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1 Introduction

This work addresses the global regularity issue on solutions of the complex Burgers
and Kortweg—de Vries (KdV)-Burgers equations

U — OUUy + AUy — Vilyy =0, (1.1)

where v > 0 and o > 0 are parameters and u = u(x,t) is a complex-valued func-
tion. Attention will be focused on the spatially periodic solutions, namely x € T =
R/(27), the one-torus, and we supplement (1.1) with given initial data

u(x,0)=up(x), xeT. (1.2)

Our first major result is for the complex Burgers equation ((1.1) with @ = 0), and
it asserts that, for any sufficiently large time T, there exists an explicit smooth ini-
tial data ug such that its corresponding solution blows up at t = 7' (Theorem 2.1).
This result was partially motivated by a recent paper of Pola¢ik and Sverdk (2008), in
which the complex-valued Burgers equation on the whole line was shown to develop
finite-time singularities for compactly supported smooth data. Their proof takes ad-
vantage of the explicit solution formula obtained via the Hopf—Cole transform. By
contrast, the finite-time singular solutions constructed in this paper assume the form

u(x.t) =Yy art)e* (1.3)

k=1

and correspond to the initial data uo(x) = ae™. We emphasize that solutions of the
form (1.3) are locally well posed in the usual Sobolev space H* := H*(T) with a
suitable index s (see Theorem 2.5 for more details). For any 7' > Ty (a fixed number
depending on v only), we obtain a lower bound for |a;(7)| through a careful ob-
servation of the pattern that ay (#)’s exhibit and the finite-time singularity of (1.3) in
L? then follows if we take a in ug to be sufficiently large. This result reveals a fun-
damental difference between the real-valued solutions of the Burgers equation and
their complex counterparts. The diffusion in the case of complex-valued solutions no
longer dissipates the LZ-norm, which can blow up in a finite time. However, if we
know that the L2-norm of a complex-valued solution is bounded, then there would
be no finite-time singularity (Theorem 2.6).

We also explore the conditions under which solutions of (1.1) are global in time. A
simple example of the global solutions of (1.1) corresponds to the initial data ug(x) =
ape™ with |ag| < 1 provided v and « satisfy a suitable condition, say v2+402>9
(see Theorem 3.5). For general initial data of the form

e¢]

uo(x) =Y ape™

k=1

with |agr| < 1, (1.1) possesses a unique local solution (1.3) with ai(¢) given by a
finite sum of terms that can be made explicit through an inductive relation. To show
the convergence of (1.3) for large time, it is necessary to estimate |ax(¢)| and our
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approach is to count the total number of terms that it contains. This counting problem
is closely related to the number of nonnegative integer solutions to the equation

JA2p 43+ ki =k

for a fixed integer k > 0. Using a result by Hardy and Ramanujan (1918), we are able
to establish the global regularity of (1.3) under a mild assumption (see Theorem 3.3).
In addition, ||u(-, )| gs for any s > 0 decays exponentially in ¢ for large ¢.

We remark that the study of complex-valued Burgers and KdV-Burgers equa-
tions can be justified both physically and mathematically. Physically these complex
equations do arise in the modeling of several physical phenomena (Kerszberg 1984;
Levi 1994; Levi and Sanielevici 1996). Mathematically these equations exhibit some
remarkable features and admit solutions with much richer structures than those of
their real-valued ones. In fact, these equations and other complex-valued partial dif-
ferential equations have attracted quite some attention recently. Much effort has been
devoted to the important issue of whether or not their solutions can blow up in a
finite time. Birnir (1987) considered the complex KdV equation and constructed a
family of singular solutions represented by the Weierstrass function. Very recently
Li (2009) obtained simple explicit formulas for finite-time blowup solutions of the
complex KdV equation through a Darboux transform. Bona and Weissler (2001) ad-
dressed the blowup issue for a family of complex-valued nonlinear dispersive equa-
tions. The papers of Wu and Yuan (2005, 2007) and Yuan and Wu (2005) treated
the complex KdV and KdV-Burgers equations as systems of two nonlinearly cou-
pled equations and clarified how the potential singularities of the real part are related
to those of the imaginary part. In addition, extensive numerical experiments were
performed to reveal the blowup structures. Another important example that shows
significant differences between the real-valued and complex-valued solutions is the
Navier-Stokes equations. It remains open as to whether or not classical solutions
of the three-dimensional (3D) incompressible Navier—Stokes equations can develop
finite-time singularities. However, Li and Sinai (2008) recently showed that the com-
plex solutions of the 3D Navier—Stokes equations corresponding to large parame-
ter family of initial data blow up in finite time. Their work motivated the study of
Polagik and Sverdk on the complex-valued solutions of the Burgers equation, as we
mentioned earlier.

