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Abstract

This paper studies the linear stability of a steady-state solution with the velocity being a shear flow to the
2D Boussinesq equations with only vertical dissipation. The Boussinesq equations model many fluid phe-
nomena when the Boussinesq approximation applies such as the Rayleigh-Benard convection, atmospheric
fronts and oceanic circulation. The vertically dissipative 2D Boussinesq equations model geophysical flu-
ids in certain physical regimes. Whether or not the vertical dissipation can damp perturbations near the
equilibrium with the velocity being a shear and the temperature being zero is an important but difficult
problem. Assuming the spatial domain is periodic in the horizontal direction and half-line in the vertical
direction with no flux boundary condition, we show that any perturbation satisfying the linearized equation
around this equilibrium is infinitely smooth in the x—variable and decays exponentially in time and in the
horizontal Fourier mode, even though the linearized system involves only vertical dissipation.
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1. Introduction

The Boussinesq equations play an important role in the study of many phenomena in fluids and
geophysical fluids including atmospheric fronts and oceanic circulation (see, e.g., [10,16,18]). In
addition, the Boussinesq equations are the foundation for understanding the Rayleigh-Benard
convection, the most frequently studied convection phenomenon (see, e.g., [7,9]). The standard
two-dimensional Boussinesq equations can be written as

ou+ (u-V)Yu=—-Vp+vAu+ ey,
V.-u=0, (1.1)
0:0 + (- V)o =nA0,

where u denotes the 2D velocity field, p the pressure, 6 the temperature in the content of thermal
convection and the density in the modeling of geophysical fluids, v the viscosity, n the thermal
diffusivity, and e; is the unit vector in the vertical direction. The first equation in (1.1) is the
Navier-Stokes equation with buoyancy forcing in the vertical direction. The second equation
reflects the mass conservation while the third equation is a balance of the temperature convection
and diffusion.

In certain physical regime and under suitable scaling, the kinematic dissipation and thermal
diffusion may become partial (given by part of Laplacian), as in the notable example of Prandtl
boundary layer equation, in which the horizontal velocity equation involves only the vertical
dissipation. This paper focuses on the vertically dissipated Boussinesq equations

ou+ (u-Viu=—-Vp+vdyyu+oey,

V.-u=0, 1.2)

0,0 + (u- V)8 =ndy,0.
When the spatial domain is the whole plane R?, the paper of Cao and Wu [6], together with two
previous papers of Adhikari, Cao and Wu [1] and [2], proved that any H 2 initial data (ug, 0o)
leads to a unique global solution. Li and Titi [12] were able to weaken the initial regularity
assumption to H!.

This paper attempts to understand the stability of perturbations near the decaying shear profile
(ugp, 1) of (1.2), where

uy, = (U, 1),0), On=0, Uy, 1)=e""U(y)

with U (y) being a smooth function. Clearly uy;, represents the standard decaying shear flow (the
heat evolution of the shear) and U (y, t) = U (y) when U (y) is linear. The perturbations

U, t)=u(x,t) = Uy, 1), 9(x, 1) =v(x,1), p(x,1) = p(x,1), 5(x,t) =0(x,1)

then satisfy
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iy + Udxii + 3y U ¥ + Wil + iy = —Px + vilyy,
Uy 4+ U,V + vy + 00y = — P ~|—vvyy+9
ux+v}—0

b, + U860 + 116, +v9y_n9w

(1.3)

The spatial domain € is either the 2D periodic box T2 or the half infinite pipe 2 =T x Rt with
the no flux boundary condition

d#=0, 8,5=0 and 8,§=0 ony=0. (1.4)

Since (1.3) involves only vertical dissipation, the rationale for imposing the no flux boundary
condition (or the Neumann boundary condition) is to eliminate the influence of the environ-
ment on the evolution of the perturbation. As we recall, the no flux boundary condition (or the
Neumann boundary condition) for the half line 1D heat equation represents no heat exchange
between the environment and the half-line rod. The corresponding vorticity

satisfies
8+ Udy@ + - V& = v dyy@ + 8,0 + 0oy, U
In the special case when U () is linear, namely U (y) = ay + b, then

