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Abstract. The global well-posedness of the smooth solution to the three-dimensional (3D) incompressible micropolar equa-~
tions is a difficult open problem. This paper focuses on the 3D incompressible micropolar equations with fractional dissipa-
tions (—A)%u and (—A)Pw. Our objective is to establish the global regularity of the fractional micropolar equations with
the minimal amount of dissipations. We prove that, if a > 3, B>0and a+ 3 > E, the fractional 3D micropolar equations
always possess a unique global classical solution for any sufficiently smooth data. In addition, we also obtain the global
regularity of the 3D micropolar equations with the dissipations given by Fourier multipliers that are logarithmically weaker
than the fractional Laplacian.
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1. Introduction

The classical micropolar equations, first derived by Eringen [19] in 1966, govern the motion of micropolar
fluids that are fluids with microstructures and nonsymmetric stress tensors. Micropolar fluids usually
contain rigid and randomly oriented or spherical particles that have their own spins and microrotations
in a viscous medium. Special examples of micropolar fluids are ferrofluids, blood flows, bubbly liquids,
liquid crystals, and so on. More background information can be found in [13,18-20,32]. Mathematically
the micropolar equations consist of the forced Navier—Stokes equations for the fluid velocity u and the
evolution equation for the microrotation w representing the angular velocity of rotation of particles of
the fluid. More precisely, the three-dimensional (3D) incompressible micropolar equations are

Ou+ (u-Vu— v+ k)Au+ Vp=2kV x w, z€R3 t>0,

Ow + (u- V)w + dkw — yAw = 26V X u + uVV - w,

Vou=0 (1.1)
u(z,0) = ug(x), w(x,0)=wo(x),

where u = w(x,t) = (ui(x,t),us(x,t),us(x,t)) represents the fluid velocity, w = w(x,t) =
(w1 (x,t), wa(x,t), ws(z,t)) the microrotation, p(x,t) the pressure, and the parameter v denotes the kine-
matic viscosity, £ the microrotation viscosity, v and p the angular viscosities, and uy and wqy are the
prescribed initial data for the velocity and microrotation with the property V - ug = 0.

Whether or not the smooth solutions of the classical 3D micropolar equations (1.1) with general initial
data develop finite time singularities is a difficult problem and remains open. The key difficulty is that the
Laplacian dissipation is not sufficient to control the nonlinearity when applying the standard techniques
to derive global a priori bounds. It is very natural to ask the question of how much dissipation one really
needs in order to ensure the global regularity. Replacing the Laplacian operators by general fractional
Laplacian operators exactly serves this purpose. We are naturally led to the following 3D fractional
micropolar equations
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Ou+ (u-Vu+ (v+r)(—A)%u+Vp=2kV xw, z€R3 t>0,
Opw + (u - V)w + 4kw + y(—A)Pw = 26V x u+ puVV - w,
V-u=0,

u(@,0) = wo(x), w(x,0) = wo(x),

(1.2)

where the fractional powers « and [ are nonnegative and the fractional Laplacian operator (—A)? is
defined via the Fourier transform

(=2)2f(&) = €1 F(©)-
We will adopt the convention that o« = 0 really means that there is no dissipation in (1.2);, and 8 =0
indicates that there is no dissipation in (1.2)s. For simplicity, we will frequently use the notation A :=
(=A)z.

The system (1.2) with the fractional Laplacian operator is physically relevant. The fractional Laplacian
operator can model various anomalous diffusion. Especially, (1.2) allows us to study long-range diffusive
interactions. In addition, (1.2) with hyperviscosity can be used in turbulence modeling to control the
effective range of the non-local dissipation and to make numerical resolutions more efficient ([21]). Studies
on models with fractional Laplacian have recently gained a lot of momentum. Two recent monographs,
entitled “Nonlocal Diffusion and Applications” [7] and “The Fractional Laplacian” [38], have documented
a list of applications. Closely related to (1.2) are several fractionally dissipated equations including the
surface quasi-geostrophic equation, the porous medium equation and the Boussinesq equations. The
surface quasi-geostrophic equation with fractional dissipation arises in geophysical studies of strongly
rotating fluid flows (see, e.g., [12]). The porous medium equation with fractional dissipation models
various anomalous diffusion process (see, e.g., [37]). The fractional Boussinesq equations are used to
model the anomalous attenuation to take account of the effect of kinematic and thermal diffusion in the
study of viscous flows in the thinning of atmosphere (see [23]). The fractional Laplacian has now found
applications far beyond fluid mechanics. It is used in fractional quantum mechanics [28], probability
[1,5], overdriven detonations in gases [9], anomalous diffusion in semiconductor growth [42], physics and
chemistry [35], optimization and finance [11].

In addition to their applications in engineering and physics, the micropolar equations are also mathe-
matically significant and have attracted considerable attention in the community of mathematical fluids.
Fundamental mathematical issues such as the global regularity of solutions have been investigated exten-
sively with many interesting results (see, e.g., [6,8,22,31-33,36,39,47]). We mention some of the results
on the 3D micropolar equations (1.1) that are relevant to our study in this paper. The weak solutions of
the initial boundary-value problem for (1.1) was first studied by Galdi and Rionero [22]. Lukaszewicz in
[31] used linearization and an almost fixed point thereom to establish the global existence of weak solu-
tions for sufficiently regular initial data. By the same approach, Lukaszewicz [32] established the local
and global well-posedness results under asymmetric conditions. Boldrini et al. [6] proved, by the Galerkin
method, the local existence and uniqueness of strong solutions to the initial and boundary-value problem
for bounded or unbounded domains. Yamaguchi [47] proved, via the LP-semigroup approach, the global
existence of small classical solutions in bounded domains.

There is also an array of exciting results on the 2D micropolar equations. We mention some of them.
The 2D micropolar equations are obtained by setting

U:(Ul(SCl,l‘g,t),UQ(Il,l‘Q,t),O), w:(oaoawlS(gjlvaat))a p:p(ﬁﬁhl‘g,t)
n (1.1). The corresponding 2D fractional micropolar equations can be written as
Ou+ (u-Vu+ (v + k) (=A)*u+ Vp = 2kV+tw, ze€R? t>0,
Ow + (u - V)w + 4kw + y(—A)Pw = 26V - u,
V-u=0,
u(z,0) = up(x), w(x,0)=w(x),

(1.3)

where V4 := (=0,,, 0,,)". When o = 3 = 1, any sufficiently smooth initial data leads to a unique global
solution (see, e.g., [10,33,34]). In the case of inviscid micropolar equations, namely o« = 3 = 0, the global



JMFM Global Regularity of Micropolar Equations Page 3 of 36 28

regularity problem turns out to be extremely difficult and remains outstandingly open. In the last few
years the 2D micropolar equations with partial dissipation have attracted considerable interests. In [17]
Dong and Zhang obtained the global regularity for (1.3) with & = 1 and 8 = 0. Xue [46] reexamined the
case a = 1, § = 0, and established the global well-posedness in the frame work of Besov spaces. The case
with & = 0 and 8 = 1 was settled by Dong et al. [15], who proved the global well-posedness of (1.3) in
R2, and was also able to determine the precise larg-time behavior of the solutions to this only partially
dissipated system via the process of diagonalizing the linearized system. The corresponding initial and
boundary-value problem for (1.3) with o = 0 and § = 1 was examined by Jiu, Liu, Wu and Yu [24], who
established the global well-posedness in the functional setting ug € H' and wg € H2. We also mention a
recent preprint of Liu and Wang [30] on the initial and boundary-value problem for the case a = 1, § = 0.
Very recently, Dong et al. [16] investigated the 2D fractional micropolar equations (1.3) and obtained the
global well-posedness for the fractional powers o and 3 in suitable ranges. These global regularity results
are not trivial and were achieved by fully exploiting the fine structures of the corresponding vorticity
equation and by working with carefully selected combined quantities.

To put the results of this paper in a proper broad perspective, we give a brief description of closely
related global regularity results for several set of associated systems. The first one is the incompressible
Navier—Stokes equations with hyperviscosity

{3tu+(u'V)u+(A)au+VpO, reR3 t>0,

V-u=0. (1.4)

Lions’ book [29] establishes the global well-posedness of (1.4) for o > 2. Katz and Pavlovi¢ [27] has a nice
proof for the case when o > g. An elementary and simple proof for the global regularity of (1.4) with
o > 2 is given in [43]. Tao [40] was able to reduce the hyperdissipation by a logarithm and still establish
the global regularity. Tao’s work was further improved by [4]. The case oo = g is a critical index from the
scaling point of view and it is not possible at this stage to obtain the global regularity for any o < %.
Very recently Yang et al. [51] sharpened this classical result from a different perspective and established
the global regularity even with one-directional hyperviscosity removed from each velocity component
equation. Another closely related system is the system of Boussinesq equations. The Boussinesq equations
are among the most frequently used models for geophysical fluids. The fractional dissipated version is
given by

Ou+ (u-V)u+ (=A)*u+ Vp =fesz, z€R3 t>0,
00+ (u- V)0 + (—A)PH =0, (1.5)
V.-u=0,

where u(z, t) is the velocity, p the pressure and 6 the temperature, and e3 is the unit vector (0, 0, 1). Tt
is shown in [25,45,49,52] that any smooth initial data of (1.5) leads to a unique global solution if

)
« Z 17
A logarithmic improvement was obtained in [55]. Very recently (1.5) with (1.6) is shown to possess a
unique global weak solution when the initial data (ug,6p) is only in L?(R3) (see [3,14]). These results
do not require any thermal diffusion. Another closely related system is the 3D incompressible fractional
magnetohydrodynamic (MHD) equations, which are given by

Ou+ (u-Viu+ (—A)*u+Vp=(b-V)b, z€R3 >0,
Bb+ (u- V)b + (—A)b = (b- V), (1.7)
V-u=V-b=0,

where u represents the velocity, p the pressure and b the magnetic field. The MHD equations govern the
dynamics of electrically conducting fluids. When the fractional powers a and [ satisfy

5 5
— > > —
47 6_07 Oé+ﬂ_27

B> 0. (1.6)

(e
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any sufficiently smooth initial data leads to a unique global solution [43]. Highly nontrivial logarithmic
improvements were obtained in [41,44,48,50].