The rest of this paper is divided into three sections. The second section focuses
on the complex Burgers equation and presents Theorems 2.1, 2.5, and 2.6. The third
section details the global regularity results concerning the complex KdV-Burgers
equations.

2 Blow Up for the Complex Burgers Equation

This section presents three major results. The first one is a blowup result for the
complex Burgers equation in a periodic domain T = [0, 277 ], namely,

{u,—6uux—vuxx=0, xeT, t>0, @0

u(x,0) =upx), xeT.
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It states that for any sufficiently large T > 0, there exists the initial data u#¢ such that
its corresponding solution u# blows up at r = 7. This solution can be represented by

u(x,t) = Z ap (1)e'** (2.2)
k=1

and the blow up is in the L? sense.

For the sake of completeness of our theory on (2.1), we also present a local ex-
istence and uniqueness result on solutions of the form (2.2) to the complex-valued
KdV-Burgers-type equation

U — 6uny, + (=AY u + oty =0, (2.3)

which reduces to the complex Burgers equation when y = 1 and o = 0. The fractional
Laplacian (—A)Y is defined through a Fourier transform,

(CAYuE) = 1§17 ).

The third result asserts that if the L?-norm of a solution of (2.3) is bounded on [0, T'],
then all higher derivatives are bounded and no singularity is possible on [0, T'].

We divide the rest of this section into two subsections with the first devoted to the
blowup result and the second to the local existence uniqueness.

2.1 Finite-Time Blow Up

Theorem 2.1 For every sufficiently large T > 0, there exists initial data uq of the
form

uo(x) = ae™ (2.4)

such that the corresponding solution u of (2.1) blows up at t = T in the L*-norm,
namely

fu(-, T) ||L2(T) = 00. (2.5)

For any s € R, the homogeneous Sobolev space H*(T) and the inhomogeneous
Sobolev space H*(T) are defined in the standard fashion. In particular, a function of
the form

o0
u(x,t) = Zakeikx
k=1
is in H*(T) if
o0
2 _ 2s 2
e gy = DK lax? < oo,
k=1
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and in H*(T) if
o

luell3gsery = D (14 &%) Jax|* < oo.
k=1

Clearly, L(T) can be identified with H(T).
For ug given by (2.4), the local existence and uniqueness result of the next subsec-
tion asserts that the corresponding solution u can be written as

u(x,t) = Z ap (1)e**

k=1

before it blows up. The idea is to choose large a such that

JuC. T)[32 =Y Jaw@)]* = co.

k=1

We attempt to find an explicit representation for ay (¢). It is easy to verify the follow-
ing iterative formula:

ai(t) =ae™",
. (2.6)
ay () = 3ike "kt / eFT N g @a () dr, k=2,3,....
0 ke Hho=k
To see the pattern in ai(¢), we calculate the first few of them explicitly:
a1 (t) =ae™, 2.7)
ar(t) = —ia* v~ [=3e72" +3e7H], (2.8)
27 9
a3(t) = —a*v™? |:9e3”’ - ?efs‘” + Eeg‘”:|, (2.9

27 9
as(t) = ia4v_3|:—27e_4” + 54e0V — 76_81;; —18e~ 10V 4 Ee—‘ﬁw}, (2.10)

405 405 135 135
Te—7vt + Te—‘)vt Te—llvt _ Te—l3vt

13_56—171)[ + 2_76—251»}

as(t) = a>v™* [81e_5"’ -

8 8

21876—101)1 _ Ee—nvt

ag(t) = —ia%v ™ [—243e—6” +729e78V — T

81 243 243 81
243 —14vt | O~ —18vt _ =7~ —20v¢r _ =72 —26vt | O~ —36vt )
+243e + ¢ g © 20 ¢ + 10°

The following lemma summarizes the pattern exhibited by the ay(¢)’s.
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Lemma 2.2 Foranyt > 0,

ai(t) =abi (1),  ax(t) =ia*ba(t),

(2.11)
a3(t) = —a’b3(1),  as(t) = —ia*bs(t)
and more generally, fork =4n + j withn=0,1,2,...and j =1,2,3,4,
(1) = agny j (1) =/ 1" by (1), (2.12)

where by, j(t) > 0 for any t > 0.

