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Abstract

The initial value problem for the complex Ginzburg-Landau equa-
tion of the form (¢ > 0,A > 0,a > 0,b > 0, v, i being real):

O = Au+ (a + iv)Au — (b+ip)|u/*wu, (x,t) € R™ x (0, 00)

with initial data u(x,0) = ug(z) € H, is considered. The local well-
posedness is established for ug € Hy if r and p satisfy

1<p<oo,

rog <1 < —2070, ro =

This result reduces to H" theory by setting p = 2 [13]. By taking
= v = u = 0, this reproduces a theorem for the nonlinear heat
equation in [15].
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1 Introduction

In this paper we consider the initial value problem (IVP) for the complex
Ginzburg-Landau (CGL) equation of the general form

Ou = Au+ (a +iv)Au — (b +ip)|ul*u, (z,t) € R" x (0, 00) (1.1)

u(z,0) = up(x), reR" (1.2)

where u is a complex-valued function of space-time and ¢ > 0,4 > 0,a >
0,b > 0,v,u are real parameters. We are mainly interested in the well-
posedness of the IVP (1.1), (1.2) with initial data uy € H,, the Sobolev
spaces of negative indices (definition is given below).

The CGL equation has a long history in physics as a model equation de-
scribing the onset of instabilities in fluid mechanical systems as well as in the
theory of pattern formation and superconductivity. The IVP (1.1), (1.2) has
been studied recently ([11], [12], [13]) and the natural settings for the initial
data are LP, H" and more generally H]. These types of initial data spaces
have been used in dealing with other nonlinear equations, for example, the
Navier-Stokes equations ([8],[6], [9]), the quasi-geostrophic equation ([3]), the
nonlinear heat (NLH) equation ([4],[14],[15]) and the nonlinear Schrédinger
(NLS) equation ([2],[5]).

For s € R, g € [1,00), H; = H;(R") denotes the Sobolev space consisting
of all functions f such that

(L-A)z:feLi(RY), ie, |fllsg=I(1~A)3f]m < oo

Clearly, H; = H*®. Some other properties concerning H, can be found in [1].
Especially, we will need the imbedding theorem

. n n
if s1——=85—-——, 1<qg g <o,

H C H?
“ q1 q2

q2?

(see e.g. [1], p.153).
Our main result states that if ug € H, with r, p satisfying

1 1
l<p<oo, —————<-—<-=
p=oe o(204+1) — o

n
p
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n 1
rg < r < =207, o= — — —
p o

then the IVP (1.1), (1.2) is locally well-posed. Precise statement is given in
Theorem 3.1.

As we know, o is said to be critical (resp. supercritical, subcritical) at

the level of L? if o = Z(resp. >, <) and at the level of H" if 0 = —2- (resp.
P n—2r

>, <). We can generalize this notion by saying that o = — -t (resp. >, <)
is critical (resp. supercritical, subcritical) at the level of H. The local well-
posedness result we establish is for the subcritical case. New devices may
be necessary to extend the results to critical or supercritical case and the

compactness method is a possible choice [5].

Even though there is a large literature on the CGL equation, not many
papers deal with the IVP with weak initial data. In [13] Levermore and
Oliver prove the local well-posedness with distributional data in H"(T") in
the subcritical case (i.e. 7> § — %) Our result reduces to H" theory on R"
by setting p = 2. The proof in [13] is also based on contraction methods, but
the technical details are quite different.

If welet A =v = pu = 0, the local well-posedness result reduces to a
parallel theorem obtained in [15] for the NLH equation. In [15] the initial
data in taken in homogeneous Lebesgue space H; (replacing (1 — A) by —A
in the definition of H), rather than Hj.

The well-posedness result is proved by contraction mapping arguments.
In Section 2 we establish estimates for the solution operator K to the linear
equation and the operator G (defined in (2.5)) over spaces of weighted con-
tinuous functions in time (see Definition 2.2). These estimates are used in
Section 3 to show the contraction.



2 Preliminary estimates

We now consider the linear equation
Ou = Au+ (a + iv)Au, (x,t) € R" x (0, 00) (2.1)

and its solution operator K (t) = eAt+{(a+®)At  [(1) is represented by the
convolution in z, i.e.,

1 At— |1‘2

RS =l f = (47 (a + il/)t)n/2€ e f (2.2)

and the kernel k; satisfies

1 eAt_ 4(a,a2|j—|j2)t
(4r|a + v |t)"/?

[Fe(2)] <

Furthermore, we have
Lemma 2.1 Let A >0, a > 0 and v be real parameters in (2.1).
(a) Fort >0, ||kl = (1 + [5]2)2 et and therefore

n

vi2\ 4 At
Ikox fl < (14 2] ) e¥lfl, 1<p<oc (23)

(b) For s >0 and q € [1,00),
lkiellog = (1 = A)ikil|a < Cretigls(-3)] (2.4)
for some constant C, depending on a,v, s, q.