The micropolar equations (1.2) share some similarities with the Boussinesq equations (1.5) and the
MHD equations (1.7). They all contain the Navier—Stokes equations as the centerpiece and all current
results need o > g as a condition for global regularity, but there are significant differences. There are
difficulties that are unique for the micropolar equations. The MHD equations involve nice canceling
properties due to the presence of the four nonlinear terms, but the micropolar equations do not have
similar canceling properties. Due to the presence of the term VV - w, we cannot directly estimate ||w|| L
with ¢ > 2. In addition, for small 5 > 0, it is really hard to derive any Sobolev estimates for w. Finally,
some of the approaches for the 2D micropolar equations fail for the 3D micropolar equations due to the
presence of the vortex stretching term. This paper overcomes these difficulties and establish three main
global regularity results for the micropolar equations (1.2). Our first result can be stated as follows.

Theorem 1.1. Assume (ug, wo) € H*(R3) with s > 2 and V - ug = 0. If a and (3 satisfy
5 7
> - >0 > —
a — 47 /6 — ) a + /8 — 47

then (1.2) admits a unique global regular solution (u,w) satisfying for any given T > 0,

w e L([0,T); H*(R?)) N L*([0, T); H***(R?)),
and

w e L°([0,T]; H*(R)) N L2([0, T]; H*P(R?)).

Remark 1.1. As a special consequence, Theorem 1.1 states that one-derivative dissipation in the equation
of the microrotation is sufficient for global regularity if the velocity equation has (—A)%u. As a comparison
with the MHD equations, the micropolar equations require less dissipation (by the order of % derivatives)
to achieve the global regularity.

Remark 1.2. It appears that the condition on §# with o > g and o + 3 > % is sharp. This means that
when a = %, we need § > %, or at least one derivative dissipation in the equation of w. The sharpness
is implied by the technical estimates. As we know, in order to obtain the global regularity, one needs to
control the time integral of the velocity Lipschitz norm, namely

T
/ ||VU||LOO(R3) dt.
0

In the three-dimensional space, more or less, one needs to bound

T s
/ ||A5u||L2(]R3)dt.
0

Due to the presence of V x w in the velocity equation, this requires the estimate on the time integral
of ||[Vw| 2. We need at least one-derivative dissipation in the w-equation in order to bound |[Vw]|pz
suitably. More details can be found in the proof of Theorem 1.1.

Our next goal is to consider the 3D micropolar equations with the logarithmical dissipations of the
form
ou+ (u-Viu+ L2u+Vp=Vxw, zeR3t>0,
Ow + (u - V)w + 2w + (—=A)Pw =V x u+ VV - w,
V-u=0,
u(z,0) =up(x), w(x,0)=wy(x),

(1.8)

where the operator L is defined by
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for some non-decreasing radial function g(7) > 1 defined on 7 > 0.

Theorem 1.1 for the borderline case § = 0 can be improved logarithmically. More precisely, the
following improved global regularity result for § = 0 holds. For the sake of simplicity, we may assume
V=K= % and g = = 1. The sizes of these coefficients do not play a role in our results.

Theorem 1.2. Consider (1.8) with zero angular viscosity, namely,

Ou+ (u-Vu+Lu+Vp=Vxw, xR t>0,
Ow+ (u-V)w+2w=V xu+VV - w,

V-u=0 (1.9)
u(z,0) = uo(z), w(z,0)=wo(x).
Let (ug, wo) € H*(R®) with s > 5 and V -ug =0. If 0 > % and g further satisfies
e dr
L ——— 1.10
/e 7VIn7g2(7) (1.10)
then (1.9) admits a unique global solution (u, w) such that, for any given T > 0,
(u, w) € L=((0,T); H(R?)),  Lu € L*([0,T); H*(R?)).
Remark 1.3. We remark that the typical examples satisfying the condition (1.10) are
1
9(&) = [In(e + [€D] ™5
1 1
9(&) = [In(e + [¢)] * [In(e + In(e + [€]))] *;
1 1
9(&) = [In(e + [€)] * [In(e + n(e + [€])) In(e + In(e + In(e + [€])))] *.
For the case a > % and > 0, Theorem 1.1 can also be improved logarithmically.
Theorem 1.3. Consider (1.8) with angular viscosity, namely,
Ou+ (u-Vu+Lu+Vp=Vxw, xR} t>0,
Ow+ (u-V)w+ 2w+ (-A)w=V xu+VV - w,
(1.11)
V-u=0,
w(z,0) = up(x), w(x,0)=wo(x).
Let (ug, wo) € H*(R3) with s > g and V -ug = 0. If o and § satisfy
) 7
> — > —
az o, 8 >0, a+ﬁ*4’
and g further satisfies
< dr
- = 1.12
/e rgi () S

then (1.11) admits a unique global solution (u, w) such that, for any given T > 0,
(u, w) € L=([0,T]; H*(R?)),  (Lu, Aw) € L([0,T]; H*(R?)).
Remark 1.4. The typical examples of g satisfying (1.12) are as follows

9(¢) = [In(e + €)]
9(€) = [In(e + [¢]) In(e + In(e + [€)] T
9(€) = [In(e + ¢]) In(e + In(e + |€])) In(e + In(e + In(e + [€])))] *.

Remark 1.5. Theorems 1.1, 1.2 and 1.3 are also true for other fluid equations with similar structure in
the general n-dimension case when the powers « and [ satisfy
1 n

n
> -+ — > >14+—.
aZot =20, at+p= T
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We now briefly summarize the main challenges and outline the main idea in the proof of our results.
Since the existence and uniqueness of local smooth solutions in the functional setting H*(R?) with s > 5
can be derived via a standard approach, our efforts are devoted to obtaining global a priori bounds for u
and w in the Sobolev space H® with s > % For the sake of completeness, the local well-posedness part
is presented in “Appendix C”. The proof of Theorem 1.1 starts with the basic L?-estimate

t
lu(t)ll72 + lw®)l|s +/O (IA%u(r)l[72 + [Aw(r)|[Z2)dr < C(t, uo, wo) (1.13)
and a regularity bound for u based on o > 2 and (1.13)
¢
“u(t)|| e + Tru(T)|| 72 dT < o0. .
AP ()13 AZotpl T2d 1.14
0

Unfortunately, (1.14) is insufficient to complete the proof of Theorem 1.1. When § < 1, it is not possible
to directly improve (1.14) to the critical level

t
/ [AZu(T)||22 dr < oo (1.15)
0

due to the presence of the term V x w. In order to overcome this difficulty, we combine the estimates of
u and w to derive the regularity estimate of w,

t
| A%w(t)]|2. +/ AT Bw(r)||22 dr < o0 (1.16)
0

for any o < 1+ 8 with 8 > 0. The regularity bound for w in (1.16) is sufficient for (1.15). In order to
obtain (1.16), we need a suitable bound on the following commutator

/ [A? u - V]wAPwdz.
R3

This is exactly where the condition o 4 3 > % is needed (see (2.17) for details). To prepare for the proof
of the global H*-bound for (u,w), we need a global bound on ||w(t)||L« with 2 < ¢ < oo, which is not a
consequence of (1.16) in the 3D case. Due to the presence of VV -w, it is not possible to obtain this bound
from the equation of w directly. Instead we circumvent this difficulty by estimating the norm ||[A%w(t)|| 2.
After working out the estimates on several commutators, we find that, for any o < %,

t
[Aw(t)2 +/0 A Pw(T)||2, dr < oco. (1.17)

Once (1.15) and (1.17) are at our disposal, the global regularity of 4 and w can then be obtained.

We now explain the main idea in the proof of Theorem 1.2. The proof is different from that for
Theorem 1.1. One reason is that there is no dissipation in the w-equation. Another reason is that the
dissipation is given by a general Fourier multiplier operator here. The key idea here is still to successively
establish more and more regular bounds. The starting step is the basic energy estimate

¢
()72 + [w(®)]]72 +/0 (IA"u(r)[[72 + |1 Lu(r)]IZ2) dT < C(t, uo, wo)

for any r € [0, T). This bound allows us to establish an estimate of the form
Io
9(A)

where #WA) denotes the Fourier multiplier operator given by the symbol

ot [ gl < et v wo.

u(t)‘

™
gk (€)

for v > 0,k > 0. The next

step aims at the estimate, for any o € (0, g) and k; < o + %,

t
AR (@) s + 147w + [ 14 u() s dr < Ol o, wo).
0



JMFM Global Regularity of Micropolar Equations Page 7 of 36 28

The proof of this estimate is highly technical. We use the high-low frequency splitting techniques and
several logarithmic interpolation inequalities. Once this is obtained, we are then able to bound the global
H#-norm of (u,w). The proof of Theorem 1.3 combines the techniques from the proofs of Theorem 1.1
and of Theorem 1.2.

The rest of this paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.1. Section 3
proves Theorem 1.2 while Sect. 4 proves Theorem 1.3. The “Appendix A” provides the definitions of the
Littlewood-Paley decomposition and Besov spaces, and related tools. The “Appendix B” provides a global
regularity result for a micropolar system without VV - w in the equation of w, namely (1.2) with x = 0.
The purpose of this appendix is to show that, without this bad term, the requirement for o and 3 can
be reduced to a > % and # = 0. The “Appendix C” provides the local well-posedness result.

2. The Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. Generic constant will be denoted by C'. Sometimes
we write C(v1,72,- - -, V&) to emphasize the dependence of C' on the quantities 71,72, - -, 7k We write

A = B if there exist two constants C; < Cy such that C1B < A < Cy,B.

The proof focuses on the case a + g = % as the case a + 3 > % is simpler and can be done with a

slight modification. The global a priori bounds start with the following basic energy estimate.

