and ||¢|| 2 q)-
Proof. As stated in section 2, @* satisfies (2.1). Taking the inner product of |w*|?~2w"b with

the first equation of (2.1), integrating by parts and using the zero boundary condition for bw",
we have

1d 4(q—1) / .
—Zpiet)l, + L2 V(") ??hd
thll os 7 MQ| (@)2|"bdx

<w +4u

/ |G (", Vur)||wH |9 2wt b dx
Q

/ Vb - Vol o' |17 20" dx| .
Q
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To bound the first term, we first notice from (2.2) that
16G @", Vu")|lLe < lu"llwra.

It then follows from Holder’s inequality that

"

_ —1
/ G, Vur) |92 b dx| < Cullu® llyallo 4"
Q

To bound the last term, we recall that b = ¢ with ¢ € C 2(5) and ¢ > 0. Therefore, for
a>?2,

VB> = lag*~'Vo* < Cp* 7 < Co* = Cb. (3.4)
Thus, by Holder’s and Young’s inequalities,
g C
f Vb - Vo'[|" 10" dx < E/ V(") ’bdx + —Mllw“ll(iq,
Q q q
where C is independent of g. Therefore, we obtain

1d 3g — 4 .
__||b$wﬂ||‘iq+ | < M/ IV (0") 2D dx
q dt q Q

W -1
< 7|Iw"ll‘£q + pllut lwra o175

By the estimates in lemma 2.7,
o llze < IVullre < Cq (1b @™ ||La + |bu| L2).

Thus,

%Hbqla)“”qm + 3qq_ 4“f9 IV ()% 2b dx
< w(CIUIb [l 1a + [1bu']|2)
< (€O (Ib |7, + 1bur]l9,).

Noting that ||bo" ||« < ||b"9w" ||z« and applying lemma 3.1, we have
15 1% w0710y < (INBug L + llplh, e €07,

which is (3.3). The proof of the lemma is complete.

The following lemma provides a bound for IvBVul| 2@xo,7- In addition, its proof is
also useful in proving theorem 2.6.

Lemma 3.3. Suppose that the assumptions of theorem 2.1 hold and let u"* be a smooth solution
of (1.6). Then, forany T > 0,

T T
VDU 1w 0,17y:12000) +M/ VDU (1) ]1720 dfﬂL/ / klu" - T|bdS de
0 0 JoQ

< C(IVbugl gy + llwoll} 2 q))- (3.5)

Proof. Substituting the identity

2Du* : Dut — (V- u")? = |Vul|? + 23 1ub douf — 3yulf druly)
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into (3.2), we obtain

d
d—/ |u“|2bdx+u/ [Vuh>b dx —zuf(alu’;azug — 3yl d,ut )b dx
tJa Q Q

+2uf klu™ - 7|*bdS = 0. (3.6)
aQ
It is easy to check that

J = 2/{2(3114’;8214’; - 81u§82u’1‘)b dx
= / A\ (u/fazug — ugagu’f, ugalu/f — u’falug)b dx
Q
= / V- [y 0uly — ubdoul, uboul — uf 0,u5)bldx
Q

Ha W W o [ TP
—/(ulazuz — Uy Oouy, Uy 01Uy — uy d1uy) - Vb dx.
Q
Writing
Ko Wo W o [ Mo
() Oouy — uy Oou'y, usy 01wy — uy 01Uy )
e I 12 1 2 "
—I/ll(azuz,—811/{2)—142(82141,—811/[1)

and applying the divergence theorem, we have

7= (uit-Vuh —ubt-vul)bds

Elo)
S P T P T P
—/(u182u2 — U5 Opuy , Uy duy — uy diuy) - Vbdx.
Q

Since bu* -n = 0 on 92, we have bu* = (bu* -7)t on dQ. Writing u}'t - Vuh —ubt-Vu} =
—1 - Vu - (uh, —ul), we find

J=- (r-Vu" -n)@" -t)bdS

a0
— /Q(u’fazug — ub dou) , uh dyull — ul duly) - Vbdx.
By lemma 2.8,

J =/ klu* - t|*bdS
Q2

- / (u} 0oub — ubdoul, ub dyu — uydyub) - Vbdx.
Q
Then (3.6) becomes

d
—/ |u“|2bdx+2u/ |Vu”|2bdx+u/ klu* - T)*bdS
dr Jo Q 2

=—u / (uf duly — ubopull, uboyull — ulf0,uy) - Vbdx. (3.7)
Q
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Applying Holder’s inequality and using (3.4), we have

m /Q(ulfazu’; —ubull, ub oyl — ulf o) - Vb dx

1
< 5”/ IVu*bdx + C pllul7.
Q

1
< g / |Vt Pb dx + (b2 (172 + 16" 2uk|172). 3.8)
Q
Combining (3.7) with (3.8), we obtain
d
T / " *bdx + p / IVu b dx < Cu(l|b' o™ |7, + 16" 2ut|17,).
Q Q

Applying (3.3) and the Gronwall inequality, we obtain (3.5) and thus finish the proof of this
lemma.

