SIAM J. MATH. ANAL. (© 2005 Society for Industrial and Applied Mathematics
Vol. 36, No. 3, pp. 1014-1030

GLOBAL SOLUTIONS OF THE 2D DISSIPATIVE
QUASI-GEOSTROPHIC EQUATION IN BESOV SPACES*
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Abstract. The two-dimensional (2D) quasi-geostrophic (QG) equation is a 2D model of the

3D incompressible Euler equations, and its dissipative version includes an extra term bearing the

operator (—A)® with a € [0,1]. Existing research appears to indicate the criticality of o = % in

the sense that the issue of global existence for the 2D dissipative QG equation becomes extremely
difficult when o < % It is shown here that for any a < % the 2D dissipative QG equation with
an initial datum in the Besov space Bj _ or By (p > 2) possesses a unique global solution if the

norm of the datum in these spaces is comparable to k, the diffusion coefficient. Since the Sobolev

space H" is embedded in Bj __, a special consequence is the global existence of small data solutions

in H" for any r > 2 — 2a.
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1. Introduction. This paper is concerned with global existence results for the
two-dimensional (2D) dissipative quasi-geostrophic (QG) equation

0l +u-VO+ k(—A)*0 =0,

(1.1) 1
u=(up,uz) = Vi, (=A)2ep =46

supplemented with the initial condition
(1.2) 0(x,0) = Og(x).

In (1.1), z € R%, ¢t > 0, k > 0 is the diffusion coefficient and « € [0, 1] is a parameter,
6 = 0O(x,t) is a scalar representing the temperature, u is the velocity field, and 1
is the usual stream function. Besides its geophysical applications [11], [12], the 2D
dissipative QG equation serves as a 2D model of the 3D Navier—Stokes equations and
has recently been extensively investigated (see [1], [2], [3], [5], [6], [7], [8], [9], [10],
[13], [14], [15], [16]).

Prior work on the issue of global existence concerning the 2D dissipative QG
equation (1.1) appears to indicate that o = % is a critical index. In the subcritical
case, namely, a > %, solutions at several regularity levels, including solutions in the
classical sense, have been shown to be global in time [7], [13], [16]. The theory of global
existence and regularity for this case is thus in a satisfactory state. In the critical
case a = %, classical solutions are known to be global if their initial L°°-norms are
comparable to  [6]. For initial data of arbitrary size, the global existence of classical
solutions has not been established. It is hoped that the resolution of this problem will
shed light on the millennium prize problem on the 3D Navier—Stokes equations. The
supercritical case a < % seems even harder to deal with, and work on this case has

just started to appear. For a < %, Chae and Lee [3] established a global existence
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result under the assumption that 6y is small in the Besov space 32 2> In a recent
work [9], A Cérdoba and D. Cérdoba obtained for any a € [0, 1] a local existence
result for 6y € H® with s+ «a > 2 and a global result for small 6y in H®* with s > 2 or
in H3/2 in the case of o = %

This paper is devoted to establishing global existence results for (1.1) with 6y in
the Besov space Bj o or in B, with p > 2. For any o < 2 and 0y € Bj ., with
r > 2 — 2a, we prove that the 2D QG equation (1.1) has a unique global solution
provided that the norm of 6y in Bj  is comparable to k. Because of the embeddings
B3, — H" — Bj ., a special consequence is the global existence result for small
data in By ; or H" with r > 2 — 2a. We defer the precise statement and many more
details to section 3.

The situation for 6y € By ., with p > 2 is more sophisticated and the major
difficulty lies in how to obtain suitable lower bounds for terms generated from the
dissipative part. Thanks to the LP-decay estimate of A. Cérdoba and D. Cérdoba [9],
we are able to establish a global existence result for solutions in the Besov space B, .,
with 7 > 1+ 2. Appropriate smallness conditions are imposed on the initial datum
0o here. This is accomplished in section 4, which consists of two subsections. The
first subsection provides an a priori bound and the second proves the global existence
result.