Lemma 2.1. Assume (ug,wqp) salisfies the assumptions stated in Theorem 1.1. If o+ 3 > 1, then the
corresponding solution (u,w) of (1.2) admits the following bound for any t > 0

lu(®)IIZ> + llw(®)]1Z: +/0 (IA%u(r)|[72 + [Aw(r)|[Z2)dr < C(t, wo, wo). (2.1)

Proof. Multiplying the first two equations in (1.2) by (u,w) and integrating by parts, we have
1d
2 dt
:/ ((wa)-u—l—(qu)-w)dx
R3

< 2| A%l 2| |AT w2

(@122 + lw(@)l[F2) + 1A%l Z2 + [[A%w] 22 + 2w]Ze + [V - w2,

1—& 2 1—1=x 1-r
< 2(Jull 2~ [A%ull22) (lwll 7 (1A w] 2 )

1. 1
< SlA%ullLs + 1A wlfZe + CllullZa + wllZs),

where 1 — § < Kk < a (such & is possible due to the condition a + 3 > 1). Here we have also used the
equality, due to V- u =0,

/(u-V)u~ud:}:=O and /(u-V)w-walac:07
R3 R3
and the following interpolation inequality

11 reo < CUFIE NN ea
where sg = (1 — 0)s1 + 0s2 with 0 < 6 < 1. By the Gronwall inequality,

t
lu@®)l1Z2 + llw(®)]Z: +/O (1A u(m)[I72 + [A%w(7)[|22)dr < C(t, uo, wo).
This proves the lemma. ([l

Next we proceed with the following estimate in the Sobolev spaces.
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Lemma 2.2. Assume (ug,wp) satisfies the assumptions stated in Theorem 1.1. If o > % and 3 >0, then
the corresponding solution (u,w) of (1.2) admits the following bound for any t > 0

t
”Aaﬁ@’*lu(t)uiz _|_/ ||A20‘+ﬁ71u(7')||2L2 dr < C(t, ug, wo). (2.2)
0

Proof. Applying A7~ to (1.2); and taking the L? inner product with A°*#~1u, we obtain
1d
2.dt

= —/ [Aa-l-ﬂ—l’u . V]u . AOH-ﬁ—ludx +/ Aa-‘rﬁ—l(v « w)AoH_ﬁ_l’u,dx
R3 -

A (@) |72 + [[A%H 7

= M + Mo,

where [A®, flg := A%(fg)— f(A®g) denotes the standard commutator. We recall the Kato—Ponce inequality
(see, e.g., [26])

1A, Algller < C(IVF L IA gl + A fllze llgllzes )

where s > 0,1 < r < co and £ :pi+%:p—2+—vv1thq1,p2€(1 o0) and p1,qa € [1, 00]. We will make

use of the following variant of the Kato—Ponce inequality

I1A* ™0z, Algller < C(IVFllem A gllza + 1A fllLeallgllpe) . i =1, 2,3,

As a consequence, we have

My < C[|[ATP7Y u- Vul| g2 A | 2
<C(HVUHLP0||AQ+’B ZVU|| e + [Vl oo [[ A7 1“” )HAQW Ll a2

< C|[Vul|eo | A7 full oo [IA |2
— _3
< Clluf e [ A ], ™0 o HAQO‘*B*IUIG?” IASH2 | e
1
< S IAZH Ty + O+ ulFre) AT a2z,

where, due to o > 2

> 7, we have selected pp > 2 satisfying

Ms can be bounded by
1
My < O||Aw] g2 | A2+ | 2 < Z||A2a+ﬁ_1UI|2L2 + C[|A%w| 7.
Collecting the estimates above yields
d a+p[B— a+pB— a+pB—
A O ut)[7e + 1A% 2 < O [l Fra) AP~ ul|Fe + Cllw| o
Thanks to the estimate (2.1), we have
t
e + ) < Ot v, o) (23)
By the Gronwall inequality,
t
A u(t)]| 72 +/ |25 ()22 dr < C(t, uo, wo).-
0
Therefore, we complete the proof of Lemma 2.2. O

We are now in the position to derive the following key estimates.
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Lemma 2.3. Assume (ug,wq) satisfies the assumptions stated in Theorem 1.1. If a > %, 8 > 0 and

a+ B> I then the corresponding solution (u,w) of (1.2) admits the following bounds for anyt > 0,

t
AT u(t)]3: +/ [A**u(r)[|72 dr < CO(t, uo, wo), (2.4)
0
t
142w + [ 1A u(r) s dr < O, un, wo), (2)
0
where p > 0 satisfies
9
i—(a+5)<p<1+ﬁ. (2.6)
n particular, due to o > 3, 1t follows from (2.4) that
I icular, d i it follows fi 2.4) th
t
IATu(e)l + [ IaTur) s dr < O wo, wo). )
0

Remark 2.1. Combining with (2.1), we see that (2.5) is true for any 0 < p < 14 . This fact will be used
repeatedly later.

Proof. Applying A% to (1.2); and taking the L? inner product with A%u yield

1d
L A Tu@)|2s 4 A 2 = —/ A u-Viu-Atude+ [ AV x w)A Tude
2 dt R3 R3
= N1+N2. (28)
Applying A? to (1.2)2 and taking the inner product with APw, we obtain

Ld

2dt

:/ Ap(qu)prdxf/ [A? u - V]wAPwdx
R3 R3

AP w172 + 1A Pw[Fe + 20| APw]Z + APV - w][Z:

:= N3 + Ny. (2.9)
Combing (2.8) and (2.9) leads to
1d, s @t .
5 7 NG u@®)72 + [APw(BII72) + AT FullZ: + A7 Pw]f. < > Ne. (2.10)

k=1
Thanks to the Sobolev embedding inequality and the Kato—Ponce inequality, we obtain

Ni < (A% u- Viul 2| ATl 2
< C(IVull, 12 1A Full iz + [ Vul, sz 1A ul e YA Rl 2
5 5
< C||Vull g [1AFul 12| AT ] 2

< Ol AT ul g2 | AR ul| 2 ]|A ]| 2

5
< Cllullellull joss 1A u] 22
1 atd 5
< A FrullTe + A+ Jullfra) (1 + [[ATull72). (2.11)

The equivalence of the norms in the following three spaces has been used here and will be used frequently,
1flBs, = Ifllzs ~ Ifllez + [A°fllLz, Vs >0,
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where B, , denotes the nonhomogeneous Besov space (see “Appendix” for its definition). The next term
Ny can be bounded by

5
Na < [l 5 A P
< Cllwlloa [ A ] 2
1 1
< AT ulf7e + AP w]|e + Cflwl s, (2.12)
16 16
where p satisfies

p> 1~ (a+p) (2.13)

Similarly,

N3 < |[AP75(V x ) || g2 || AP TPw)| 2

< Cllull, v 3 A7 ]]
1 5 1
< =AY ST + = [|APw||Fe + Ollul 2, (2.14)
16 16
where p satisfies
1
p<1+a+6. (2.15)

To deal with Ny, we need the commutator estimate (see, e.g., [54, Lemma 2.6])
1A%, f - Vgllsy, < CUIV Fllze gl psss + 1 z2llgllz2), (2.16)

where V - f = 0 and % = p% + p% with p € [2,00), p1, p2 € [2,00], € [1,00] and s € (—1,1 — §) for
0 € (0,2). By the Sobolev embedding inequality, the Holder inequality and (2.16),

Ny < CJ[A%,u- Feol] g | A2 s

< C(IVullmollwllgrgs — + llull 2 wlz2) (1Aw] £z + [|AP*Fw]|2)
2mg 2

mp—2"7

< O(fullgzasarllwll sy 2+ Jullzzwllz2) ([A7w]| 22 + [|A7Pw] 2)

2,2

< Cllullgaeso=s leollms + e oll ) (1AP] 2 + A+ Puo] 12)
1
< APl + OO+ [ulars-) AW 22

+ A+ lullz) (1 + flwlZ2), (2.17)
where p and mg > 2 satisfy
7T—4a—243 1

p<l+p, — <

B
; P £ (2.18)

Such my exists due to a+0 > %. It is worth noting that this is the only place where we use the assumption
o+ B > 2. We also remark that in order to obtain (2.17), we need the restriction 3 < 1. This is due to
the use of (2.16). When 8 > 1, it is easy to show (2.7) without exploiting the dedicate estimate (2.9).
Therefore, (2.7) holds for both 5 < 1 and > 1. Inserting the estimates (2.11), (2.12), (2.14) and (2.17)
in (2.10), we conclude

d
ZUATu(®)[72 + [APw(®)][72) + A Ful| 7z + (1A w7,

5
< CAA+ [lullfre + llullfzars-) (IATul[ 2 + [|APw]|72)
+ O+ ullZ2) (@ + flwlZ2),
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where p > 0 satisfies (2.6) by combining (2.13), (2.15) and (2.18). By (2.2), (2.3) and the Gronwall
inequality, we obtain

t
[ATu(®)l|72 + |APw(t)]|Z2 +/0 (1A S u(r) |22 + |A7 P w(r)|72) dr < C(t, uo, wo).

This completes the proof of Lemma 2.3. O

With the help of (2.7), we can now establish the higher regularity estimate for w, which can be stated

as the following lemma.