We are now ready to prove theorem 2.1.

Proof of theorem 2.1. Lete > 0 be a small parameter. We construct the approximate solutions
u*, ") to the nondegenerate viscous lake equations with b = b + €, namely

o usHt +ut . Vust
—w(b)7IV - Qb D) — bV - uSHI) + VpSht =0,
V. (but) =0, 3.9
bus* -n=0, b0 =0 on 0%2,
u*(x,t) l;=0= uo.

Since b€ is nondegenerate, the global existence and uniqueness of such solutions can be
obtained by a similar approach as in [10]. Moreover, u®#* satisfies (3.9) in the sense of
distribution

d
— / ¢ - ustbtdx + 2,u/ Du" : D¢ b€ dx
dr Jo Q
—/,L/ div u®* dive b* dx + / u®* . Vut . ¢ b€ dx
Q Q

+,u/ kW" - P)bedS = / 0:¢ - u"b dx (3.10)
FYe) Q

for any test function ¢ € C([0, T]; Wl (2)) with ¢ - n = 0 on 02. Thanks to lemmas 3.1
and 3.2, we deduce the uniform estimates, for any 7 > 0,

1
IV bu" |l L~ 1:12) + 1(6) 70" || L (0,7;04) < C. (3.11)
By the estimates in lemma 2.7,

lu Nlwra < CUNVDUH || Loogo,7:12)

+[ (D) || Lo0,7:19)) < C. (3.12)

In these inequalities C are constants depending on 7' and g but not on € or . Furthermore,
using (3.10), we can prove that ;4" is uniformly bounded in L>((0, T); H,,] (2)) for some

oc

s > 2. Thus (3.11) and (3.12) yield the compactness of ~/b¢u** in L>(0, T; L? (Q2)) by the

loc
Aubin-Lions lemma. This allows one to pass to the limite — 0in (3.10) (up to a subsequence)
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to get the existence of weak solutions of (1.6)—(1.8). Moreover, the solution u*, w* satisfy
the estimates of (3.11) and (3.12). Using similar estimates of (3.9) and (3), we can prove
uniqueness of the weak solutions and we omit further details. The proof of the theorem is now
finished.

4. Vanishing viscosity limits

This section proves theorem 2.4, and theorem 2.6, the vanishing viscosity limit results. In
addition, a proof of corollary 2.5 is also provided at the end of this section.

Proof of theorem 2.4. According to theorem 2.1 and its proof given in the previous section,
the unique solution u* of the IBVP (1.6)—(1.8) satisfies

Vbu' € C(0,T; LH N L*0, T; H(Q)),
ut € L=(0, T; Wh(Q)), biwht € L0, T: LY(Q))

and, for any test function ¢ € C([0, T); Wl’ﬁ) with ¢ -n = 0on 9%,
T T
/ ¢utbdx +2/L/ / Du" : D¢bdx +u/ / V - utdivgb dx
Q 0 Ja 0 Ja
T T
+//u“~Vu“~¢bdx+u// k" - ¢)bdS
0 Ja 0 Jaq

T
=/u0¢(0, ~)bdx+/ / 0;purbdx dr.
Q 0 Ja

Then there exist a measurable function u°(x, r) and a subsequence, denoted by u***, such that
o —~ yO inws*x—L%0, T; Wh(Q)) N L®(0, T; L*(Q)),
o — @ inwx —L>(0, T; LY()),

as k —> oo. Therefore, for any 1 < r < oo satisfying 1 < 1/r +2/q < 3/2and o € (0, 1)
satisfying 1/r' < 1/g — (1 —a)/2,

ut —s u® in L7(0, T; W' (Q)),

where r’ is the conjugate index of r, 1/r + 1/r' = 1.
In addition, the limiting function u? satisfies the weak form of the inviscid lake equations,
that is,

T T
/¢u0bdx+/ /u‘).wo.¢bdx =/uo¢(0, ~)bdx+/ f 3, pub dx dr.
Q 0 JQ Q 0 JQ

This completes the proof.
We now turn to the proof of theorem 2.6.