Remark A special consequence of this lemma is that all terms in the summation in
(2.6) have the same sign, and thus,

t
|ax (1) | = 3ke K" / eFT S ag, (0)|ary (1) dr. 2.13)
0 ki+ko=k
Proof of Lemma 2.2 Equation (2.12) can be shown through induction. For n = 0,
(2.12) is just (2.11). By (2.6), a1 (t) = ae™"" and
t
ay (1) = 6ia’e ™! /O eMThi(r)dr =ia’hy (1),

where by (1) = 6e " [ e®*b3 (1) dr > 0. Similarly, a3(r) = —a®b3(r) and as(t) =
—ia*ba(t) for some b3(7) > 0 and ba(¢) > 0.

We now consider the general case. Without loss of generality, we prove (2.12) with
k=4n+ 1. Assume (2.12) is true for all k < 4n + 1. By (2.6),

t
ay(t) = 3ike*"k2t/ ekt Z ar, (v)ag, (r)dr.
0 ki+ky=k
Noticing that ay, (t)ax, (v) with k1 + ko =4n + 1 assumes two forms
A4ny (T)Adn,+1(t)  and  agn,+2(T)a4n,—1(7)

where ny > 0, np > 0 and n| 4+ np, = n, we conclude by the inductive assump-
tions that ay, (t)ax, () must be of the form —iakbkl’k2 () for some positive function
b1k, (t) > 0. Therefore,

ar(t) = aan1 (1) = a*by (1)

with
¢
be(t) = Ske_”kzlf ekt Z bk k,(t)dt >0 forany s > 0.
0 k1+ky=k
This completes the proof of Lemma 2.2. U
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Proof of Theorem 2.1 Without loss of generality, we set v = 1. Assume

o
1 3k 3
0= Z _2 (2.14)
k=2
and choose a such that
A=ae T >1
We prove by induction that
lax(T)| = A¥ fork=1,2,3,... (2.15)

which, in particular, yields (2.5). Obviously, forany 0 <7 < T,
lai@®)| > |a1(T)| =ae™ " =A> 1.

To prove (2.15) for k > 2, we recall (2.13), namely

la(6)] = 3ke / S Jat, (0] |agy ()] .

ki+kr=k

Therefore, for T >t >t = % In3,
! 3
lax ()| = 6e_4’/ efaf(v)dr = §A2(1 —e M) > A%
0
Fork=3,if T>t>n=t+ 2,
t
|las (@) =9e—9’/ e’ 2]ai (1) ||ax(v)| dr
0

t
z9e_9t/ e9r2|a1(r)a2(t)}dr
5]

>2A%(1 —e0712)) > A3,

11n3k 3

More generally, for any >t >t =t_1 + %—3°

5 t
|a (t)| = 3ke™ /0 e (|a1 (0)||ar—1 ()] + |a2(D) a2 ()|
+ -+ |ar—2 (D) |a2 (D) | + |ak—1 (D) ||a1 (7)]) de

t
> 3k [ @) ac 0]+ ax(o) a2 (o)
k—1

+ o+ |ar—2 ()] |a2 (D) | + |ak—1 (1) ||a1 (7)]) de
. 3kk—D

k2 (1 o e—vk2(1—tk,1))Ak > Ak.
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If T > Tj as defined in (2.14), then #; < T for any integer k > 1 and thus
lax(T)| > A*.
This completes the proof of Theorem 2.1. U

We state and prove a few specific properties for ay (¢).

Proposition 2.3 Assume that u is given by (2.4). For each k > 1, ay (t) is of the form

k2
a(t) =) agme ™" (2.16)
m=k

where the complex-valued coefficients oy, satisfy

k2
Z gm=0 fork=>2, (2.17)
m=k
3ik )
G = 15— S0k @hgmy, fork<m<k: (2.18)

ki+ko=k mi+my=m
The indices ki, ko, m| and my in the summation above obey

l<kj<k—1, l<ky<k—1, ki<mi<ki and ka<my<Kkj.