2. Preliminaries. This section provides a precise characterization of the Besov
space B}, , through the Littlewood-Paley decomposition and gathers several important
estimates involving By ... First, we recall two commutator estimates established in
a previous work [17]. Then follows the tame estimate for the usual product of two
functions. Finally, a logarithmic bound for the L°°-norm of a function in terms of
its norms in Besov spaces is stated and proven. We shall also reproduce here the
LP-decay estimate of A. Cérdoba and D. Cérdoba for the dissipative QG equation [9)].

We start with a dyadic decomposition of R%, where d > 0 is an integer. It is a
classical result that there exist two radial functions x € C§°(R9) and ¢ € C5°(R?\{0})
satisfying

supp x C {£: 1€ <4/3}, supp ¢ C {£:3/4 < |£] < 8/3},

O+ 62778 =1 forall &R

j=>0

For the purpose of isolating different Fourier frequencies, define the operators A; for
i € Z as follows:

0 ifi < -2,
(2.1) A= q x(D)u= [ h(y)u(z - y)dy if i = —1,
P27 D)u = 2" [ g(2'y)u(x —y)dy  ifi>0,

where h = xV and g = ¢V are the inverse Fourier transforms of x and ¢, respectively.
We note that A; in (2.1) can be defined in other ways. For example, by further
requiring x(§) =1 for |¢| < % and writing

g(z) = 27h(2z) — h(z), g;(z) = 2Vg(2'2),

one can define A_; = h* and A; = g;* for j > 0.
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For i € Z, S; is the sum of A; with j <i—1, ie.,

Siu=A_ju+Agu+ANu+---+A_ju= h(2y)u(x — y)dy.
Rd
It can be shown for any tempered distribution f that S;f — f in the distributional
sense, as ¢ — 0Q.
For any r € R and p, ¢ € [1, o], the Besov space By, , consists of all tempered dis-
tributions f such that the sequence {277 ||A; f||L» } jez belongs to L4(Z). In particular,

By « contains any function f satisfying

(2.2) Hf”B;;,oo = sup QjTHAijLp < 00.
JEZ

It is easy to check that By ., endowed with the norm (2.2) is a Banach space.

The following version of Bernstein’s lemma can be found in [4].

LEMMA 2.1 (Bernstein’s lemma). Let d > 0 be an integer and Ry > Ry > 0 be
two real numbers. If p € [1,00] and suppf C {€ € RY: R12 < |€] < Ry27}, then

C™27%|| fll Lo (ray < max 10% Fll Lo ray < C27%| 1l 1o (may,
where C' > 0 is a constant depending on k, R1, and Ry only.
We now recall two commutator estimates previously established in [17].
PROPOSITION 2.2. Let j > —1 be an integer, let r € R, and let p € [1,00]. Then,

23) [l V.50l < €279 (V6] e lull sy + [Vulle10]15; )
where C is a pure constant and the brackets [, | represent the commutator, namely,
[u-V,A;]0 =u-V(A;0) — Aj(u-V0).

Inequality (2.3) is suitable for situations when w and 6 are equally regular. If
V6 is not known to be bounded in L*°, then (2.3) fails. The following proposition
provides a new estimate which needs no information about V6. As a trade-off, u is
required to be in B;)‘Eé. The importance of this estimate will be seen in the proofs of
Theorems 3.1 and 4.1.

PROPOSITION 2.3. Let j > —1, let r € R, and let p € [1,00]. Then, for some
pure constant C,

(2.4) -V, 85]0llze < C2777 (I[Vull g 10]5; . + 10z lull gr1).-

Estimates for the product uv of two functions u and v are handy in dealing with
the quadratic nonlinear term in many partial differential equations. In the context of
Besov spaces, we have the following estimate.

PROPOSITION 2.4. Let r > 0 be a real number and let p € [1,00]. Then

luvllsy ., < C(lulle Ivlls; ., + llulls; ., [vllz),

where C' is constant depending on r and p only.