U(y.0)=U(y)=ay+b
and the vorticity perturbation @, together with 6, satisfies

8,a)+U(y)8 ®+1u- Va)—vavyw—}—a 9,
8,9+U(y)8 6+1- Ve_nay)ﬂ

The full nonlinear stability problem appears to be out of reach at this moment and this paper
focuses on the linear stability problem. The spatial domain is Q = T? or @ = T x R*. For
the sake of conciseness, all results are presented for @ = T x R, but they are also valid when
Q = T?. The periodic boundary conditions on both directions, namely the case Q = T2 may need
some justification since the shear flow (y, 0) is simply not periodic. One justification is that any
disturbance or perturbations can be discomposed into frequencies and understanding the stability
of the periodic frequencies plays a crucial role in the investigation of the stability of more general
perturbations. For notational convenience, the tilde will be dropped for the rest of the paper.

We set U(y) = y and focus on the initial and boundary-value problem for the linearized
equations

0rw + Y0y w = v 0yyw + 0,0,

0,60 + y0x0 =1 0y,0,

dywly=0 =0, 9,0|y—0 =0,
w(x,0)=wy(x), O0(x,0)=~>0y(x).

(1.5)
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We show that any solution (w, 6) of (1.5) is stable, smooth in both variables even though (1.5)
involves only vertical dissipation and any non-zero horizontal Fourier modes decay exponentially
in time and in the modes. More precisely, we obtain the linear stability and regularity results in
the following two theorems.

Theorem 1.1. Let the spatial domain Q@ =T x R, Assume wo and 0y satisfy

wo € LX(R), dywp € L2(Q), 6peL*(Q), 8,60 € LX(Q).

Let (w, 0) be the corresponding solution of (1.5). Then, for any integer k # 0 and any t > 0,
5 5 2/3,-2/3 14 7 _2.% 4,
18k, )11z = € (1BoCk. )2 + 022K,k 2 ) e 37K
12
10,8k, Dll 2 = € (072K 1Bk, gz + Ny Botk, )l ) e 577 £
and

. , L2
1@k, - Dl 2 < C Pcombo,wo@ e,

1 2
~ 2.2 _ 2,33
l0y@(k, -, )]l 13 < C DCombo.wy,o () v~ T k3 &5V,

where C is a constant independent of k and t. Here ®compo,wy o (t) with any t > 0 is defined as

D Combosn o (1) = Py o (1) + (36 v~ 13y~ 13K=43 L 1801301k =43 @ (1)
+27 v—1/3n—1/3k—10/3 +13.5 vl/3n_1k_10/3) Do, o (1),

where @, ,, Oy, , and Py, , are given by

Doy =Ky IB7 2 + oy [|9,@]17 5 + kBy Re (i, dy@),
Dy, o =Ky 1850112, + 18,0501, + kBy Re(id,0, 3,3.0),
Dy, = k*y 1920117, + oy 18,0202, + kB, Re (1026, 9,026)

with i being the unit imaginary number, and o, B, oy, By and y given by

oy = %v2/3k72/3’ B, =v!3k=43, oy = %n2/3k72/37 By = D\ k43 = k2.

In the case when k =0, ©(0, y, t) and Bya(O, v, t) solve the 1D heat equation

0 f =vdyy f,

while /9\(0, y,t) and 8y§(0, v, t) solve the 1D heat equation

o f = nayyf-
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In the statement of Theorem 1.1, @(k, y,t) and /9\(/(, v, t) are the Fourier transforms of w
and 6 with respect to x, respectively, and | f|| L2 denotes the L2-norm with respective to y.
Theorem 1.1 indicates that, even though initially wo, 8y, dy6p and dywq are only in L? and (1.5)
does not have any regularization in the horizontal direction, the corresponding solution (w, 6)
becomes infinitely smooth in the horizontal direction (actually in a Gevrey class). The second
theorem establishes the decay and regularity for higher-order derivatives of solutions to (1.5).

Theorem 1.2. Let the spatial domain Q =T x RY. Let i > 0 and j > 0 be integers and assume
wo and 0y satisfy, for0 <m < jand 0 <1 <i+3,

N wo € L*(Q), 39400 € LX().
Consider the initial and boundary-value problem
0w + yoyw =V dyyw + 0,0,
0,0 + y0,0 =1 0y,0,
0y wly=0=0, 970|y=0=0,

w(x,0) =wo(x), 6(x,0)=0(x).