Lemma 2.4. Assume (ug,wq) satisfies the assumptions stated in Theorem 1.1. If a > %, B8 > 0 and
a+ > %, then the corresponding solution (u,w) of (1.2) admits the following bound for any t > 0 and
for any o < %,

t
IA7w(t)7- +/O IA7Pw(7)|[ 32 dr < C(t, uo, wo)-

In particular, due to B > 0, it holds

t
| ol dr < 0 w0, ), (2.19)
0
Proof. Applying A% to (1.2)s and taking the inner product with A°w, one gets
1 d ag [od g o
7z A w(t)[Z2 + AT Pw|Fe + 2 Aw][F2 + [[ATV - w7

= / A7 (V x u) A wdz — / [A% u- VwA wdx
R3 RS
T 4L (220)

We deduce from the Gagliardo—Nirenberg inequality that
Ly < C| A Pu| 2 | AT Pw]| 2
1
< 767 P wllie + CIATT Pl 7

< —[|ATTPw||Z, + Cllull22 + Cl|AZul|2., (2.21)

|
16
where o < 3+ % Making use of V - u = 0 and the Kato—Ponce inequality, we achieve

Ly = 7/ [A90y,, u;|wA°w dx
R3

<A Opys wilw|[ L2 | A7wl| L2
< C(Ivullpm fA%w] 2m, + IA7* ]| 2 |w] oo ) | A7w]| 2

1— 3

3
< C(llull ;5 IA7wl L2 " AT w]| 50+ lull g l[wll zo+e) |A7w]| 22
1 5
< T6||Ao+ﬁw||%2 + O+ [|ul 72 + [AZu]|72)[|ATw][7:, (2.22)

where max{%, 2} <my <ooand § — 3 <o < 3. Putting (2.21)~(2.22) into (2.20) yields
d o o s o
ZIA7w® 7z + A7 Pwlfs < CO+ flullfz + A2 ul72) (1 + [IA7w]72).
It follows from (2.7) and the Gronwall inequality that
t
47wl + [ 147 () dr < Ot o, wo)
0

We thus complete the proof of Lemma 2.4. O
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Finally, with (2.7) and (2.19) at our disposal, we are ready to show the global H*-bound.

Proof of Theorem 1.1. Applying A* with s > 2 to (1.2) and taking the L? inner product with (A%u, A*w),
we have

1 d S S STo S S S
5 g (I ulZz + 1A%w]Fa) + 1A ul| T + A Pwl[Z: + 2][A%w] 7. + AV - w]Z,

:/ (AS(qu)~ASw+AS(wa)- Asu> dx—/ [A% u- V]uANudx
R3

R3

- / [A° u- V]wA wdz
R3

=J1+ Jo + Js3. (223)
Due to a > 1, it is easy to check that
Ji <2 A 2 [ Aw]| 2

a—1 1
< 20 A%l [IAT Y ul| 22 [ A%w]| e

< SNl + ClAwls + ClAul
By the Kato—Ponce inequality, we directly get
Jo < O|[A°, u- V]ul[L2[|A%u] L2
< ClVullpm [A%ull ang [|A%] 22

1__3 3
< Cllull 5 1A%l 2“2 ATl 75 [|A%ul| 2

1 ST s S
< el ullie + Cllulze + A% ull ) [Au][Z:,

where max{2, 2} < my < co. Similar as (2.22), one may conclude

J3 = —/ [A°Dy,, uJwA’w dx
R3

IN

I[A O wilw]| 2 [ A*w]| L2
< CIvullpm A" ]} 2m, + 1A ]| 2 || oo )| A%w]| 2

5 1= TCjq s o s
< Cllull 3 A% 0] ™ AP wl| 5+ [full et [w] L) [ A%w]| 22
1 ST 1 s 5
< gl ulis + AT wllze + OO+ [lulfe + A7 u]Ze + [lw]Ze)
< ([A%u]lZs + A" w]Z2).
Combining the above estimates yields
d S S ST« S
A ullfe + [|A%w][72) + [|AFul T2 + [|A w2,
< COU+ ullds + IATuls + lwl3) (1A%ul3 + [A%w]3) (224)
By (2.7) and (2.19),
t
/0 (L + [lu(r)IZ2 + [1AZu(7) |22 + lw(T)|f~) dr < C(t, uo, wo).

Applying the standard Gronwall inequality to (2.24) implies

t
IASu(t) |22 + [A*w()|22 + / (

A u(r) |22 + 1A w(7)|[72) dr < Ot uo, wo),
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which along with (2.1) gives
t
a1+ + lw®)F- +/ (A ()13 + [1A%w(T)[[}:) dr < Ot ug, wo). (2.25)
0
With (2.25) in hand, the uniqueness follows directly due to s > % In fact, let (u,w,p) and (@, w,p) be
two solutions to (1.2) with the same initial data. Letting
ou=u—1u, ow=w-—w, Op=p-—D,

we thus have
Odu + (u- V)ou+ (—A)*du+ Vip = V x dw — (du - V)u,
0y0w + (u - V)ow + dw + (—A)P6w = V x du + VV - dw — (du - V)w, (2.26)
ou(x,0) =0, dw(x,0)=0.

Multiplying ((2.26)1,(2.26)2) by (du,dw) and integrating over the whole space, one obtains

1d o
5 7 (10wl + 0w ®)IZ2) + 1A%0ullZz + [IA70w]|Zz + |V - dw]Z:
< V X dw - dudx + Vx5u~5wdx—/ (0u-V)u - dudx
R3 R3 R3

f/]Ra (bu- V)W - dw dx
< 25l 2| A Bl g + OV |50l + CITD o 5] 5]
< 2l *1A%6ull £) 0wl 7 126wl E)

+ Ol o+ VT ) (8l + 50]32)
< SIAGul3s + SIA%GwlEs + Ol6ullEs + duwl}:)

+ C([al e + ], ) (16ullZ2 + 1wlZ2),

where we have used s > % and have selected 1 — 8 < k < a. This yields

o) (I6ulZ2 + [low]72),

%(IIM(UH% +low(t)|Z2) < C(L+ ] g + ||w]

which together with (2.26)5 and the Gronwall inequality implies
du(t) = dw(t) = 0.

We thus obtain the uniqueness. Therefore, this completes the proof of Theorem 1.1. O

3. The Proof of Theorem 1.2

In this section, we are going to prove Theorem 1.2. Our attention is focused on the case when o = %
since a > % is even simpler to handle. We begin with the basic L2-estimate.

Lemma 3.1. Assume (ug,wo) satisfies the assumptions stated in Theorem 1.2. Then the corresponding
solution (u,w) of (1.9) admits the following bound for any t > 0

lu()IIZ2 + w(®)]1Z: +/0 (A" u(P) 122 + [Lu()][Z2) dr < C(t, o, wo) (3.1)

for anyr €0, I).
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Proof. 1t follows from the first equation of (1.9) that
Ld,
2dt

z/ ((V xw)-u+(V Xu)-w)dx.
R3

By Plancherel’s theorem,

lu(O1Zz + llw()IIZ2) +/ Llu-udr +2)wl|iz + ||V - w72
R3

2, . do — |£|% ~ 2d — 22‘
/R3m wdz /RggQ(KMu(sn ¢ = Ilcull?

Based on the assumptions on g, g grows logarithmically and we conclude that for any fixed o > 0, there
exists N = N(o) satisfying

g(r) < CN'TU, VYr >N

with some constant C' = C'(¢). Therefore, we have

£ 22: |€|% ~ 2d
1Cul2 /WN(U) pENE G

7

K

~ 2d
[€]|>N (o) 92(|§|)|U(§)| <

I3k
> - 5
a /|s|>N(o) [Clele)”
€12 €12 e
= | —=———=lu(§)|"d§ - ———[u(&)|" d¢
/]R3 [OIE\U]QM ) /£<N(a) [OI&I”}QM )

> Col| A5 )22 — Collul |22 (3.2)

[a(€)|* de

where Cjy and CNO depend only on o. Now if we further fix o satisfying o € (0, %), then we get by combining
all the estimates above

1d 1 Co.  1oto
5 77 @ Ze + lw®l72) + S1Lulze + 1A ullZe + 2llwlze + [V - wllZ:

<Colllie+ [ (9 xw) ut (Vx ) w)do
R3
< Gollull2: + 20V allge w12

3

—~ 3—4do
< Collullgz +2([lull ;=* [|A

7—4 .
Tl 1) w2

7—4o0

Co
< A ullzz + C(llull7e + lwll72).

Therefore, for any o € (0, 2),
d 7T—4o
Z([u®1z2 + lw®l72) + A ullZe + [ £ul7e < C(lullZe + wlZe)-

Using the Gronwall inequality yields
t
7-40
lu(®)I72 + [[w(t)][7: +/0 (AT ()22 + | Lulr)l[72) dT < C(t, uo, wo).
Then (3.1) follows. O

The following estimate plays an important role in proving the main result.

Lemma 3.2. Assume (ug,wo) satisfies the assumptions stated in Theorem 1.2. Then the corresponding
solution (u,w) of (1.9) admits the following bound for any t > 0

ool [ ol

,dr < C(t, ug, wo).
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In particular, there holds for any ¢; € (0, g)

t
/HMﬂWr dr < C(t, uo, wo).
0

H3~<1

3
Proof. Taking the inner product of (1.9); with %u, we have

1dy Al 2 Az 2 A3

E%Hg(A)“(t)‘ 2 Hg2(A)u‘ L2 _/RS (w-Vu) - Sy
A3

+ VX w: ———udz.

RS g*(A)

The Young inequality ensures
A3 A3
wa-iudaj‘ < [[w]| 72 Viu‘
o ¥ e < Wl |9 gy

1 Az 2
< ||l Cllw||3e.
= 16Hg2(A)u‘ po T Clwlze
Following the proof of (3.2), it is not difficult to check that for any e € (0, 2)

A% 2 3 _e 2 2
‘ﬁﬂﬂwzam4wm—@wm.

In view of the fact V - u = 0 and the Gagliardo-Nirenberg inequality, we infer that

3
ngA(A)u‘
AS

v

AL
‘/ (u~Vu)-72udx‘ < Clluwl| g2
R3 L2

g*(A)

< Cllull7s

L2

. A3
< 2 2 2 || 5
< OJAFullzallAullze | ey

L2

< sl + bl
=161 g2(A) L2 LI

IN

1 Az 2 ) )
il =l + e s

o AL jauge
—u |72,
g(A) N

where in the last line we have applied (3.4) with e = +. We thus conclude

WAh“W'w/ﬁ\2<CIF+@w2MW
dt g(A)u 12 gz(A)u L2 = (P ul| 72 || Aul? .
Ad
+C Au 22 771‘ .
[ Aull7, o Yl

The estimate (3.1) with r = 1 gives

t
lu(®)lIZ2 + w(®)]1Z: +/0 [Au(r) |72 d7 < C(t, wo, wo).