In the course of establishing existence results for the QG equation, very often we
need to bound the L*-norm of a function in terms of its norm in B}, ... The following
logarithmic estimate is very helpful.
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PROPOSITION 2.5. Let p € [1,00], let r. = :%, and let r > %. Then there exists a
constant C' depending on p and r only such that

||f|B;m<Rd>>

(2.5) £l o ray < Cllfll Bye. maylogs | €+
1f1l e (re)
which, in particular, implies

(2.6) Il Lo ey < Cl f]

Proof. According to the definition of A;’s in (2.1), AyA; =0 if |k — j| > 2. For
J=0,

12 fllze < > NARA fllz= = D 112%9(2%) * (A0~

By (R4)-

[k—j|<1 |k—j|<1

1
< D0 MMzl A e = Y0 2% glne Az,
[k—jl<1 |k—j]<1

where g is the conjugate of p, or 1/p+1/q = 1. Thus,
14 fllzee < C 27 | A; f| o

for a pure constant C'. A similar estimate for the case j = —1 leads to the same
bound. Using this bound, we have

N-1
Il < D0 N8 flloe = D 1A fllee + D 145 f o=

j=—1 Jj=-1 Jj=N
< CWN+flgge, +C I flsy,, Y2770
Jj=2N
27N(7‘7rc)

=CWN+ D[ fllpr. + Cm 1fllBy .-

The desired inequality (2.5) is then obtained by letting

1 ||f|B;’x]

log
r—re ||fHB;foc

N=1+

Inequality (2.6) is true because of (2.5) and the fact that z — zlog,(e + M/x) with a
fixed constant M is an increasing function for x > 0. This completes the proof. 0

As seen in (1.1) of the introduction, the components of the velocity field u are
Riesz transforms of 6, namely,

u=TR"6) = (—R2(0), R1(6)),

where Ry = 0., A" for k = 1,2 and A = (~A)Y/2. Tt is a classical result in the
Calderon—Zygmund theory that for any p € (1,00) and r € R

(2.7) iz . < Cl6llm;

where C' is a constant depending only on p and r.
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Finally, we recall the LP-decay result of A. Cérdoba and D. Cérdoba. In a recent
work [9], A. Cérdoba and D. Cérdoba skillfully proved a pointwise inequality involving
the operator A?® with o € [0,1] and then derived the LP-decay result as a special
consequence.

PROPOSITION 2.6. Let o € [0,1] and let 0 € S, the Schwartz class. Then,

20 A20(z) > A2 02(z)

for any x € R2.

The estimate in the following proposition is slightly different from the correspond-
ing LP-decay result derived in [9)].

PROPOSITION 2.7. Let p = 2F for an integer k > 1. If  solves (1.1) with
an initial data 89 € LP, then the LP-norm of 6 decays algebraically in time. More
precisely,

Ol e
16 1)]10 < il -
(1+ £Cpytl|0oll 27 11601175) ™™

where v = ﬁ and C}, is a constant depending on p and o only.
3. Global existence in B We shall assume in this section that 6 is in the

2,00°
Besov space Bj .. Consider the solution of the 2D dissipative QG equation

(3.1) 00 +u-VO+rA0=0, u=RH)

with 6(x,0) = 0(x). Assuming r > 2 — 2«, our major result states that (3.1) has a
unique global solution if the norm of 6y in Bj  is comparable to .

THEOREM 3.1. Let k >0 and let 0 < a < % Assume the initial datum 0y is in
the Besov space Bj ., with v > 2 — 2a. There exists a constant Co depending on o
and r only such that if

(3.2) [16ollB; . < Cok,

then the 2D dissipative QG equation (3.1) with 6(x,0) = Op(x) has a unique global
solution 0 satisfying

6 € L>([0,00); B o) N L*([0, 00); By 52*) N Lip([0,00); By 2¢) N C([0, 00); B3 )
forany 6 € [r —1,7), and
16, )]

Remark. Because of the embeddings

By < Cyk  foranyt > 0.

S S S
B2,1 — Hj — Bz,ooa

this theorem also implies that (3.1) has global solutions for small data in BS; or H*
with any s > 2 — 2a.
Before proving Theorem 3.1, we first establish an a priori estimate.
PROPOSITION 3.2. Assume that 0 solves the 2D dissipative QG equation (3.1)
with k >0 and 0 < a<1. Letr € R and let s > 2. Then

d
(3-3) i 10lls; . + Cra]fll gyrze < C2|16]

By NOls;

where Cy and Coy are constants depending on r only.
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If r > 2 — 2a, we can choose s = r + 2a. Then, (3.3) reduces to

d
Fil0llss .+ Cralfllppeze < Co [0l prrza OBy -
This inequality bears two consequences, which we state as a corollary.