Proof Equation (2.17) is a consequence of the fact that a;(0) = 0 for k > 2. Equa-
tion (2.16) follows from a simple induction. Obviously, a; (t) = ae™"". Fix k and as-
sume that (2.16) is valid for all integers up to k. Then, for k1 > 1, kr > 1, k1 +ky =
k+1, ky <mj <k} and ky <mp < k3,

. —v(k+1)%t
an (@) =3k +1) DY okym Uy mpe Y
k1 +ko=k+1my,m2

t
o / (kD2 (i tma)T g
0

_ Z Z 3i(k + 1)0‘k|,m1ak2,m2 (e—v(m1+m2)t _ e_v(k'H)zt).
v((k 4+ 1)2 = (my +m2))

k1+ky=k+1m1,m2
Since my +my <k} + k3 < (ki + k2)* = (k + 1)?, this proves (2.16) with (2.18). O

Proposition 2.4 Assume that ug is given by (2.4).
(1) Let k > 1 be an integer. Then

3\, k
Olk,kz — a and ak,k+2=—§ak,k; (2.19)
vV
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(2) Let k > 1 be an integer. Then, forn =1,3,5,...,
o ktn =03
(3) Let k > 1 be an integer and let K>m>UK) =k*—2k+2. Then
hm = 0. (2.20)
Proof Letting m| = k1 and m» = kj in (2.18), we find
3ik 3i

Ok k = Z Ok ki Uky ko V(k2 s = vk—1) Z Ok k) OCk—ky k—k; -
k1+ky=k ky+ko=k

A simple induction allows us to obtain the expression for oy ;. To show oy x42 =
—%ak,k, we set m =k + 2 in (2.18) to get

3ik
U ft2 = —5———= (001, 10— 1 k-1 T 02202 |k + Q2 42 k2
v(k2 —k —2)
+ o2 k2004 F 02 k0D 2+ QY 101 k41)- (2.21)

Inserting the inductive assumptions such as

k—1 k=2
Qk—1k+1 = — 5 Ck—1,k—1, Ok—2k = —— 5 Qk—2,k—2, W24 = —022
2 2

in (2.21), we obtain

K2—k-2)| 2

3ik =
Vkt2 = T3 | T, Z Oy ko Qk—ky k—ky + X1 10—1 k—1
ki=1

k K2 —k 3ik 2

T 2Rk —2v(2 k) kZI e
=

3ik

+ mal,lakfl,kfl

k kK —k k=2 k
==k~ =5 <Ok k= — <Ok

QI —k—2 BT g T kT TRk

To show oy x+1 =0, we set m =k + 1 to obtain
3ik

v — kD) (@1 p0n-1k + o200k —2k—1 + -+ or—1.x01,1),

O k+1 =
which can be seen to be zero after inserting the inductive assumptions.

To prove (2.20), it suffices to notice in (2.18) that the second summation is over
mi+my=mwithk; <m; < k12 and k) <mj < k%.Thus,m =mi+mp < k12+k% =
(ky + ko)? — 2kiky < k? —2(k — 1) and o, with U (k) < m < k? is equal to zero.
This completes the proof of Proposition 2.4. U
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2.2 Local Well-Posedness

This subsection establishes the following two major results.

Theorem 2.5 Consider (2.3) with y > % Let s > % Assume ug € H*(T) has the
form

o0
uo(x) = Za()keikx. (2.22)
k=1

Then there exists T = T (||ug|| gs) such that (2.3) with the initial data ug has a unique
solution u € C([0, T); H) N L%([0, T); H’*Y) that assumes the form

u(x.t) =Yy art)e.

k=1

In the case when y > 1, we can actually show that no finite-time singularity is
possible if we know that the L2-norm is bounded a priori. In fact, the following
theorem states that the L?-norm controls all higher-order derivatives.

Theorem 2.6 Let T > 0 and let u be a weak solution of (2.3) with y > 1 on the
time interval [0, T]. If we know a priori that u € L*°([0, T, L2) N Lz([O, T1; HY),
namely,

T
Mo= sup |uC, 0|7 + v/ | A7 u(, 0|3, dr < oo, (2.23)
tel0,T] 0
then, for any integer k > 0,

T
M= sup Hu(k)(-,t)”i2~l—v/ | A7 ()22 di < oo,
tel0,T] 0

where A = (—A)% and u® denotes any partial derivative of order k.
We first prove Theorem 2.5.