2 t
o,

By the Gronwall inequality,
A3

2
7

L

H;(\i)“(t)‘ Ldr < C(t, up, wo).

28

(3.4)
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The desired bound (3.3) can be deduced following the proof of (3.2). This completes the proof of Lemma
3.2. ]

The following is our main lemma in the proof of Theorem 1.2.

Lemma 3.3. Assume (ug,wo) satisfies the assumptions stated in Theorem 1.1. Then the corresponding
solution (u,w) of (1.9) admits the following bound for any t > 0

t
AR u()[[ 22 + [IATw(t)]|7 +/ LA u(r)|[72 dT < C(t, ug, wo), (3.5)
0
where ky < 7 + % for any & € (0, g) In particular, we have, by taking kq > %
t
[ IVl dr < Ot o, wo). (36)
0
Moreover, if one takes & € (2,2), then
lw(t)]|pe < C(t, ug, wp). (3.7)
Proof. Applying A% to (1.9), and taking the inner product with Aw yield
ld & 5 5
A w(t)||Zz + 2 A%wl[72 + ATV - w]|7

= / A (V x u)A%wdx — / (A% u - VwAw da
R3 3
= Kl + KQ.
Applying A¥t to the system (1.9); and taking the L? inner product with A* u, we have
1d
2dt

:—/ AP w- V- Aude + | AP(V x w)A ude
R3 R3

A" u() 72 + [|CA® ul|

= K3+ K4.
First, we deduce from the proof of (3.2) that for any es € (0, k1 + 1)
LA u|F > Col| AT =203, — Culful3.
It thus follows from the Gagliardo—Nirenberg inequality that
Ky < Ol AT | 2| A%l 2
< Cllufl 2 + LA  ul| 2) | A7w]| 2
< e Ul + ClATw]3a + Cluls,
where 0 — % + €3 < ky. According to V - u = 0 and the Kato—Ponce inequality, we obtain, for any o < %,

Ky = —/ [Agari,ui]w/\aw dx
]Ra

IN

1A% 0, wilwl 2 | A%w]| 2

C(|IVu

C(IVull L= lIA"wl 2 + A% ull 2 | A%wl|2) [ A7w]| 2
2 &

C(IVullz= + [AZullz2) | A7w] 7.

< o A7 w]| e

L3-25

Lo AWl 2 + AT ]| g [fwl]

IN
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For any & € (1, 3), K> can be bounded by
Ky < [[A% u- V]w| g2 ]|A7w]| 2

< O(IVullz [A7wl 2 + [A%u]l s VWl o )IATw] 22

5—20

< C(|Vaull o [A%w] g2 + A% ul| 2 [A7w] 12) [ ATw]| .2

< O(IVull o + 1A Zull2) [ A% w3
There, for any ¢ € (0, %),

Ky < C([Vullo + [[A2u] 22) | A%w]Z.
By the Kato—Ponce inequality, we obtain
Ky < CJI[AM u - V)uf ]| AF ]| 2
< OVl g [|A" a2 (3.8)
By the Gagliardo—Nirenberg inequality, one has
Ky < ClIAR 0 2 | A%w]| 2
< Clull s AT

< C(ILA g2 + [Jull2) [A%w]| 2

1 N
< E\IﬁAkluHiz + CA% w72 + Cllul2e,

where k1 < o + % — €5. Collecting all the estimates above yields
d g 7_,
S A w(t)][7e + A" w(t)]|72) + A2,

< O+ [ Vullze + A2 ull2) (IA7w] 22 + [|A" u]Z2) + CllullZ..

If we set
A(t) = [ATw(t)[32 + AR ()32, B(t) = AT 2u(t) |3, + [|[LAM u(t)]|3.,
f(t):=C+Cllul3:,
then
d 5
7AW +B(t) < O+ |[Vullz= + [[A2ul[z2) At) + f(2). (3.9)

We now bound ||Vu||p~ via the high-low frequency technique (see, e.g., [44]). By the Littlewood-Paley
decomposition (see “Appendix” for details),

N—-1 [e'S)
[Vl < [A-1Vulze + D AVl + Y [AVul| .
=0 =N

By the Bernstein inequality (see Lemma A.1)
A1Vl Lo < Cllull2

and

AVl <O 23 A2

=N =N

oo
=0 3 2R AR
=N

< C2N(62+%—k1)HAkl-‘r%—fzuHLQ’ (3.10)
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where we have used k; > ex+ %. According to the Bernstein inequality again and the Plancherel theorem,
the middle term can be handled as follows
N-1 N—1 N—1

ST IAVul L~ <C Y 28 A <C Y AN Y2
=0 =0 =0
N—-1

<C Y lle27)lEBa()| e

_ch_l\)sa@ls)g?qsn 1 ()|

2 g2(1eh > Nlee
N 2o _léL2

<03 PO S
STE 4k :

co(Sae) (X185 swl.)

N-1 1 5
< Or ( =1 1) Hgﬁ(/\)u‘ Lz
< Cg*( A)u‘ L2’

where we used the fact that g is a non-decreasing function and ¢(27/¢) denotes the symbol of the operator
A; (see “Appendix”). Summarizing the above estimates implies

A3
o < 2 29N —
IVullie < Clfulze +Co* 2NN ]

4 CaNleet k)| ARitT—ezy| o
L2

By the same argument, we have

Aé
IAFul < Cll + o) gy, + C2Y s iAo

The estimate for |[A%u|,> can be refined to

A%
Wi <o B ot e
The above estimate (3.11) can be established by invoking (3.10),
N-1
5 5 5
IA2 g2 < |ISvAZullzz + D I1AAZ ] 22
1=0

<o |xe ot ,+ I

=0

< ¢ |x@ Vo (e T (If(l)) L oMt iR R ey
L2

< Cg ‘ |€| |£| + CQN(eﬁ%—kl)”Akl-s—%—ezuHL2

+ CaNleet k)| ARiti—ezy| o)

< 092(2N)Hg2(A

u
)’LQ
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where the low frequency cutoff operator Sy is given in appendix. By (3.9),

DA+ B(t) < CA@®) + Cg2(2N)\/NHg£(1)u’

dt o
4 coNe =R B A() + (1),

For simplicity, we denote

3
aZ:k1—€2—1>0.

Choosing N satisfying
1
2N ~ (e + A(t))2a

we obtain

-
A2

<C<1+Hg2(A)u)L
1
3B

In particular,

CZA(t)sc<1+Hg2A(1)u]L2) 2[ (e + A()% |y/In (e + A(t)) (e + A(2))

+CF(). (3.12)

Thanks to
A6)2 ]\/In (e + A(t)) (e + A1) > 1,

Q
[\
—

[$

+

we divide (3.12) by g*[ (e + A(t))% J\/In (e + A(t)) (e + A(t)) and integrating in time to obtain

/P+A(t) dT ’
- <C / 1+ f(r dr
+A@0) TVInTg*(124) L

Recalling the condition (1.10) on g,

o dr
=V2a =00
/e TVInTg? (T2a e T\/lnTg ( )

and the bound in Lemma 3.2,

/Ot (1 + f(r)+ HgQA(;u(T)HB) dr < C(t, ug, wo),

we deduce that
A(t) < C(t7 Uo, wO)'
Returning to (3.12), we also get

t
/ B(7r)dr < C(t, ug, wp).
0
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Thus, we have
t
[AM u(t)]|72 + [ATw(t)]7 +/ (IAF 5= u(r)|F2 + [LAMu()|[72) dr < C(, uo, w),
0

which is (3.5). This finishes the proof of Lemma 3.3. O
We are now ready to prove the global H*-bound and thus Theorem 1.2.

Proof of Theorem 1.2. To this end, we recall (2.23),
Ld
2dt

= / (AS(V xu) - Aw+ A (V xw) - Asu) dx — / [A°,u- V]uANudx
R3 R3

(A ullZs + [A*w]Z2) + 1£Au]|Z2 + 20| A" w][72 + AV - wl|7

- / A% u- V]wA wdx
R3
=J1+ Jo+ Js.

According to the proof of (3.2), we have, for any e3 € (0, )

1CA U7z > Cs| A5~ u|fF2 — Col|AulFa. (3.13)
By (3.13) with e3 = 2, it leads to
Ji < Cl[ A | o |A*w] 2
< C(LA%u] 2 + A% =) [ A%w] 2
< SClEAulEs + CUA s + |ATw]3a).
According to (3.8), we achieve that
Ty < C|[Vul| = [ Aul3. (3.14)

The last term J3 can be bounded by

Jz = —/ [A®0y,, uJwA°w dx
R3

<A, wilw[ 2| Aw]] 2
< C(IVullz= [A*w] g2 + [|AF ]| g2 |wl| oo )| A*w]| 2
< C([IVullz= A w2 + (ILA%u] L2 + [[A%u] 2)[[w]| L) [A%w]| 2
1 S S S
< e leAullie + C(IVulle + wllz=) (1A% u]72 + [A*w]72). (3.15)

Combining all the above estimates, we obtain
d S S S
(A ulZe + [ A%w]|Ze) + [|EA ] 7e
<O+ il + I Vullze)([A%u]lZ2 + A w]72). (3.16)
Recalling (3.6) and (3.7), we conclude via the Gronwall type inequality
t
[A*u(@®)]1Z2 + [A*w(t)]|7 +/ ILA*u(T)||72 dT < C(t, uo, wo).
0

This completes the proof of Theorem 1.2. O
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4. The Proof of Theorem 1.3

28

This section is devoted to the proof of Theorem 1.3. Similarly it suffices to consider the case a + § = %.