COROLLARY 3.3. Assume that 6 solves the 2D dissipative QG equation (3.1) with
k>0and 0 < a<1. Letr > 2 —2a be a real number. There exists a constant Cy
depending on « and r only such that if

[6ollB; . < Cok,
then, for any t > 0,

10C. DBy . < l16oll; . < Cok.

In addition, 6 also satisfies the inequality

t t
166 Olls5,. + Cu [ 16,7 gpszedr < 6ol exp (02 / ||9(.,T)||B,,.+m) .
0 o ’ 0 200
Proof of Proposition 3.2. Let j > —1. Applying A; to (3.1), we obtain
8tAj9 —+ u - VAJQ + Iﬁ]A2aAj9 = [’LL . V, AJ]Q

Multiplying both sides by 2A ;0 and integrating over R? yields
L ETNPILY A“A;0Pde =2 [ A0 Ajlod
7 | 185617de + 26 [ [A%A;6]°dz =2 [ A0[u-V,Asl0 dx.

Applying Lemma 2.1 to the dissipative term and Hélder’s inequality to the right-hand
side, we find that

d i
1850112 + Cr22[[4;6] 12 < l[w- V7, A510] 12
In the above inequality, we have used the fact that Lemma 2.1 is valid for fractional

derivatives when p = 2. For any r € R, Proposition 2.2 applied to the term on the
right-hand side yields

d
(34) = 10lls; _ +Crlbl a0 < C(IVullzw [0]l55 _ + 90z llull5; ).

Furthermore, Proposition 2.5 applied to Vu and V@ asserts that for any s > 2,

Vul[pe < Cllul

. VO]~ < Cl6)

S .
B3

Inserting these estimates in (3.4) and noticing (2.7), we obtain

d
i 10lls; . + Crallfllpyree < Co|lbll5; NOls; . O
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Proof of Theorem 3.1. We start with a successive approximation sequence {6}
satisfying
9(1) - 52905
D0 D) () g tl) g A2eg(ntD) —
u™ = RE(6M),
0 (2,0) = 65"V (2) = Spui26p.

The rest of the proof is divided into two major parts. The first part establishes that
{6} is bounded uniformly in L>°([0, 00); Bj ). The second part verifies that {6
is a Cauchy sequence in L*([0, 00); Bg;i)
Noticing that r > 2 — 2a, we proceed as in the proof of Proposition 3.2 to obtain
d e(nJrl) C 9(n+1)
S0 [y -+ Crmf0 D] e
< C(IIVu™ [z 107V By _ + V0TV 055 )
< C (I pgrze 107V g _ + 10 | proe [0 ll5g, )

(3.5) < o (10 gysze 6V llg  + 16D ppize 167 ]15..).

where C7 and Cy are constants with dependence on « and r only. Now, we choose
Cy < C1/(4C%). Further restrictions will be imposed on Cj in the second part. We
show that if

16ollB; . < Cor,

then for any integer n and any t > 0,

(3.6) sup [0 (-, 7)lls; . +cm/ 160, 7|l pyt2edr < 20 k.
T€[0,t]

We proceed by induction. If (3.6) holds for n = k, namely,

169,055 +01~/ 109 ¢, )| pys2edr < 2Co s,

then, according to (3.5),

t
sup [0V (7)1 +Om/ [0FHD (1) | ppzedr
7€[0,t] 0 ,00

<168V gy +Co sup 16F+ 7)1y ||9<’f>

B7+2a dr

TE
#Co s (09, [ 100
7€[0,t]

Br+2ud7-

2CC
b+ sup 04T, )
’ 1 7€[0,¢]

< 60|

-
B3 o

t
+20,Chn / 164D (1) g 20
0 ,00
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Since 2CCo < %C&, the inequality above becomes

t
up 16407l + o / [0%HD (1) | gyzedr < 2[60ll 35 . < 2Cor.
T€|0, ’

Thus, (3.6) is verified. This completes the first part of the proof.
Next, we consider the difference

P+ — gint) _ gn)

The sequence {n(™} satisfies

nM = Sa00 — 6o,

atn(n+1) + u(n) . VT](n+1) + /{Azan(n+1) — w(n) . ve(n),
w® = RE(ym),

" (2,0) = 0§V (@) = Aniabo.