Proof of Theorem 2.5 The existence of such a solution follows from the Galerkin
approximation. Let N > 1 and denote by Py the projection on the subspace
{el¥, e?x ... N} Let

N
uN @, = "a) @)e

k=1
where ay (t) satisfies

d . .
aa,iv () =3ik Y ap Oap ) +icka) (1) — vk ap (1),
ky+ky=k
(2.24)

N N _
ak (O) == aOk = d)k-
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Here 1 <kj < N and 1 <k < N. From the theory of ordinary differential equations,
we know that (2.24) has a unique local solution a,ﬁv (¢) on [0, T]. We derive some a
priori bounds for uN(x,1). Clearly, uN (x, t) solves

duY = 6Py (uNquV) + aui\;x —v(=A)u", u (x,0) = Pyuo.

‘We now show that

6y—2

d
P il IR [ e Lel CRO] A P/ (225)

It follows from the equation

d . .

L% O+ kel () —iekal () =3k Y af(Dag (1)
ki+ko=k

that, after omitting the upper index N for notational convenience,

N

d
EZ Ky ()] ——2vZk2(S+y)|a Ol —6Zk2s+lz<ak > aklakz)

k=1 ky+ko=k

where Z denotes the imaginary part. To bound the nonlinear term on the right (de-
noted by J), we first notice that the summation over kj + k> = k is less than twice the
summation over k| + ko = k with k; < kp and 2k, > k. Thus,

N
J=6) K a7 ay, llag,|

k=1 k1+ko=k

N
1 1
<12Y EPal Y (k) ay, lla,).

k=1 k/2<ko<k

Applying Holder’s inequality and Young’s inequality for series, we have

L

B —

- N Qir N 272
7= 12| Sk g Z( > (2k2)s+%|ak1”ak2|):|
Lk=1 d Lk=1 “k/2<kr<k
1IN >N
<12 Zk2s+1|ak|2 Z k%‘y+l|ak2|2:| Z la, |
Lk=1 Lky=1 ki=1
Ir N >
< 122k23+‘|ak| [Z et | ] [Z krzs]
k=1 k=1
< COlaM g I e (2.26)
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Thus, we get
d
s+ 20 ey < COfa Py [V e @2D)

By Holder’s inequality

L 1—L
[0 ey = D™ e 0™ ™
we have
NIF N3y N2 M=
5= €O a7 <ol By, + oM. @28)

Equation (2.27) and (2.28) yield (2.25). With these bounds at our disposal, the exis-
tence of a solution u of the form (2.2) is then obtained as a limit of u®¥ as N — oo.
We now turn to the uniqueness. Assume (2.3) has two solutions u| and u, satisfy-
ing
ui,uz € C([0,T); H*) N L2([0, T); H'Y).

Then their difference w = u — uy satisfies
w; +F V(=AY W+ aWyry = O6WUy + OUL W, .
Applying the same procedure as in the derivation of (2.27), we find that, for s > %,

d 2 2 2
7 1w s +2v[wll%, < CONwlgs (lunll g+ luzll 41)-

The fact that uy, up € L2([0, T); ﬁ“‘?’) with s + ¥ > 1 and an application of Gron-
wall’s inequality yield the uniqueness. This completes the proof of Theorem 2.5.

Proof of Theorem 2.6 We start with the case k = 1. It is easy to verify that

d 2 yoo2

o PR R AN PR (229)
where

I = Zf iy PR () d,

I, = Z/R(u Uxlyy)dx.
Here R denotes the real part. By the Gagliardo—Nirenberg-type equalities,

2
Ul < 2uxllp2 x| 2o

< Cllull Py llus 2, A7 u] 37,
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[I2| < Cllullpoellux |l g2 lluxxll g2
1 3
= C”u”22||”x||22””xx”L2

3 _
< Cllu| 2+yz”ux”z2 “A]ﬂ/””lzyz

where

2y — 1 y—1
and yp=——.
2y +2 y+1

V=
By Young’s inequality,

1
1 + 1+
nl <5 ||A 2, + Co T u) ar N

1— 1-y H—Zyz
1 1
| < —HA )y 4+ Cv TR 57 Yl 57

Inserting these inequalities in (2.29) and integrating with respect to ¢ yields

2 T 1+ 2
sup H“x('»f)HLzJFV/ [ AT ull e
t€[0,T] 0

= = s S =
< CoM f el 57 de -+ CoyMg / ool 757 dr,
0 0

where My is specified in (2.23). By (2.23) and the Gagliardo—Nirenberg-type inequal-
ity
-1 1
luxllz < Cllull 7 | A7 7
we have

T
2y 4
/0 e lP% de < M.