The basic L%-estimate follows from Lemma 3.1.

Lemma 4.1. Assume (ug,wo) satisfies the assumptions stated in Theorem 1.3. Then the corresponding

solution (u,w) of the system (1.11) admits the following bound for any t > 0
t
lu@®lZ> + lwt)Z: +/0 (I€u(m)lZ2 + 1A%w(7)|Z2) dr < O(t, ug, wo)-

Our next goal is to improve the regularity of u, which can be stated as follows.

(4.1)

Lemma 4.2. Assume (ug,wo) satisfies the assumptions stated in Theorem 1.3. Then the corresponding

solution (u,w) of the system (1.11) admits the following bound for any t > 0

[ Y Lt T
——u(t —|—/ —u(T T < C(t, ug, wy).
g(A) e Jo 2 o

L2

When a+ 3 = %,

A
——u(t
IV

In particular, we have for any ¢ € (0, a + %)

[

2

A"“L%*elu(r)’

dr < C(t, ug, wp).

L2
Proof. Dotting the first equation of (1.11) by %u, we have
1d ‘Aa+ﬂ—1 2 HAQ&+5—1 2 A20+28-2
—— ||[———ult +|———u|| = VXw - ———udz
o1 ) S et A P
A20+28-2
— u-Vu) ———udx.
fo v g
By the Young inequality,
A2a+2ﬁ72 A2a+,871
Vxw: —————udz| < Cl|A w2 || ————u
RS g*(A) (A%l 9> (M) lpe
1 || A20+8-1 2
Dy | C||APw|2,.
ST e PR
Following the arguments used in proving (3.2), we deduce for any 1 € (0, a+8—1) and 9 € (0, 2a+3-1)
that
’ AatB-1 |2 oA ) Gl
—u > "ull. — wl|%2,
| i -
A2a+8-1 2 ) )
—_— > C3)|A™ -C .
‘ PN P sl A ullz2 — Callullz.

By a simple embedding inequality,

A204+2ﬁ*2 Ag A2o¢+ﬁ71
— | (u-Vu) ——~—udz| < C|A° (uu)| 2 || —5——u
‘ /Ra( T S ey L
A2a+,3—1
12 B 12 5T
§C||UHL372B ”A UHLW gQ(A) “ L2
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The high-low frequency technique implies

D. Wang et al.
A2(x+ﬂ—1
< ClA Ul s |~
L3%25 g2(A) L2
A2a+ﬂ71
< CINF s ||
g*(A) L2
3+28 3428 > 3+28
AT g2 < [ISNATT w2 + D AATT ulf .

Jj=N

Thanks to o > % and the Plancherel theorem, we have

34283

3+4a

ISvA™ ull e < ClISNA™S* ull 2 + || Sxull»

3 1 1
< ClisyAtullf ISx Al + Clul o2

< Clx@ Nl 2l 2~V €) €[ *T(E)]|2s + Clul| 2

1
2

_ ol vy RO vy PR
X2 | e R |+ O
oo €@ (el a@*
R o (N e PR
Aa+ﬁ—1 % 1
< o) || heut + Clule.

The high frequency can be bounded by the Bernstein inequality and (4.5) along with (4.6),

oo
3 aaE
j=N

where 6 is given by

Therefore,

3428
1A% u||Lzs0g<2N>H

2+83

o0
ullp2 < C Y 27T AAT w2

j=N
s 248
<C Y2 HV|ATE e
j=N
< C27 T || A" | 130 A2 |9 2

N Aot+B-1 1-0 A20+B8-1
<0277 —u + ||u 2) (Hu
(e At PEIEN

2 _
g 2rp-2m 1
27“2—27“1 2

L

1
2

1
I£ul[f2 + Cllullz2
L2

1=0 /11 A20+8-1
=+ [|u —U
) (%

AaJr['}fl
g(A)

N Aa+5—1
Lot (H
g(A)

u

L

0
n ||u||L2) ,
2

]
T ||u||Lz) .
2

JMFM
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Putting all the estimates altogether yields

2 2

d Aa+ﬁ—1 A2a+ﬁ—1
— || —————u(t + | ————u
AR R bt
AaJrﬁfl A2a+ﬁ71
< C||APw||2, + Cg?(2N H u Lullr2 || ———u
IA%wlfs +0g*(M) | =l 12ulis | Zr|
A2a+,371 N Aa+[~371 2(1-0)
+ Cllu||2s || ——u +O22< —_—u +|u||L2)
L QQ(A) L2 9(A> L2
A20+8-1 201 A20+8-1
X — U + U 2 — U .
(RN =l B
Therefore, if we set
AaJrﬁfl 2 A2a+[‘371 2
a0 =S| L sw= ||
Q(A) L2 QQ(A) L2

then

d 1 1
AWM + B(t) < CIA w7z + Cg*(2Y) A7 (1) Lull 2 B> (1)

N

+ Ol B (1) + 027% (@) + [ul) ™" (BE) + JullF:)” B o)

2(1-6)

< %B(t) T+ Cg*2MVAW) | Lull2s + CA(t) + C27 T (A(t)) 20

+ 027V [l 72 A2 (1) + ¢ (||ul| ),
where ¢(t) is given by

4(1-9

)
¢(llu(t)lz2) = C(lu@®)lzz + u®)ll 5" ) < O(t, uo, wo)-
This yields

d __N_ 2(1-0)
7AW + B(t) < Cg" M) A@®)[|Lull T + CA®E) + C2772 (A1) 727 + ([[u(®)] 12)-
By taking
2N e+ At),

we obtain

%A(t) +B(t) < Cg' (e + A(t)) (e + A1) (1 + [|Lul|Z2) + o(|[u(t)]|z2)-

Noticing that
gt e+ A) (e + A(t)) > 1,
we obtain from (4.7) that

e+A(t) - t
/ i _ ¢ / (1+ d(lu(r)lz2) + | Lu(r)]|32) dr.

+a) T9HT) T
/°° dr -
e TgHT)

/O (1 + o(lu(r)llz2) + [ Lu(r)]|Z2) dr < C(t, uo, wo),

Thanks to

and the following fact due to (4.1)

28

(4.7)
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we deduce that
A(t) < C(t, Uuop, wo).
In addition, (4.7) implies
t
/ B(7)dr < C(t, ug, wp).
0

The desired estimates (4.2) and (4.3) follow directly. (4.6) immediately implies (4.4). We thus complete
the proof of this lemma. O

Motivated by Lemma 2.3, we will show the following key lemma.

Lemma 4.3. Assume (ug,wq) satisfies the assumptions stated in Theorem 1.3. If o > %, 8 > 0 and

a+ > %, then the corresponding solution (u,w) of the system (1.11) admits the following bounds for
anyt >0

t
[ATu(t)|2 + / 1A% Lu(r)||22 dr < C(t, ug, wo), (4.8)
0

A%l + [ AP 2 dr < Ot ug, wo) (4.9)
for any 0 < 1+ B. In particular, due to o > 3 1, we have
[ UVl + 1A ) dr < € v ). (a.10)
Proof. Applying A% to the first equation of (1.11) and dotting by A%u, we obtain
S S IAT (@) + A7 Ll

z—/ [A%,U-V]u-A%udx—F/ AT (V x w)Aiuda
RS RS

= Nl + ]’\72.
Applying A2 to the second equation of (1.11) and taking the inner product with A2w yield

S SIACL(O) s + APl + 240wl + A0V -wl}

:/ AQ(qu)Agwdaj—/ [AC u - V]wA®wdz
R3 R3

= ]\73 + Z\~74.
Similar to the proof of (3.2), we obtain for any €3 € (0, «) that
1A LullF2 > Col|ATE=2uF — Cul|AFul . (4.11)
By the Sobolev embedding inequality and the Kato—Ponce inequality,
Ny < |[A%, w- Viul o l|ATul| 2
< CVull e Al s, 1A% 22

A2a+ﬁ 1
(A
g*(A)
A2a+ﬁ—1

1
< AT Lul?s +c< Hu

IN

T z T
+ IIVUI|L2> (A% Lull L2 + [[A2ul[L2)[[ AT ul| L2
L2
2

g*(A)

+ ||Vu||%2> (1+ [|ATul|22),
L2
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where k > 2 satisfies

T—4a—-28 1  «
i i )
6 k3
By (4.11) and the interpolation inequality, we can bound N by

=~ 7
Ny < C|‘Ag+ﬂw||L2||A4u||H14—1—97B
< Ol AT Pw|| ol | AT ul| 7 A% Lul 4
1 1
< SolAT Lullzs + e A Pwllzs + Ol AT ulZ,
where o > 1. Similarly, one has
N3 < |[A27A(V x u) | p2]| A2 Pw]| 2
< Cllull grosi-s | AP w]| 2
< Cllulljz"[|A% Cul 73| A Pwl| 2
1 7 1
< g IATLullzs + 6 lIA wllZz + Cllul 32,

where p < % As in (2.17), we choose mg > 2 satisfying
T-40-25 _ 1 _p
6 - mo -3
to obtain, for o+ 3 > and o < 1+ 4,
N 0 .. 0
R < A% u- o s 1A%w] 5.