Starting with the equation for ("1 and proceeding as above, we are led to the
following inequality:

d

2 p(nt1)
pri A

(3.7) < 20709 [u™ 7, A Y e ™) - w0

sy + Cusllg™ )|

r—142a
B2,oo

By L
Applying Propositions 2.3 and 2.5 to the first term on the right leads to
2("’*1)3'” [u(n) -V, Aj}n("“) 22
< C(Ivul™ |z ™Dl gg-s + 0D Lo [u™ |55 )
w™ ||B;’m)

<C (||9(n)||3;;§” ||77(n+1)\|3;; + ||77(n+1)|\3;;i+20 Hg(n)HB;m)-

<C (HU(H)HBQEQ ||77(n+1)||35;c1 + ||77(n+1)HB;‘;01+2Q

Since a < %,

Consequently,

r—1>1—2a > 0 and the same estimate in Proposition 2.4 applies.

™ - T s < O™ e [ VO -1+ 0™ g1 [ T8 1)
< O™ gy |0 + o™ 16 i)

< (1™ g2 015 + 10" g1 10| gy 520)-

Inserting these estimates in (3.7) yields

d
Ty ||77(n+1) HB;; + C1I€||77(n+1) ||B;;+2a

dt
< O3 (10 pyrze 17+ s + ™ s |00 ;)

+ Cs (I gy-142e 10155 _ + 1™ | gy 110 | 20 ).
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Integrating over [0, t], we obtain

t
OVl +Cus [ ")

sup ||

r—1+2c dr
B2,oo
T€[0,t]

t
n+1 n n n
< Jlog™ )||B;;+cg< sup [|n" V] g1+ sup ™|l ;- )/ 107 gy s2e

T7€[0,t] T€[0,t]

t
(3.8) + Cs sup [0 / (||n<n>\|B;71+2g+|\n<n+1>||Br,1+za)dT.
; 2

T€[0,t] 2,00

We now show by induction that for any ¢ > 0,

t
(39) sup ||77(")(.,7—)||Br71 + Cll{/ |‘17(")(.,T)||Br71+2a dr < ||00HB£M 2*(“*3).
7€[0,t] 200 0 2,00 ’

First, we notice that
+1 _
196" 52 = 1 Ans160ll pg1 < 6ol 27
Now, we require that Cy further satisfy
2C,C3/Cy < 1/4.

According to (3.6), we have the uniform bounds

t
Cs sup [07(,7)|| 35 < 2CoCsr, Cy / 16 (-, 7) | 20 dr < 2CoCs/Ch.
T€[0,t] ’ 0 e

If (3.9) is satisfied by n = k, then it follows from (3.8) that

3
1 (Trg[aog] I (1)l - 1+Cw/ I+ (1) g2 dT)
1
< ol 2% + § (e I+ Cun [ Iy o)

< 3”90”3;00 27k,

Thus, (3.9) is true for n = k+1. In other words, {n(™} = {#(") —9(»~1} is a Cauchy
sequence in L* ([0, co); Bg;)
Therefore, there exists a 6 € L*°([0,00); Bj ) N L'([0, 00); B;:gga) such that

0" — 0 in L*([0,00); By .0) N L'([0,00); By .0 T2).
Furthermore, for 0 < a < %,
1000 (Ol g2 < ™D VO (1) s + K[ A0 (1) -
< G0 (D)l g6, D)l gy + A1, 1) 3
< C3(Cor)? + Cor? = (C3Cy + 1)Cor?.