Therefore,

T
sup 0 v [ A ul e
t

4 2+gy71 —8y246y+8

<CwM, 7" sup Jux 0]
t€[0,T]

4y243y—1 —4y2 4343

+CWM, 7 sup |ucCn,, 7. (2.30)
t€[0,T] L

When y > %, 4y? 4+ y — 3 > 0 and consequently

—8y2+6y +8 —4y?+3y +3
_ <2 and ——— < 2.
4y +1 2y
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Equation (2.30) then implies that

T
sup ||ux(~,z>||iz+v/ | A7 w2, dr < My,
t€l0,T] 0

where M is a constant depending on y, v and M alone. L2-bounds for higher-

order derivatives can be obtained through iteration. This completes the proof of The-
orem 2.6. O

3 Global solutions of the complex KdV-Burgers equation

We consider the initial value problem for the complex KdV-Burgers equation

Uy — 6uny, + oty — vy =0, x €T, t>0, 3.0
u(x,0) =uo(x), xeT '
and study the global regularity of its solutions of the form
o0 .
u(x.t) =y art)e. (3.2)

k=1

Here ¢ > 0 and v > 0 and (3.1) includes the complex Burgers and complex KdV
equations as special cases. Two major results are established. Theorem 3.3 presents
a general conditional global regularity result, and Theorem 3.5 asserts the global
regularity of (3.2) for a special case.

Assume the initial data ug is of the form

o
uo(x) =Y ape™ (3.3)
k=1

andisin H® with s > % According to Theorem 2.5, (3.1) has a unique local solution
u e C([0,T); H®) of the form (3.2) for some T > 0. To study the global regularity of
(3.2), we explore the structure of ai(¢) and obtain the following two propositions.

Proposition 3.1 [f (3.2) solves (3.1), then ay(t) can be written as

a®)y= > agpge Pl (34
k<h<k?,k<I<k3

where ay | consists of a finite number of terms of the form

Cla,v, kL, i, ..., joaliall -l (3.5)
with j1, ja, ..., jx being nonnegative integers and satisfying
J1+2j 4+ kjr =k. (3.6)
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Proposition 3.2 Let k > 1 be an integer. Let U (k) = k> — 2k +2 and V (k) = k> —
3k? + 3k. The coefficients ak n,1 in (3.4) have the following properties:

(1) Fork<h<k?andk <l <k,

3ik
ak,h,l = v(k2 “h)— iOé(k3 N Z Z Z Ok hy, i1 %y ho,lo - 3.7

ki+ko=k hy+ha=h1;+1,=l

(2) Forh=k*andl =Kk,

ay 253 = ar(0) — Z Z ak.h,l- (3.8)

k<h<k? k<l<k3
(3) ForU(k) <h <k®>orV(k) <l <k,
ag.png =0. (3.9)

Proof of Proposition 3.1 If (3.2) solves (3.1), then ai (¢) solves the ordinary differen-
tial equation

d . .
T um+ (vk* — il )ag (1) = 3ik Y a, (axy (1) = 0.
ki+ko=k
The equivalent integral form is given by
t
ay (1) = e~ K~k [aOk + 3ik f el N (D)ak, () dr]. (3.10)
0
ki+ko=k

It is easy to show through an inductive process that gy is of the form (3.4). In addition,
for k <h < k? and k <[ < k3, the term in (3.5) with fixed ji, ja, ..., jx satisfying

2+ +kjr=k
can be expressed as

; 2N J1 )2 Jk
Cla,v,k, b1, ji,..., j)agay - a;