Then, forO<m < j+1and 0 <l <i+ 3, any integer k 0 and any t > 0,

197548k, Dllg = P (13,65 ) e, (1.6)
3y 9k, )l 3 < @ (1 k™3,k3) 731, (1.7)

where P and Q are polynomials of t, k=3 and k3 depending on v, n and the initial norms. In
the case when k =0, 8;1 8)1(9(0, y,t) and 8;," Bia)(O, v, t) solve the 1D heat equations.

This smooth effect shown in the theorems above comes from hypoellipticity [11]. Hypoellip-
ticity and enhanced dissipation have been explored for the Navier-Stokes and other equations, and
significant results have been obtained (see, e.g., [3-5,8,13-15,17,20]). As explained below, the
situation with the 2D Boussinesq equations is more complex due to the presence of the buoyancy
forcing term in the velocity equation. The regularity and decay estimates in Theorems 1.1 and 1.2
do not follow from direct energy estimates. The proof uses the “hypocoercivity” approach devel-
oped by C. Villani [19]. This approach is applicable to linear operators of the form L = A*A+ B
in a Hilbert space X, where B is skew-symmetric. This approach ensures that, under suitable
assumptions, the spectral properties of L are comparable to those of L = A*A + C*C, where
C =[A, B] is the commutator.

The proofs of Theorem 1.1 and 1.2 are divided into three main steps. The first step is to prove
the regularity and decay estimates for 6. To do so, we project the equation of 6 onto the k—th
Fourier mode of the x-variable,

30 + y0,0 =1dy,0. (1.8)

(1.8) can be written as
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30+ L0 =0,
where
L=AA"+B, A=.md,, B=yd

with A A* being the symmetric part and B being the antisymmetric part. We define C = [A, B] =
/19y and seek a functional proportional to || A0 ;2, [|CO||;2 and Re(A6, CO):

o~

(1) =Ky 10112, + ay 13,0112, + kB, Re(i0, 8,0). (1.9)

Here, (f,g) = [ fgdy. «, B and y are parameters such that

1
ay =Pk gy =Py =k (1.10)

The notation k%y, albeit being 1, is more suitable for the later derivations. For any k # 0, we are
able to show that

— @) < —=n?PkPBo),
7 (= —3" (0

which implies the desired exponential decay for 6 and 0y 6. Since 3.0 for any integer i > 0
satisfies the same equation as 6, 9.6 and d,0;60 obey the 51m11ar estimates as those for 6 and dy 0.

The second main step is to prove the regularlty and decay estimates for . The process is more
complex due to the presence of the extra term 9,6 in the vorticity equation,

0w+ yoyw =vdyyw + ;0.

Since the term 9,0 can not be incorporated into the operator form, we treat it as an external
forcing term and the functional construction is more sophisticated. Naturally we attempt a similar
functional as the one in (1.9),

Doy o (1) = K2y |72 + 0y 19,3175 + kB, Re (i, dy0),

where we have written ®,,, ; for the functional associated with 319} w and Py , is just the func-
tional for w. If we differentiate @, (#), due to 0,0 term, d; Dy, ,(¢) involves the derivatives of
6, which makes a closed-form estimate impossible. It appears that we need to construct a com-
bined functional of w and 6. It is a very tedious process to figure out the exact combination. By
carefully examining the terms in 9, Dy, (2), we find a combined functional that would serve our
purpose,

D Combo.wno () = Pa o (1) + 36011 Bk 11801y~ @y, (1)
+@7v BT BETI08 113 501 B3 108y @y, 1), (1.11)



L. Tao, J. Wu / J. Differential Equations 267 (2019) 1731-1747 1737

where @y, , and @y, , denote the functionals associated with 9,0 and 8)%9, respectively, namely
(1.9) with 9,0 and 836’ replacing 6 in the formula of ®. Differentiating (1.11) in time and evalu-
ating the terms meticulously, we obtain

d 2
E(DCamba,woyo r < _§V1/3k2/3®Comba,w010 (1),

which yields the desired decay estimates for @. A similar approach works for 3’ and dy 3L for
any integer i > 0. ' . _
The third step proves the global bounds for 8y 3.6 and 3; 9 w. 8y 9.0 satisfies

3:(3010) + jait 0] + yoi T (8]6) = nd,, (3 916),

which suggests that we make an induction on j. By constructing suitable combined functionals
of 6 and carefully evaluating each term, we are able to prove the decay bounds for 8)1, 8)’;9. The

proof for the exponential decay of 85 8)’;0) involves very tedious evaluations of many terms. More
details are given in the section that follows. The rest of this paper proves Theorems 1.1 and 1.2.