THE 2D DISSIPATIVE QUASI-GEOSTROPHIC EQUATION 1023

Therefore, § € Lip([0, c0); Bg;) Another consequence is 6 € C([0,00); B ) for any
6 € [r—1,r). Finally, the a priori estimates in Proposition 3.2 and Corollary 3.3 allow
us to conclude that

16C. D)l By . < Cok.

This completes the proof. 0

4. Global existence in B ., with p > 2. Attention is now turned to the 2D

dissipative QG equation

(o ]

(4.1) 010 +u - VO + KkA**0 =0

with 0(z,0) = 6p(z) in the Besov space By, ... We have the following theorem.

THEOREM 4.1. Let k > 0 and let 0 < a < % Consider the solution of the
dissipative QG equation (4.1) corresponding to 0y € B3 «NB}, o withp = 2N(N > 1).
Assume that

r>1+ % and ||90||B§ < Cok Zf (1 — 2a)p <2,
2 =
( r>2=2a, |[6o|By_ < Cok, and |0o||lp; . < Cor if (1 —2a)p> 2,

where Cy is a suitably chosen constant with dependence on «,r, and p only. Then the
2D QG equation (4.1) has a unique global solution 0 satisfying

0 € L([0,00); B}, o) N L'([0,00); ByE2*) N Lip([0, 00); By 23) N C([0, 00); By o)
forany 6 € [r—1,r), and

160G, 8l 5y

p,o0

< max{||6o 5, _, Cor}

for any t > 0 and some constant Co depending on a,r, and p only.

The rest of this section revolves around the proof of Theorem 4.1 and is divided
into two subsections. The first subsection presents an a priori estimate and the second
subsection proves Theorem 4.1.

4.1. An a priori bound. We state and prove a global a priori bound.

PROPOSITION 4.2. Assume that 0 solves the 2D dissipative QG equation (4.1)
with £ > 0 and 0 < a < 1. Letr € R, let p = 2V for an integer N > 1, and let
s>1+ %. Then

d _ 1+ _
(4.3) 2 10lls; .+ Cap LR l01EE T 16155 < Csllels; . 10ls; .
where 3 = 1%’ and Cy and C5 are constants with possible dependence on o and p
only.

Remark. The case p = 2 is excluded here since this case has been dealt with in
the previous section. The assumption p = 2%V is made in order to use Proposition 2.7.

Proof of Proposition 4.2. Applying A; to (4.1), multiplying by p|A;0[P~2A;0,
and integrating over R2, we obtain

d
(4.4) A0, + T =TT,
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where I and I1 represent the terms

I=nrp / 18,0172 (A;0)A** A6 do,

11 =p [ 18,0072(2,0)lu- V.4, 0d.

To estimate 11, we first apply Holder’s inequality and then Proposition 2.2 to obtain

111} < p )| 25007 " llu- V. A58 o
<8005 277 (IVull=ll6lls; .. + IVl llull5; .)]-

For s > 1+ %, Proposition 2.5 asserts that

VOl < Cll0llB; ., Vullee < Cllulls; , < Cll0]l5; .-
Therefore, for some constant C,
(4.5) (1] < Cp279 18,007 1013y 191135

To obtain a lower bound for I, we use Proposition 2.6 and a basic embedding inequal-
ity,

IZCH/

where the assumption p
inequality

p 2 D 1-a
A (1a600%)[ de = Cr </ |Aj9|1adx> = CrlAMI .

= 2V is used in the first inequality. Applying the interpolation

2a p—2
172 < CIANEE IA17E
with f = A0, we finally obtain the lower bound
(4.6) 1= CrlIA0)L7 18,6] 7,

where we have set § = ;TO‘Q. Combining (4.4), (4.5), and (4.6) yields

d o _
1615y .+ Cp 27 A7 46112 < C (1]l s5, . 116]

Bs
or, equivalently,
d _ 1+ _
0l +Cp7h e 16157 101557 < Clols; . N0ls; ... O
We now explore several consequences of Proposition 4.2. If (1 — 2a)p < 2, then

2004+ 2/p > 1 or fp > 1. In addition, » > 1 + 2/p implies r > 2 — 2a.. It thus follows
from Corollary 3.3 that [|6o[|p; _ < Cor implies