3ik
_ Cla, v ki by by my, ...
NS 2 Clovkihhym.my)

mi+ni=j mi+ng=jk
X C(av v, k27 hzs 127 ny, ..., nkz)agl]l-‘rnla(r)nzz-‘rnz cc _a(’)?]l(k"r"k (311)

where the indices satisfy
l <k <k, l <ky <k, ki +ky =k,
ki<shi<ki, k<hi<ky,  hi+h=h,

ki<l <ki, ka<h<k, L+h=I,
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my +ny=ji, my +ny = jo, my +ng = ji

(m, =0 forr>ky and n,=0 forr > k)

my+2my 4 -+ kymy, =k, ni+2ny+ - +kong, = k.
When i = k% and [ = &°,
1 for (j1, j2,..., jx) =(0,0,...,1),
—C(a,v,k,h,l, j1, jo,..., jx) otherwise

3.12)
for some h < k% and [ < k3. To illustrate these formulas, we list ay fork=1,2,3,

C (e, v,k,kz,k3,j1,j2,...,jk)={

ar(t) = agre” N,
6i 2 —(Qv—2ai 6i 2 |\ —(dv—8i
@) =5~ ane T an = S [T
3
a3 (1) = 1084z, (—3v+3ai)
(2v — 6ai) (6v — 24ari)
18iagiapy 10843, RIS
4v—18ai  (2v — 6ai)(4v — 18ai)
N 18iaga 1084, 1084,
aps — —
BT 40 " 18ai | (2v — 6ai)(dv — 18ai)  (2v — 6ari) (6v — 24ari)
5 e(—9v+2Tai) O

Proof of Proposition 3.2 Equation (3.7) follows from a simple induction. Equa-
tion (3.8) is obtained by setting + = 0 in (3.4). To show (3.9), we notice that the
second summation in (3.7) is over h1 + hy = h with k; < h; < k% and ky < hp < k%
while the third summation is over /| + I, =1 with ky <y <k and k» <l < k3.
Thus,

h=hy+hy <k} +k3 =k> —2kiky <k*> —=2(k — 1) = U (k),
I=11+h <k +k =k>—3kkiky < k> = 3k(k — 1) = V (k).

That means that ay ,; = 0if U(k) <h <k*>and V (k) <1 < k°. O

Theorem 3.3 Consider (3.1) with v > 0. Assume ug € H*(T) with s > % can be
represented in the form (3.3) with

laokl <1, k=1,2,... (3.13)
If we have the uniform bound
|C(, v,k b1y, )] < Coler, v) (3.14)

forallk>1,k<h<k> k<l<k>and (ji, ja, ..., jx) satisfying (3.6), then (3.1)
has a unique global solution u given by (3.2). In addition, for any s > 0, there are
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To > 0 and § > O such that for any t > Ty,

C@.v.5) s

i (3.15)

JuC. O <
where C is a constant depending on o, v and s only.

We remark that the assumption in (3.14) can be verified for the case when ag; > 0
and agy = ag3 = --- = 0. We assume that v and « satisfy v2 + 9¢2 > 36 and show by
induction that

|Cla, vk, b1, iy, )| < 1

Since agy = agz = - - - = 0, these coefficients are nonzero only if j; =k and jo, = j3 =
--=jr=0.Forany k <h < k?and k <l < k3, we have, according to (3.11),

|Clo, v,k oL i, i)
3ik
<
~vk? —h) —ia(k3 —1)

Z }C(a, v,kl,hl,ll,ml,...,mkl)|

mi+n1=ji

X ‘C(O(, v,kz,hz,lz,n1,...,nk2)|.

For j; =k, the number of terms in the summation m| + n1 = jj is at most k. By the
inductive assumption,

3k?
V22— )2 +a2(k3 —1)2

|Cla, v,k b1y, i) <

Applying (3.9), h < U(k) = k> — 2k +2 and [ < V (k) = k> — 3k?> 4 3k and thus
|C(at, v, k,h,l, j1,...,jk)] <1 by taking into account the assumption on v and «.
When h = k? and [ = k3, the boundedness of the coefficient follows from (3.12).

The proof of Theorem 3.3 involves a very classical problem in number theory,
namely the number of integer solutions (1, j2, ..., jk) to the equation defined in (3.6)
for a given positive integer k. This problem is not as simple as it may look. An upper
bound and an asymptotic approximation for the number of nonnegative solutions are
given by Hardy and Ramanujan (1918), as stated in the following lemma.