< C([[Vul + ullzzl|wlp2) (|Aw]| g2 + |2 P wl|2)

o |[wllgege >
mo—2°

< O(lullgzasarllwll ,oor 2+ Jullzzwllz2) ([A%w]|z2 + [|A¢*Pw] 2)

2,2
< C(llull gz [[wl e + [full 2 [lw] 22 ) (| A%wl| 12 + [| A2+ P ]| 2).
By the Plancherel theorem and the Bernstein inequality,

lull 21 ~llull e + [|AZF7 | e

oo
< Jlullz + SN AP ]| 2+ [|AGAR T | 12

j=N
_ [P A 1a(g)
<lu z+OHx2 N () g
[[ullz ( )9~ (€) 7© L
+C Y2 AAF Iy
j=N
2+6—17>
< fullze + Cg2M) | EEE_BENy pomonpatiay ),
g (f) L2
A2(x+ﬁ—1
< lullpz + C?2N) || ———u
|| HL ( ) gQ(A) 1
—0o «@ 3—61 —20 Tha—e o
+ C27 N ATy 2 AT 2|3
A2a+,8—1
< ||u + 0PN | ————u
|| HL2 g( ) gg(A) 12

+ C27 N A ey |13 (AT Lu(7) || 12 + || ATl 12) %,

28
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where o is given by
1
. a  _1
1 + 261 - 262 2

Combining all the estimates above, one has

g

d
%(HA%U(QHQLQ +IA%w(0)[72) + AT Lull 72 + AP w]7

A2a+[‘371
<of1y Hu
g*(A)

2
+vw;>u+mhﬁa
2

L

we(vten [

—0o a+3—¢ — 20 7 7 -
+C (27N Al 2 (AT Lu(m) e + ATl )2 [l are + o] 2)
x ([A%wl]|z + A w]z2).

ull fwlle + IIUIL2IIwIIL2> (1A%wl]|z2 + A2 w]|2)

L2

Writing
X(t) = [ATu(®)| 22 + [A%w0(t)]|22, Y (E) = |ATLu(t)]|72 + A w(t)| 72
and choosing
2N ~e+ X(1),

we obtain
d A20+8-1 2 )
—X Y(t) < 1 —_— 2 X
Gx0 v <c(1e || FIvel ) e+ xe)

) A2o¢+5—1

| (lwlze +XH0) + u||L2||w|L2)

L2
x (X2(t) +Y2(t))
+C(e+ X(1) AT w1527 (X3 (1) + Y2 (1) (w2 + X2 (1))

X (XE(t) + YE(t)) + Cllull gallwll 2 (X2 (1) + Y3 (1)),
Thanks to the Holder inequality,

d A2etB-1 2 b3 e 112
GXO+¥(0) <0 (Hllule olle) + || Aol ) e+ x00)
A20+8-1 2
+C <H(||u||,;27 lwllzz2) + HgQ(A)u L2> (e+X(1)g* (e + X(1))

1
+ CH(||ul/z2, [[w]|z2) + §Y(t)a

where H(by, bg) is an increasing smooth function with respective to both b; and by, and thus satisfies

¢
| HQu e, fo@lle) dr < O o, wo).
0
Noticing the following fact
(e+X(t)g*(e+ X)) > 1,
we finally get

%X(t) LY () < CR(t) (e + X(8) g (e + X(2), (4.12)



JMFM Global Regularity of Micropolar Equations Page 27 of 36 28

where R(t) is given by
A2a+8-1 2

RO = H(u) o [wOll2) + | * a0+ 1w,

L
Recalling the assumption on g,

and the bound due to (4.2) and (4.4)

t
/ R(7)dr < C(t, ug, wp),
0

we obtain
e+X() gy ¢
/E+X(0) T g/o R(r) dr < C(t, up, wp).
That is, X (t) must be finite for any given ¢ > 0,
X(t) < C(t, ug, wp). (4.13)
By (4.12),

/OtY(T) dr < C(t, ug, wop). (4.14)

The estimates (4.13) and (4.14) along with (4.11) imply (4.8) and (4.9). Clearly (4.10) is an easy conse-
quence of (4.8). In fact, due to a > %, we invoke the inequality with 0 < €5 < g + a

IAZullze, [Vl < Cllullze + CIAT = 2ullps,
which is (4.10). This completes the proof of Lemma 4.3. O
The estimate (4.10) and Lemma 2.4 allow us to obtain the following bound.

Lemma 4.4. Assume (ug,wq) satisfies the assumptions stated in Theorem 1.3. If a > %, 6 > 0 and

a+8 > %, then the corresponding solution (u,w) of the system (1.11) admits the following bound for any
t>0

t
| Il dr < € o, ), (415
0

Finally we provide the global H®-estimate for « and w, and thus finish the proof of Theorem 1.3.

Proof of Theorem 1.3. As in (2.23), we have

1 d S S S S S S
5 7 (I ullZz + 1A%w]72) + 1A LullZ: + A Pwl|F: + 2] A%w]Z: + AV - w]Z:

=J1+ Jo + Js.
By means of the proof of (3.2), we have, for any 0 < €3 < «,
IA*LullZs > Csll A2 ull2. — CollA%ul2:. (4.16)
By (4.16),
T < 2N 2 A0
< 2([A%ul[r2 + |A° Lul|p2) [A*w]| 2

1 S S S
< e lALulli: + CIAuI[Z: + [[Aw]72).
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We deduce from (3.14) that
Jo < C|[Vul| oo [|A™ul |2
According to (3.15), we have

1 S S S
Js < 76 IA Lullfe + C(IVulpe + wlz ) (IA%ullZ: + A w]Z2).
Combining all the estimates yields
d S S S S
(I8 ulZe + [A%w]|Z) + [|ALull 72 + [[A w2

< COA+[[Vullze + wlZeo) (1A ull72 + | A%w]|72).
Thanks to (4.10) and (4.15),

t
/ (1+ V(7)o + [w(T)|[Zee) dr < CO(t, uo, wo).
0
The Gronwall inequality implies
t
[A%u(®)]|72 + [A%w(t)]72 +/0 (IA° Lu(r)[[72 + A% Pw(r)|72) dr < C(t, g, wo).

This completes the proof of Theorem 1.3.
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Appendix A. Besov Spaces

This appendix provides the definition of the Besov spaces and related facts that have been used in the
previous sections. Some of the materials are taken from [2].
We start with the partition of unity. Let B(0,7) and C(0,r1,r2) denote the standard ball and the
annulus, respectively,
B(O,r) ={¢eR": [{|<r}, C(0,r1,r2) ={{€R": r < [¢] <ra}.
There are two compactly supported smooth radial functions ¢ and v satisfying

supp ¢ C B(0,4/3), suppt C C(0,3/4,8/3),
GE)+> P(277¢) =1 forall £ €R" (A.1)

=0
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We use h and h to denote the inverse Fourier transforms of ¢ and v respectively,
h=F"1tp, h=F 'y

In addition, for notational convenience, we write 1;(§) = ¥ (277¢). By a simple property of the Fourier
transform,

hy(e) = F (1) (x) = 29 h(2a).
The inhomogeneous dyadic block operator A; are defined as follows
Ajf=0 forj< -2

Aaf=hsf= | fle=y)h)dy

Ajf=hjxf=2" flz —y)h(27y)dy for j > 0.
RW,
The corresponding inhomogeneous low frequency cut-off operator S; is defined by
Sif= > Auf.
k<j—1

For any function f in the usual Schwarz class S, (A.1) implies

F(€) = 0(€) J(©) + ) _v(277€) f(©) (A.2)

7>0

or, in terms of the inhomogeneous dyadic block operators,

F=D A or Id= Y A,

j>—1 j>—1

where Id denotes the identity operator. More generally, for any F' in the space of tempered distributions,
denoted S’ (A.2) still holds but in the distributional sense. That is, for F € &',

F=Y AF or Id= > A; in & (A.3)
j>—1 j>-1
In fact, one can verify that
SiFi= Y AF — F in 8.
k<j—1

(A.3) is referred to as the Littlewood-Paley decomposition for tempered distributions.
The inhomogeneous Besov space can be defined in terms of A; specified above.

Definition A.1. For 1 < p,q < oo and s € R, the inhomogeneous Besov space B, , consists of the functions
f e S satisfying || flls; , = 1277|145 fll e [l1a < oo

Bernstein’s inequality is a useful tool on Fourier localized functions and these inequalities trade deriva-
tives for integrability. The following proposition provides Bernstein type inequalities for fractional deriva-
tives.

Lemma A.1. Fora>0,1<p<g <o, and f € LP(R"),
(1) if there exist some integer j and a constant K > 0, such that, supp f C {£eR™: |¢| < K27}, then
180 fllzagee) < CL222 0 flloan);

(2) if there exist some integer j and constants 0 < Ky < K, such that, suppfc {EeR": K120 <
|€] < K327}, then
1 1

Cr 2| fllLany < 1(=A)* fllLa@ny < Co 22aj+jn(575)”f||LP(R”)’

where Cy and Cy are constants depending only on a,p and q.
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Appendix B. A Global Regularity Result When VV . w is Eliminated

As we mentioned in the introduction, the term VV - w in the equation of w in the micropolar system is
a “bad” term in the sense that it prevents us from deriving the estimate ||w||p« with ¢ > 2 directly by
the standard L%-estimate. This appendix provides a global regularity result for the micropolar system
without this term, namely (1.2) with g = 0. As we shall see in Theorem B.1, the requirement on the
fractional powers can be reduced to a > % and 3 = 0, which is the best one at this moment.

Theorem B.1. Consider the following 3D incompressible micropolar equations, namely,

Ou+ (u-Vu+ (=A)u+Vp=V xw, xR t>0,
ow+ (u-V)w+ 2w =V X u,

V-u=0,

u(z,0) = up(x), w(z,0)=wo(x).

(B.1)

Let (uo, wo) € H*(R?) with s > 5 and V-ug = 0. If « > 2, then the system (B.1) admits a unique global
solution (u, w) such that for any given T > 0,

(u, w) € L>®([0,T]; H*(R®)), A% € L*([0,T]; H*(R?)).

~—

since o > g is even simpler. Combining Lemma 2.1

NS

It suffices to consider the endpoint case o =
and Lemma 2.2, we still have

t
2 2
Iy + [ ) dr < Ot wo). (B.2)
With (B.2) at our disposal, we are in the position to establish the following key estimates.