16C, %]

By < Cor
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for all ¢ > 0. Consequently, (4.3) can be reduced to

d - -1 o1-
a7 ol < CslolE,  (1- G5 CatpCy”) ™ 177 0]

Bp—1
B )
For 8p > 1, (4.7) indicates that

10(-, )|l 5 decreases as a function of ¢ for a big initial norm [|6o| 5y _,

106, )l increases up to (Ca/(pC5 C§¥)) 7 & for small ||| _
In other words,
_1
10C,0)lm; . < max {|I6olls; . (Ca/(pCs CE)) 7 s}

For Bp = 1 and Co < C4/(pC5), (4.7) indicates that [|0(-,¢)||p; _ is a decreasing
function of ¢ and thus '

16C, )iy .. < 160l

r
BP:OO

for any t > 0.
If (1 —2a)p > 2, then 1+ fp < 2 and r > 2 — 2« implies that » > 1+ %. In this
case, (4.3) becomes

d _ 11—
6y < 1615 (Cl015;"7 — s (p O~ w177).
If 6, satisfies

(4.8) 160l 5 . < (C4/(pC5 CyP)) ™7 k,

then [|6(-, )]

Br decreases as a function of ¢ and thus
16C-0)llB . < ll6ollsy .

for any t > 0.

In summary, we have established the following corollary.

COROLLARY 4.3. Let k > 0 and let 0 < a < 1. Assume that 6 solves the 2D
dissipative QG equation (4.1) corresponding to 0y in By . ,NB}, . withp = 2N (N > 1).
If r and 0y satisfy (4.2), then we have the global bounds

16C,O)ls; . < Cor and ||0(. )|, <max{[|6o]s; . Cor}

for some constant Cy depending on a,r, and p only.

It is worth mentioning that the argument leading to the above corollary can be
replaced by utilizing explicit formulas given in the following lemma.

LEMMA 4.4. Let o > 0. Assume that y = y(t) satisfies

(4.9 Lyt gty < bty
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for real-valued functions g and h. Then y = y(t) is bounded pointwise according to

y(0) exp (fot h(T)dT)

(1 + oy (0) fot g(7) exp (0 fOT h(s)ds) dT)

(4.10) y(t) <

9l

Proof. Tt follows easily from (4.9) that z = y exp (— fg h(T)dT) satisfies

t
iz < —g(t) exp (0/ h(T)dT) 2t

Dividing both sides by 2!+ and integrating over [0, ], we obtain

t T
277(t) > 277(0) + a/ g(T) exp (a/ h(s)ds) dr,
0 0
which can be converted into the following inequality for y:

y°(0) exp (a fot h(T)dT)
T 14 0y°(0) fg g()exp (o [y h(s)ds) dr’

ag

Raising both sides to 1 yields (4.10). d

When an extra term f(¢) is added to (4.9), the method of variation of constants
still allows us to obtain a formal bound involving a function C(t), which satisfies an
additional ordinary differential equation.

LEMMA 4.5. Let 0 > 0. Assume that y = y(t) satisfies

(411) Lyt gty < bty + (1)

for real-valued functions g, h, and f. Then y obeys the bound

exp (fot h(T)dT)

(4.12) y(t) <
(—O'C(t) +o fot g(1)exp (o [y h(s)ds) dT)

bl

Q=

where C(t) satisfies the following ordinary differential equation:

400 0o (- t htr)ir)
t 1+1

(4.13) X <—JC(t) +o /O (1) exp (U /OT h(s)ds> d7> L

with the initial datum C(0) = —1/(oy?(0)).
Remark. When f =0, C(t) = C(0) = —1/(cy?(0)) and (4.12) becomes (4.10).
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4.2. Proof of Theorem 4.1. Assume that {#("™} is a successive approximation
sequence satisfying the equations

6 = Sy6,

9,0+ () gt g AZeg(nt) —
w™ = Rl((g(n))7

0 (2,0) = 65" (x) = Spui26p.