Lemma 3.4 Let k > 0 be an integer and let Ny denote the number of nonnegative
solutions to the equation

Jit2p+ - tkjk=k.
Then, for some constant C1,

C
Ni < 7162«/@.

In addition, Ny has the following asymptotic behavior:

2
3, ask— oo.

N ~

1
c
4/3k
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Proof of Theorem 3.3 Applying (3.13) and (3.14), we obtain the following bound for
ak.p,1 in (3.4):

C
lak.n.1| < Colar, V)Ni < fezm’

where C, = CyC and we have used Lemma 3.4. Therefore,

|ar(t)| < Z Z lag,pile™M

k<h<k? k<I<k3

—vkt
<G - 1)V S (3.16)

1—e vt

For any fixed ¢ > 0, we can choose K = K(v) and 0 < M = M (v) < 1 such that

|ar ()| < #Mk fork > K.

— e—\)l

Therefore, u represented by (3.2) converges for any ¢ > 0. In addition, u(-,t) € H®
for any s > 0. To see the exponential decay of ||u(-, )| ys for large time, we choose
To = To(v, s) such that for any t > Ty and k > 1

—S8vkt

(18 Jauo)* = oMt ——.

where M| > 0 and § > 0 are some constants. This bound then implies (3.15). This
completes the proof of Theorem 3.3.

We finally present a direct proof of the fact that (3.2) is global in time for the
special case agy = agz =---=0. O

Theorem 3.5 Consider (3.1) with v and « satisfying v> + 4a®> > 9. If
uo(x) = agie™  with lag1| < 1,

then (3.1) has a unique global solution, which can be represented by (3.2). In addi-
tion, for any s > 0, u(-,t) € H® forall t > 0.

Proof We prove by induction that, for any # > 0,
lax®)| < laot*, k=1,2,.... (3.17)

Obviously, |a;(¢)| < |ag1|. To prove (3.17) for k > 2, we recall (3.10), namely

1
ak(t)=3ike_(”k2_“’k3)tf WK —aikh)e Z ag, (T)ag, (t) dr.
0 e +hy=k

Since v2 + 402 > 9, we have

2 —(4v—8ai 2
lao |*(1 — e~ @=8401) < |gqy|

|612(t)| =< ‘m
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and more generally,

3(k—1)

2 1.3
p k2 |a01 |k(1 _ e—(l)k —aik )l‘)
VK — 1

k
<lao1l".

|a (1) 5‘

It is then clear that (3.2) converges in H* with s > 0O for any ¢ > 0. This completes
the proof of Theorem 3.5. O

4 Conclusion

Complex-valued partial differential equations admit solutions with much richer struc-
tures than those of their real-valued counterparts and have recently attracted the inter-
ests of many researchers. This work investigates potential finite-time singularities in
solutions of complex-valued Burgers and KdV-Burgers equations. One of our main
results is the construction of a finite-time singular solution of the complex Burgers
equation. An explicit and entire initial condition, periodic in space, is considered and
its corresponding solution is shown to blow up in finite time. The initial datum has
only one mode but all higher modes come into play because of nonlinearity, and the
wave amplitude approaches infinity at a finite time 7. We also studied the complex
KdV-Burgers equation to pinpoint conditions on the initial Fourier modes so that
the corresponding solution remains regular for all time under the interaction among
nonlinearity, dispersion, and dissipation.

The study presented in this work is also motivated by the physical applications of
these complex-valued equations. These equations arise in various contexts as model-
ing equations, and the singular behavior of their solutions bears important physical
implications. The complex Burgers equation is a governing equation in studying the
formation of facets and edges in the limit shapes of interfaces such as crystal surfaces,
and the singularity of its solutions corresponds to singular shapes in the interfaces
such as cusps (Kenyon and Okounkov 2007). It also serves as a standard quadratic
flux model for the real Burgers shock (Liu and Zumbrun 1995). The complex KdV
equation with higher-order correction terms models diffusion-controlled directional
crystal growth (Kerszberg 1984; Wu and Yuan 2005), and the stationary complex
KdV equation models small perturbations about a reference velocity in an irrotational
flow (Levi 1994; Levi and Sanielevici 1996). The complex KdV-Burgers equation
describes propagation of nonlinear waves and solitons in media with a viscous-type
dissipation.
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