2. Proof of Theorems 1.1 and 1.2

This section proves Theorems 1.1 and 1.2. For the sake of clarity, we divide the whole section
into three subsections. The first subsection focuses on the decay estimates for [|0.6]|;2 and for
2

llay 8)’;0” L2 for any nonnegative integer i. The second subsection establishes the regularity and
decay bounds for ||8)’;a)|| 2 and for ||, 8)’;(1)” 12 while the last subsection deals with the exponen-
y y

tial decay for derivatives 85 3.0 and 8; 3w with j > 1.
2.1. Exponential decay for 8)’;0 and 9y 3)‘;9

This subsection is devoted to proving the decay estimates for 8)’;9 and 9y 8)’;9 for any nonneg-
ative integer i. More precisely, we prove the following proposition.

Proposition 2.1. Let the spatial domain Q@ =T x R*. Let i > 0 be an integer and assume 0 €
L%(Q) and 01600 € L%(Q). Consider the initial and boundary-value problem

3,0 + y0,6 =1 0y,6,
9,0]y-0 =0, 2.1)
0(x,0) = 6o (x).

Then, for any integer k #£ 0,

.A N . 12
H%Whuﬂh%SC@%%wwwg+w”%4“WﬂWMh0hOe%“k“, (2.2)

2
3

1
.~ _ .~ .~ 2.3
19,000k, )l 2 = € (17K 0380k, 2 + 10,0580k, Dl 2 ) 37470, 2.3)
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where C is a constant independent of k and t. In the case when k =0, 8 9(0 y,t) and
dy BXG(O v, t) solve the 1D heat equation,

3,0.0(0,y,1) = ndyyd.6(0, y, 1),  803,0.0(0,y,1) =ndyyd,3.6(0, y, 1).

Proof. We start with the case i = 0. For notational convenience, we simply write || f||;2 for
| £1l .2 to denote the L?-norm in the y-variable. As aforementioned in the introduction, we define

®(t) as in (1.9), namely

o~

(1) = K>y 11017, + all9,017, + kBRe(id, 0,0)

with the parameters «, § and y given by

1
a= kR p=n! Py =k

The notation k?y, albeit being 1, is more suitable for the following derivation. With these choices
of parameters, we have

B\ s

—~ 1 ]
kBRe(if, d,0) = n'P130,6

e | 7

2

V3L -y g

< n 'k 0,0

2 ﬁ L2
V3o V3

= 70t||3y9|| 2+ TkZV”e”Lz, 2.4

1012
L2

3
+ 7||9||iz

which implies the equivalence between ®(¢) and ||§|| + ol 9y 9|| 725

NG _ _
(1) > (1 -5 ) (Pr 1813 + «19,813: )
and
NG _ _
b(r) < (1 +57 ) (Pr1@13: + «19,813).

Therefore, to prove (2.2) and (2.3) with i = 0, it suffices to prove the decay for ®(z).
We estimate the time derivative of ®:

d S
0= Ky ((3:0,0) + (0, 8,6))

+a ((9,0,0, 9,0) + (8,0, 8,0,0))
+kB (Re(id,0, 8,0) + Re(ib, 3,3,0)) . (2.5)

Integrating by parts and making use of the boundary condition 9,6 =0 on y =0, we have
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-~

(0.0) + (0. 8,0) = (ndyy0 — yd.0.0) + (B, ndy,0 — yd,)
— 21,8112, + / —iky00 + Bikyd dy
=—2]13,013, .
Due to the equation on Byé\:

3,0y0 + ikO + y,,0 = ndyy,0 ,

we have
(8,90, 9,0) + (8,0, 8,0,0)
= (=050 — Y0uy0 + 1yy,0, 3y0) + (3,0, —3,0 — yd,,0 + 10y, 0)
— —2l13yy012, + | —ikB3,6 + 8,8ik0 dy
+ / —ikyd,00,0 + 3,8ikyd,6 dy
= —21)18y,01|2, — 2kRe(i0, 8,0) .
Similarly,

6) + Re(if, 0,0,0)
N8yy0 — iyd:0, 3y0) + Re(if, —0,0 — ydyy0 + 1dyy,0)

+
/lnayy98y9dy+Re/—18y9n3w9dy
+Re / ky0d,0dy + Re / i0ik0 dy + Re / i0yika,0dy
= 2Re(indy,d, 8,0) — k[10]%,

Then, (2.5) becomes

%cb(t) =—20k*y 18,017, — 20n)18,,01|2, — 20k Re(i0, 3,0)
+2kBnRe(idy,0, 3,0) — K112,

—2n)10,017, — %nmk—m 19,y8172 — §n2/3k—2/3kRe<i§, 9,0)
+20* k13 Re(8y,0, 8,0) — ' Pk )19112,

o~

~ 2 _ ~ 2 _ .~
=2010,8117, = 30 k103,017, — 307k kRe 06, 0,0)

2 _ _~ 3 ~ ~
+30° k03,8117, + Snll9y017, — n' kO,
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o~

~ 31 _~ 2 _ L~
=0 PRONL, = 5 - 3mlld,B1I . — In* Pk kRe 8, 9,0)

I 2 2 PO
3 4 3773k 3”8 9||L2+773k 3kR€( 9,8y ))

2 9
— =323 ( 19112, + -
Recalling the definitions of «, 8 and y in (1.10), we are led to

d 2
Zo@1) < —=n'P2Bo®),
yr @) < 37 )

which implies the desired exponential decay ®(7) < @(O)e_%"l/3k2/3’ . By the equivalence of the
norms (2.4), we have that both |02 and [|3,0|| ;2> decay exponentially,

3 ~ ~ 1
(1 - g) (Ry18C. 012 + «lg,0¢.Dll12) < @)™

1/332/3;

This completes the proof for the case when i = 0. For a general positive integer i, 8};9 satisfies
the same equation as that of 6,

3,016 + L('6) =0, 30(x, y,0) = 00(x, y).

As a consequence, ||8 Ol;2 and |9y 8x9 |;2 obey the same decay rate in k and in r. When k =0,
8’ (0, y,t) and 8y8x9(0 v, t) satisfy the 1D heat equation,

8:010(0, y, 1) =ndyydi0(0, y,1),  8,0,0.0(0, y,1) =ndyydyL0(0, y, 1),

which yields the desired representations for k = 0. This completes the proof of Proposi-
tion2.1. O

2.2. Exponential decay for v

This subsection proves the decay estimates for @ and 9y, as stated in Theorem 1.1. The
precise statement is provided in the following proposition.

Proposition 2.2. Let the spatial domain Q =T x R*. Let i > 0 be an integer. Assume wo and 6
satisfy

dwoe L2(Q), dydlwyge L), 80y eL*(Q), 8,076y € LX),

3200 € LA(), 8,000 € LA(Q).

Consider the initial and boundary-value problem

0rw + yoyw = v dyyw + 050,

0,0 + y0,0 =1 0y,0,

ywly=o = 0, 0y0|y=0 = 0,
w(x,0)=wo(x), O6(x,0)=~0y(x).
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Then, for any integer k # 0 and any t > 0,

WA

1
i~ —2[mi 3 k3
15K, -, ) 2 < C D Combo,wy o (0) e 3MNEDITETL

2
i ~ _2.,2 2y 3 k3
18y By@(k, -, )]l 12 < € Pombo,wyo(0) V™3 k5 e 3IminmIT &3,

where C is a constant independent of k and t. Here @ combo,w; () with any t > 0 is defined as

D Combo,wio(t) = Pug o (1) + 36V 371343 118013~ k=43 @, ()
+Q27 v_1/3n_1/3k_10/3 +135 v1/3n_1k_10/3) D0 (0),

where @, , @y, , and Gy, , , are given by

Dy, = K2y 0L, + ay 18yl , + kBy Re(idiw, 3,diw),

g, 0 = K2V I001 70 + ey 19505017 + kB, Retior™0. 9,0:716).

i+1,0

Dy, ,p 0 =KV 105720112, + 0y 18,05720112, + kB, Re(i 020, 3,0120)

with_ ay, Bv, ay, By and y specified as before. In the case when k =0, 8)’;6(0, -, t) and
dy 3;1525(0’ -, 1) solve the 1D heat equations.