Following the same procedure as in the proof of Proposition 4.2 leads to

d n — n n - n n
005y 4+ Cap™t s [0V B P 10TV 57 < Cs 10755 1055
(4.14)

If the conditions in (4.2) are met, we know from the proof of Theorem 3.1 that

||9(n)(',t)||13;00 < Cok

for any integer n and any ¢ > 0. Inequality (4.14) can then be rewritten as

d 11—
20 g, < 107Dy (C5 10715y, — CapCE) T I 0V

When (4.2) is satisfied, we can argue similarly as in the previous subsection and
conclude that

16ollB; . if Bp <1,

(415) 60, D)5, _ < o
) max{HHOHB;’w, (C4/(pC5 C’Oﬁp))ﬁ R} if Bp > 1.

An alternative argument using the explicit formula in Lemma 4.9 also leads to the
same bound.
We now show that {n(™} = {§(")—#("~1} is a Cauchy sequence in C([0, 00); By _}).
The sequence {n(™} satisfies
n = 55600 — b,
Ayt 4 () L gp(ntl) g A2ep(ntl) — 4y(n) L ge(n)
w™ =R (n™),

7D (2,0) = 95" (@) = Asabo.

Following the procedures as in the proof of Theorem 3.1 as well as in the first part of
this proof, we obtain
Bpios

d _
(426) |y 4+ Cap™ [l VST IV < K Ko,

where K; and K> represent

Ky =20 D0 -V, A" D e, K = ™ VOO |y
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To estimate K7 and K5, we assume that (4.2) is satisfied. By Proposition 2.3,

K1 < € (Va0 g+ IOl )
<2C [u™ |5y, 10" gy
(4.17) < 20010" |15 . I gy
By Proposition 2.4,
Kz < C (0|1 V| gy + 0 s 96 10 )

<2016 5, _ ™|l g2

(1.18) < 20007 3 _ 1™ .
Inserting (4.17) and (4.18) in (4.16), we obtain

d _
S gy + Cap™ O D) 0

— r—1
BP«OO B2,c>o

(4.19) < Cr 6™

sy (Il + 11 g1)
According to the proof of Theorem 3.1 and the first part of this proof,

)|

B;;cl < HQOHB;; 2—(n—2)’ HQ(H)HB;,OO < maX{HeOHB;,oov CH}?

where C' is a constant. We are now ready to show that

||77(n+1) ()] gr1 < C 9~ (n=2-1/(Bp))

where C' is given explicitly by

1 ~ 1/0
C :max{2, (207 max{||90||35’m,C’/@}/(C&Lp_ln)) } HQOHB;.@Q'
To simplify the notation, we set

o=0p, Yy ="V 9= Cap™ w207 16057

h=Cr max{llfollz; _, O}, f = Cr max|lfo]lsy _, Ci} €231/,

oo

Inequality (4.19) then becomes

d
VS —gy’ T+ hy + £

We further write z(¢) for the right-hand side of the inequality above. If y(0) is suffi-
ciently large such that z(0) < 0, then

N =supy(t) < y(0).
>0
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If, on the other hand, y(0) is small and z(0) > 0, then y(t) initially grows as ¢ increases.
But its growth stops as soon as z(t) becomes zero. Therefore, N obeys

h
(4.20) —gN"™ " 4+ AN+ f=0 or Nty

g g

The discussion is then divided into two cases: i) N7 < 2h/g and ii) N° > 2h/g. In
the first case,

=
IN
N
=2
N———
9=

In the second case, (4.20) implies that

1
2 2f\ T
N+ 2 Ng(f> :
g g

In summary, we have obtained

(121) supy(t) < max  y(0), (%) ()™

t>0 g

Returning to the original variable, we find

—n 2h % ~o—n
YO0 = 18wl s < ool 27, (2)7 < come

1 1
(2f> = < Cf (2—n+3+1/0 2—0’(n—2)> Tto < 612—(71—2—1/0').
g

As a consequence, (4.21) yields the desired bound

?i%’ Hn(n-i-l) (-, t>||B;;X£ < G 9 (n=2-1/(8p)),

After a similar argument as in the proof of Theorem 3.1, the proof of Theorem 4.1 is
then completed. 1]
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