Lemma B.1. Assume (ug,wp) satisfies the assumptions stated in Theorem B.1, then the smooth solution
(u,w) of (B.1) admits the following bounds

/ VU)o dr < C(t, w0, w), (B.3)
[w(t)][ < C(E, uo, wo). (B.4)
Proof. By V -u =0, we rewrite (B.1); as follows
Opu+ Adu=— (I3 + (~A)"'VV) [v (u®u) -V x w]
where we have eliminated the pressure term by V -« = 0. Applying A~ yields
OGA Y+ ASA = A (I3 + (—A) 1YV {v (u®u) -V x w} (B.5)
Applying Lemma 3.1 of [53] to (B.5) leads to
1A%l e = AR A ]y

< C(t,u0) + C(1) HA*1 [+ (=A)"'VV) [v (w®u) —V x w} ‘

LiLs

< C(t,ugp) + C(t) HAfl [V (u®u) —V x w] ’ e

< C(t,uo) + CW)|uully s + CO)wllzyrs

< C(t,uo) + CH)l[ullZs 1o + COlwl s s

< C(tuo) + CW)l[ull?, 5 + CO)llwllzyrs

< O(t, uo, wo) + C(t)[|wll g1 s, (B.6)
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where in the last line we have used (B.2). By the equation of w in (B.1),

d
Zlw@®lcs < [[Vullzs.

By an interpolation inequality, one derives
t
Jw®)lze < Juollzs + [ [9u(r)]sdr
0

t
11T 37 .
< ||wo||L8+C/0 lu(m)llpe > | A2 " u(r )||21 = dr

; et e
<funles + ([ laolzar) ([ Ia e ar)
0 0

where 0 < € < % Therefore, we conclude

, bl e
fulezzs < wolle + € ([ uollzar) ([ 18t ue o)
0

< t”w()”LS + C(t Uuop, w0)||A2 6'LLH21 86 .

LiLs
Combining (B.6) and (B.7), we have

3_ 3¢ 1T
HA2 E’U’HL%Lg < C(t7 uo, wO) + C(t7 Uo, ’wO)HA2 EUHZELSSG

1, .3
< C(t, uo, wo) + 5”A2 “ullLizs,
which yields
1A= <ul| 11 s < C(E, uo, wp).

By further taking 0 < € < , we obtain from (B.8) that

/ HVu ||Loo dr < C/ ||'LL ||L2 dr + C/ ||A7_6 ||L8 dr
< C(t, uo, wo).
By the equation of w in (B.1), we again have, for any 2 < ¢ < oo,
d t
Zlw@®lle < [Vulra or w@)lze < [lwollzs +/0 IVl La dr.
Letting ¢ — oo and invoking (B.9), we find
lw(®)||~ < C(t, uo, wo).
Thus, we complete the proof of Lemma B.1.
By (B.3) and (B.4), we can obtain our ultimate global H*-estimate for u and w.
Proof of Theorem B.1. Similar to (3.16), we have
d S S S 5
(A% ulZa + 1A% w]fZ2) + A5 ul72
< O+ [lwlZe + [Vl o) ([A%ul[72 + [|A*w]|72),
which along with the Gronwall inequality, (B.3) and (B.4) yield
t
[A*u(t)]|72 + [|A*w(t)]|7 +/ 1A 3 u(r) |32 dr < C(t, uo, wo)-
0

This finish the proof of Theorem B.1.

28
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(B.9)
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Appendix C. Local Well-Posedness Result on (1.2)

For the sake of completeness, this appendix presents the local well-posedness result of (1.2) with initial
data (ug,wp) € H*(R?) with s > g More precisely, we prove the following local well-posedness result.

Proposition C.1. Let (ug,wy) € H*(R®) with s > g and V -ug = 0. If a + 3 > 1, then there exists
a positive time T depending on ||ug| = and ||wol||zs such that (1.2) admits a unique solution (u,w) €
C([0,7); H*(R?)).

We remark that the same local well-posedness result also holds true for (1.8). Similarly to [10,34] (also
see [56]), the main ingredient of the proof of the Proposition C.1 is to approximate (1.2) by the Friedrichs
method to obtain a family of global smooth solutions.

For N > 0, set B(0,N) = {¢ € R*||¢| < N} and denote by xp(o,n) the characteristic function on
B(0, N). Define the functional space

Ly = {f € L*(R?)| supp fC B(0.N)},
and the spectral cut-off
INT() = XB0.0) () (©)-
Proof of Proposition C.1. We first consider the following approximate system of (1.2),
O™ +PIN(Inu™ - V) Inu) + ATy =PV x Jyw",
w4+ In(Inu - V)Inw™) + 205w + AP Tyw®™ =V x Jyu¥ + VV - Iyw?,
V-ul =0,
uM (x,0) = Inuo(z), w(z,0) = Inwo(x),

where P denotes the standard projection onto divergence-free vector fields. Thanks to the Cauchy-
Lipschitz theorem (Picard’s Theorem, see [34]), we can find that for any fixed NV, there exists a unique local
solution (u™,w™) on [0, T) in the functional setting L3, with Ty = T'(N,ug,wp). By J& = Jn, P> =P
and PJy = JNP, we can check that (Jyu®, Jyw™) is also a solution to (C.1) with the same initial
datum. Based on the uniqueness, it yields

Inu¥ =u, Iyw" =w?.
Consequently, the approximate system (C.1) reduces to
O + PIy (" - V)u) + A2 = PV xw?,
ow + In (W - V)w) 4 20" + AP =V x ¥ + YV - w?,
V-uN =0,
uN (2,0) = Iyuo(z), w(x,0) = Iywo(z).

A basic energy estimate implies (u™, w™) of (C.2) satisfies

(C.1)

(C.2)

t
™ @ONZ2 + [lw™ (B)]1Z- +/O (A + [lw™[[F0) (1) dr < C(lluolZ2 + llwollZ2, 1)

Therefore, the local solution can be extended into a global one, via the classical Picard Extension Theorem

(see, e.g., [34]). By the direct H®-estimates (see for example (3.16)), we deduce from (C.2) that
d (e
2 (e Ol + 1w @l1F) + (A + A7 [

< CA+[IVu|zee + [Vl o) (e s + w™]17)
< O+ [l + 1wz (a7 + lw™1Fe), (C.3)
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where we use the fact that

5
IV fllLe®sy < Cllfllms sy, s> 3

We assume in (C.3) that [[u¥||gs + [|[w™|gs > 1 since, otherwise, we replace ||[u™||gs + |[w™ |z by
1+ |u | g + [Jw™ | grs. Denoting
X () = [l @)1 + o™ O,
we get from (C.3) that
d

dt
where £ > 0 is an absolute constant. By direct calculations, we show that for all N

m\w

—X(t) <rX(t)z,

AJuol|Fs + 4llwoll
sup (™ @NFs + ™ @) 15) < = > =
0= (2 = kT /JJuol% + [lwo

where T > 0 satisfies

7"

2
o/ Tuoll . + ol

As a result, the family (u”,w") is uniformly bounded in C([0,7]; H*) with s > 5. We can also show
that

o, o™ € L2°([0,T)); H, P (R?)  for some 0 > 2.

As the embedding L? — H~? is locally compact, the well-known Aubin-Lions argument allows us to
conclude that a subsequence (u¥,wV) yey satisfies, on any compact subset of R?,

o =¥ 2 = 0 = e =0 as Ny N o

1_f

Noticing that || f| 5« < C||fl;2° ||fHHs for s > s', we have

la = [ =0, [l —wN | =0, as N, N'— oo,

which imply that we have strong convergence limit (u,w) € C([0,T]; H* (R?®)) for any s’ < s. Therefore,
this is enough for us to show that up to extraction, sequence (u”,w?)yen has a limit (u, w) satisfying
Ou+ P(u-V)u+ A2 = PV x w,
Orw + (u-V)w+ 2w+ A?Pw =V x u+ VV - w,
V.-u=0,
u(z,0) = up(x), w(x,0)=wo(x).
Furthermore, it is not hard to check that (u,w) € L*([0,T]; H*(R3)). Finally, we claim that (u,w) €

) 0
C([0,T); H*(R?)). It suffices to consider u € C ([0, T]; H*(R?) as the same fashion can be applied to w to
obtain the desired result. First, one has

(C.4)

sup (|lullgs + [lw]|z=) < C(T) < oo.
0<t<T

By the equivalent norm, we get
%
u(ty) — ults) ]| e = {( D ) (2’“||Aku tl) - Aku(t2)||Lz)2} . (C.5)
k<N k>N

Let € > 0 be arbitrarily small. Thanks to u € L°°([0, T]; H*(R3)), there exists an integer N = N(g) > 0
such that

N

{3 @™laku(t) - Aputa)lz=)?} < (C.6)

k>N

N ™
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Appealing to (C.4); implies

Aku(tl) — Aku(tg) = IAkU(T) dr
t, AT

- / " ARPIY X w o+ (1 V)t A2 (7) dr

This allows us to derive

> 2 Agu(ty) — Ajultz)|7s

k<N
2
:22%5( / ARP[V x w + (u- V)u + A%u]( )dTH 2)
k<N L
2
<y 22’“(/ ARV % w -+ (- V)t A% 2 (r) dr )
k<N 1
2
< 3o / ARV X wll e + 1Ak~ Vu) 22 + N AKA>ull2](7) dr )
k<N b1
t2 2
=3 22k(/ K=V ALV x w(r)| 2 dT)
k<N
t2 2
+3 2%(/ k=D ALV - (u® u)(T)] 12 dT)
k<N
t2 2
+3 24ak(/ 25| Agu(r) 12 dr )
k<N t
<C > 2 (ol el — tal® + fuull} o ol — 2]2)
k<N
+C Y 2ty — o[l e e
k<N
<O Y2 2%t =t (e e + Nl e o il )
k<N
+C Y 2kt — ol
k<N

< C2Nty — b (Il e e + Il e ) + €22 N2 = o2l

which implies

{3 At - At )7} < ()

2
k<N

provided that [t; — 5] is small enough. The desired u € C([0, T]; H*(R?) follows from (C.5), (C.6) and
(C.7). Since (u,w) are all in Lipschitz space, the uniqueness follows directly (see the end of Sect. 2). This
completes the proof of Proposition C.1. O
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