As mentioned in the introduction, the proof of Proposition 2.2 is more complex than that of
Proposition 2.1. The equation of w,

0w = —y0yw + vdyyw + 9;0

contains an extra term 9,6 and can not be combined into the linear operator L in the previous
analysis. Instead 9,6 is treated as a forcing term and we are forced to construct suitable combined
functionals of w and 6.

Proof of Proposition 2.2. We define the combined functional ®compo,wy o a$

cIDCombo,wo,O(l‘) = <Dwo,o(l‘) + (36‘}_1/377_1/3](_4/3 + 18])1/31’]_1/(_4/3) CI3191,0(1‘)
+(27v71/31771/3k710/3 + 13.51)1/3”71]{710/3) cbéz,o(t)a

where @, ,, g, , and Py, , are as provided in the statement of Proposition 2.2. We differentiate
D Combo,wyo and start with @ .

d I
T Pay = Ky (8,0, @) + (@, 30))

+a, ((0,0y@, 0,@) + (3,®, ,dy®))
+ B, (kRe(io,@, 0,@) + kRe(i®, 8,0,)).
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Clearly,

(8,3, 3) + (@, 3,8) = —2v[|9,3%, + 2kRe(if, B),
(80,0, 0,®) + (3@, d;0y@) = —2v|dy, @, — 2kRe(i®, 3,®) + 2Re(ikd,0, 3,®) ,
kRe(i0;®, 3,@) + kRe(i®, 0;0,®) = 2Re(ikvdy,d, d,0) — k*(|d|7

+ Re(—k20, 8,@) + Re(ikd, dx,0) .

Some of the terms can be similarly estimated as in the previous subsection. Those terms related
to 6 are handled differently.

d 213233/\2 9123—23 ~2
Ecbwo,o(r)s—gv/k/ E”‘“”LZW?“" Blayal3,
!Bk 4Bk Re i, a@)
2 1/3,2/3 —2/3.—4/3,75 112 [
+§v k 18v™"k ||9x||L2+§||w”Lz
+ §v1/3k2/3 <18 v—2/3k—4/3%v2/3k‘2/3||3y§x 17
11 2/37,-2/3119 ~112
“rg : gv k ||8yw”L2
2 3 103~ 11 _ _
+ 3y (13.5v VORI, + g vk 2/3||8yw||iz)
2 1/3;2/3 (4 -2/3 —10/31 2/3.-2/3 119 & 112 [P
+§V k 3.5v k §V k ||ay9xx||L2+§“w”L2 .

We then differentiate @, , and ®p, , to obtain

d
E chombo,wo,o (t)

2 5 1 _ _ o~
< —§v1/3k2/3 <Z @17, +2 gv2/3k—2/3||ayw||i2 + !Bk kReli, ayw>)

36y~ 131343 §n1/3k2/3 (IIé;Iliz 1 % %v2/3k—2/3||3y@clliz
+v!13k=*kRe(iby, ay@»)

A
+013k 43k Re iby, 8yé;))

13 —1/3,— 2 ~ 91 _ ~
~27v" 3y~ Pk 10/35771/3k2/3(I|9xx||iz+z§V2/3k 23118y B 7
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B3k Re (i, ayexx>)

1, - 2 3 ~ 51 _ ~
_13'5‘)1/37] lk 10/33’71/3/(2/3 (5 ||9xx||iz+zgv2/3k 2/3||ay9xx”iz

! BBk ReiBy,, ayéxg)
2
< =3 [min(, M2 D ombo,wy o (1)

Therefore,

21 1/312/3
cI)Cr)mho,a)()v()(t) < q)Combo,a)Ovo(O)e 3(minv.m)] k l-

Especially,

Do (1) < o~ 3 min(v, 1"k

(P (1) + G603 1180130~ 1) @y, (1)

+Q7v 1By 13103 1350131k 1073 @ez,o(r)) .