Proof of theorem 2.6. The differences v = u* — u® and p = p* — p° formally satisfy
dv+v-Vul +ut - Vo
—ub~'V - 2bDu* — bV -ut) +Vp =0, (4.1)
V. (bv) =0,
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with the boundary condition bv - n = 0. Taking the inner product of (4.1) with bv, integrating
by parts and applying the boundary conditions, we obtain

1d
EEII\/ZUI|%2<Q)+/ v-VuO'vbdx+2u/. KU-Ude+2pL/ D(v) : D(v)bdx
Q 9

Q Q

—/L/(V~v)2bdx = —2u/ xu® - vde—Z;L/ D) : D(v)bdx
Q IQ Q

+ / (V- u®)(V - v)bdx. 4.2)
Q

We remark that (4.2) can be obtained rigorously by using the weak form of the equations. We
then combine the terms

2u/ D(v) : D(v)bdx —,uf(V-v)zbdx
Q Q

and bound them as in the proof of lemma 3.3. More explicitly, as calculations in lemma 3.5,
we write

2M/ D(v) : D(v)bdx —M/(V-v)zbdx
Q Q
= M/ [Vo|?bdx — 2Mf(alvlazv2 — 91v20,v)b dx
Q Q
=u/ |Vv|2bdx—u/ klut - t?bdS
Q Q2

+/L/ (u’f&zu’; — u’ztazu’f, ugalu’f — u’lLE)lug) -Vbdx.
Q
and then bound the last term above as in (3.8), namely

" ‘ /Q (ol — o, b Dyl — Byl - Vb dx

1
< E“/ IVul?bdx + Cu([1b"2u™ |12, + 1Bt |12,)
Q

1
< E“/ IVol?bdx + Cu(Ib"2u®|2, + 16"2u™|12,)
Q

1
# Cn(I' PPl + 1520 1) < 3yt [ (Vo dxs O
Q
where C depend on the initial norms ||b%u0 |2 and ||wgl| L~ only. Since the boundary of 2 is

smooth, there is a constant kg > 0 such that x (x) < ko for any x € 0Q2. Applying Holder’s
inequality and lemma 2.7, we have, forany 7 > Oand t < T,

1d ) 1 )
EEII«/ZU||L2(Q)+EM/Q|VU| bdx+u/a kv-vbdS

a0
/U~VMO’Ubdx
Q

3
+2M||Vu0||L2(Q) (/ |D(v)|*b dx)
Q

1/2
<Cu+ +21(k0) 2 16"l 125 ( f k|v*b dS)
Q2

+ullV 1l g (/ (V)% dx>“. 4.3)
Q
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Applying the bounds ||»'/?u°||;» < C for C independent of 1 and by lemma 2.7,
IVelll 2@ < CIIVE® |l

N

C 16’ I3y + 16u°l12(0)
C?

where C depend on the initial norms ||b%u0 |lz2 and ||wgl| L~ only, we have from (4.3) that

d 0
Ellﬁv||iz(9)+§L|VU|2bdx <2

N

+Cu, (4.4)

v-Vu® - vbdx
Q

where C is independent of u. Since Vu® is not known to be bounded in L>, we follow the
Yudovich approach to deal with the nonlinear term (see, e.g., [3, 20]). For this purpose, we set

= sup — (/ [Vu |pdx)
p>3p

M = [ g + [Jut ]| .
By lemma 2.3, L < oo and by lemma 2.7, M < oco. Now, for § > 0, let
Lus(t) = [VbV|[]2q) + 6.
Applying Holder’s inequality to the nonlinear term in (4.4), we have, for any p > 3,

d
I s < pLMl’ , ,;(t) s +Cu. 4.5)
Optimizing the bound on the right of (4.5) with respect to p > 3 yields

d
51",“3(1‘) < Ce(lnM? —1In Lus@)ls(@)+Cp.

Integrating in time leads to
t
L) < Tps(0) + Cpt + Ce/ p(Iys(0)) dr,
0
where p(x) = x(In M? — Inx). Let

I d 1 d
Q(x):/ Y =/ 2
« Py Jr y(nM*—1Iny)

=1In(In M> — Inx) — Inln M>.

Applying lemma 2.9, we get

—QT,s@)+Q(,50)+Cut) < Ct
where C and C are constants independent of u. Therefore,

—1In(In M> —In T, 5(2)) + In(ln M> — In(T',, 5(0) + Cput)) < Ct
That is,

Fua(0) < M7, 5(0) + )

Letting § — 0, we obtain
e—@t

VB! )OI < € M (Vb = u) OV + )

This completes the proof of theorem 2.6.
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We finally prove corollary 2.5.

Proof of corollary 2.5. Let wy € L*°(R) and let #! and u$ be weak solutions given by lemma

2.3 and theorem 2.4, respectively. Then, the difference
0 _ 0 0
W =u; —uy

satisfies the energy inequality

d T
—f |ﬁ°|2bdx<2/ / |i£|* | Vul|b dx.
dr Jo 0 Ja

A Yudovich-type argument as in the previous proof would lead to #° = 0, or u? = ug. We
have thus completed the proof.
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