Since both @y, , and Dy, , are positive definite, we combine this bound with the equivalence of
norms to obtain the desired decay bounds for ||@|| ;2 and || 8y8|| 2. One remark we would like to
make is that we have deliberately left a %HZJ ||i2 gap in this estimate, i.e. coefficient of % instead
of 1. The purpose is to make room for the induction argument in Subsection 2.3.

Since .o satisfies a similar equation as o,

Jdlw=—yd,0 0w + vdyydlw + 3,96,
the same method can be applied to these equations for 3. This generalization concludes that

— — 2 1/3,,2/3
8Leo(t) 112 + e 13yl ()l 12 < C PCombo,wo(0) e~ 3MnOMITET

where C is a pure constant and ®compo,w; i defined as before. This completes the proof of
Proposition 2.2. O

2.3. Decay involving higher derivatives in y

This subsection proves the exponential decay for higher y-derivatives of 6 and w, as stated in
Theorem 1.2.

Proof of Theorem 1.2. We first estimate || 8; 8};6’0) |lz2. This is done by induction on j. For all
i and j =0, the case has been proved in Subsection 2.1. Suppose that || 8;"8)’690) ||z 2 satisfies the
decay estimapes of Theorem 1.2 for all i and for all 0 < m < j — 1, we prove the exponential

decay for ||8)J, 8)’;6(0 |;2. We start with the equation of B)J; 8)’;9

3:(3]016) + joi ()76 + yo, (3]016) = 1oy, (3]016).
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Due to the presence of the extra term j 3;;“ (8)],.7] )6, we need to construct a suitable combination
of functionals. To shed light on the combination, we define

i i1 LTS il
Dy, = 18701012, + oy 13) 131012, + kBy Re(id] 0.0, 8] 810)

and compute its time-derivative,

d = 3 TR
5, %6, (0 < —n'PK*3 (na; 3017, + Eanua;* 307,

2 i i
+ SkByRe(i dlaio, a;“a;m)

9 _ 1 1 i
+n' k2 (lzﬂn R [ 3fc+19||%z+ﬁlla‘y’3;9||iz>

. _ _ T 1 TR
'3 (12/2:7 Vool 02, + oy 0] a;e||iz)

2 _ i1 4o 1 it
+n P23 (91% PRI 02007 + e dy” a;eniz)

P _ TN 1 P
+n! P23 (912 12 R0y 201, + 16y a;9||iz> :
This calculation indicates that we should work with the combination

qDCombo,@i,j = (1)91.1], +72 j2 ’77]/3](72/3 dDCombo,HiH,j,l

+54j2 77_2/3k_10/3 cI’Comboﬂi+2,_/’—1 ’

where the coefficients 72 and 54 are chosen to be 6 times the coefficient of the third and the
fourth terms above (or 12) and 6 times the coefficient of the fifth and the sixth terms above (or 9),
respectively. The magic number 6 comes from the fact that the time derivatives of ®compo,6, tLj1
and @ compo,g; oy will each be able to spare % of the negative parts to cancel the corresponding
positive parts in the time derivatives of ®g; ; (¢). We then differentiate ®compo,g; ; in time and

make use of the cancelations we just mentioned to obtain

d 2
E‘I)Comboﬁw = _3771/3](2/3 @Combo,@i,j +E, (2.6)

where E contains terms of the form ||8’y"8)l69(t)||Lz withj—3<m<j—landi+1<I<i+6.
Integrating (2.6) in time and invoking the inductive assumption, we obtain

t
—_2,1/3.2/3; _21/312/3(;—
q)Comho,@i,j(t) = q)Combo,G,-,j(O) e 3" +/e 31 =0 E(r)dr

0
_2 2 _2.1/3;2/3
=P(t,k 3,k3>e 30!l
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where P denotes a polynomial of its variables and Dcombo,6; (0) can be figured out by the
induction on the index:

cDCOmbO,Gi./' 0) = cD@i.j 0)

J n
+ Z [( ;'L:l(j + 1— 1)2) Z CZ/L (72ﬂ*1/3k72/3)m (547772/3](7]0/3)117171q>0i+m+n,j7n (0)] )
n=1 m=0

Consequently,
i it
||8}]v 8;9”%2 + a}] ||a§+ 8)169”?‘2 S C (I)é‘,',j (t) S C ®C0mb0,9i./‘ (t)v

where leads to the desired estimate in (1.6). '
We now turn to the proof for the exponential decay of 8‘y’ 3w by an induction argument on
J- Subsection 2.2 shows the desired decay for all i and j = 0, which initiates the induction. We

assume that (1.7) is true for all i and for 0 < m < j — 1. Applying 8; 9! to the original  equation,
we have

8 (3 0Lw) + jo) 9w + v, (3] 8Lw) = vy (8) 8l w) + 85 3t 6.

We seek a combined functional in terms of several levels of derivatives of w and 6. To determine
a suitable combination, we define

@, = 110] 0Ll + ay 18] T 0L ]12, 4+« By Reli 3] i, 31 9l w)
and find its time derivative. It is clear that
(0,0 9, 0 L) + (8] D, 8,0 D )
— 203 G, + 2Re (830710, 8J07) +2 ] Re(d] 01w, 0] 0),
= 2080 w]2, — 2kRe (i) 3w, 3] ol w)
+2Re(8§+lm, 0 9iw) +2j Re(dl 0w, a}fﬁ“ﬂ)
and
kRe(i0,0] 0w, 0 9lw) + k Re(i 030w, 3,0] "0l w)
—2Re(ikvd] Poiw, 8] dlw) — K [8)0iw2,
+Re(—k231010, 917" 01 w) + Re(ikd]di o, 35“@-1\9)
+Re(ikjdl " 9w, 8] 0l w) + Re(ikdldiw, (j + 1) 8;@).

Collecting the terms and estimating them suitably, we have
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d

L 3 ]
1Py () < VPP (na; Ao, + Eanaf w7,

2 e
+3kBRe(i doiw, 0" a;w>>

_ 1 L —
+U1/3k2/3 24]2‘) 2/3k 4/3”8] al+1 ”LZ 4”8)]8)16(0”%2)

!B (24 202 Pay [0d 01 w2, + —a 18] 0w )

24

T 1
—H)l/3k2/3 18J-2v—2/3k—10/3”a§ 18§+2wlliz+—oev||8]+]8’w||L2)

24

+V1/3k2/3 18(] + 1)2 v72/3k710/3 ||a/al+2w”L2 —4”8){8)1‘0)”%‘2>

+ul 333 (240723, 9] 0l g2 2+—||afatw|| )

1323 (240724 g, 0] 0l 0112, + —avl|aj+18‘a)||L2)

24

IR VEFETE

1
18v—2/3k—10/3||8]81+29||L2+ ﬁauual'ﬁ‘]al ” )

L1323

TN TN TN TN TN TN TN N

3 3 T, 1 o
18723k~ 10g, 0T 852012, + % [EX a;wniz) .
Thus, we choose the combination

<I>Combo,wi,j = q)wi.j + 144j2 v ¢Combo,wi+1,j_|
+108(j + D202k @ ompo. s,y
+ (144 1)_1/37)_1/3/(_4/3 + 72\)1/37)_1](_4/3) D combo,o;

i+1,j

+(108 1)_1/377_1/3/(_10/3 + 54v1/3n—1k—10/3) q)Combo,@H_zJ )
Using the estimates on the time derivative of @, ; and previous combinations, we can reach the
inequality

d 2
Ecbcomb(),wi,j < —g[mm(u, n)]1/3k2/3d>combo,w,-,j + F,

where F collects all the terms with of ||3k31a)||L2 and ||3k819||L% for k < j — 1. Integrating in

time, invoking the inductive assumption and the decay estimates for 6 in (1.6), we obtain the
desired exponential decay in (1.7),

Wit

o N _ 2\ L. 1/3,2/3
||8§8)’Cw||iz+av||8§+18;w||izSQ(t,k ,k3>e slmin(u.)]'
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where Q is a polynomial of its variables and depends on the L?-norms of wg and 6. This com-
pletes the proof of Theorem 1.2. O
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