Proof (a) The value of ||k¢||z: is obtained by a simple calculation. The
inequality (2.3) is a consequence of Young’s inequality.

(b) If 5 is an integer, (2.4) is obtained by a direct calculation. The general
case can be dealt with by interpolation.

We shall solve the IVP (1.1), (1.2) in the space of weighted continuous
functions in time, which we now introduce. Kato and his collaborators define
this type of spaces in solving the IVP for the Navier-Stokes equations with
various initial data ([6],[7],[8],[9],[10], [4]).
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Definition 2.2 For T > 0 and a > 0, we define the space
Cosg ={f € CU0,T); Hy), | fllasq <00}
where the norm || f||a,s.q s given by

[ fllasg = sup{t*|[ f(,)|lsq = t€(0,T)}

Cos,q 15 defined to be a subspace of Cy 54

Ca,syq = {f € Ca,s,q((07T); H;) : tl_i}g}k taHf('vt)”s,q = O}
Casq is a closed subspace of Cysy. f € Cosg (resp. f € Cyg,) implies

Hf(7 t)HS,q = O(tia)a (resp. Hf('at)”s,q = O(tia)), as t— 07"

If T < 00, Chyy C Cgaq when o < 3. The case o = 0 is special. Clearly,
Cosq C BC([0,T); H;) C Cysq, where BC([0,T); H) denotes the space
of Hj—valued bounded continuous functions on [0,7). For simplicity, we’ll
write Cs 4 for BC([0,T); H;).

To solve the IVP (1.1), (1.2), we need to establish estimates for the op-
erators K and G (defined in (2.5)) over the type of spaces we just defined.

Proposition 2.3 Let A > 0,a > 0 and v be real parameters.
(i) Forqe[l,00),s € R,
Kt)f—f in H; ast— 0"
and K maps continuously from H; to Csqy € Cosg

(ii) If g1, q2, 51,52 and ay satisfy

a1 < qo, 81 < 89
1 n n
a2:—$2—81+———
2 q1 q2

then K maps continuously from Hg! to C’aw?,q2 (When ag = 0, C’QQ,SZ(D
should be replaced by Cs, 4,)-



Proof. (i) follows from the semi-group properties of K on L9.

We now show (ii). Let so = so —s; > 0 and f € H!. By Young’s
inequality,

I lonas = 101 = 2) ke (1= 2)F) Fllze < U= ) Rellgas1 v

where ¢ satisfies 1 — L = L — L Using Lemma 2.1,
q3 q1 q2

1(_ _mn n
V() flene < et 075 ) | £

which implies that K maps continuously from H;! to Cy, s, ¢,- Furthermore,
for a > 0, K maps into C, 4,4, DOt just Cay.50.o- This is because K maps

smooth functions into Cy, 5,90 NCo53,00 C Cag, 0.0 -

For o, = 0, C' is replaced by C. Another easy proof can also be given in
this case. Since now

n n
81— — =83 — —, g1 < @
q1 q2

we can use the imbedding H! C H,2? and (i) to show that K maps H,! to
Cor -

We now give estimate for G:

Glo)(t) = / K(t — r)g(r)dr (2.5)

Proposition 2.4 If g1, qs, S1, S2, a1 and oo satisfy

@ < Qo (2.6)
0§52—31<2—[£—3} (2.7)
q1 Q2
1
Oél<17 0422041—1+—|:82—31+£—£:| (28)
2 a1 g2

Then G maps continuously from Cy, s, ¢ 10 Cay 5.0
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Proof. Let g € C’al,shql and sg = sy — S
t SO Sl
IG@Dllsae = / 10— 2) %k (1= 2) % g(7)) llpeedr

Using Young's inequality with 1 — - = .- — - and Lemma 2.1,

t
1G(@)D)ls2.00 < /0 1= 2) % kel g (7 sr.q0 7

1
i) T dr

t 1(_o _n
SckeAtHgHahshql/ (t_7)2< T
0
1
:CkeAtHgHal,ﬂ,qlt_alH_5(_50_‘“”2)/ (1= )t ot gy
0

Takingoz2=oz1—1+§[S2—sl+qﬁl—qﬁz],
1[ n n} )
——lsa—s1+———|,1—-

G(Dllas.soe < Cre™[|gllar.sran B | 1
166z isin < Co gl B (1 Lz
We conclude the proof by noticing that the Beta function B is finite if

n n
0§32—81<2—|: :|, ap <1
a1 42



3 Well-posedness

We first state the main result.

Theorem 3.1 Let p and r satisfy

1 n 1

l<p< — < - < — 3.1

P =00 oc20+1) —p o’ (3.1)
1

ro <r < —20rg, T’OEE—— (3.2)
p O

Then for any 6 > 0, there is a T = T(5) > 0 such that for every uo € H
with ||ug||,, < & there is a unique solution w of the IVP (1.1), (1.2) on (0,T")
satisfying

u e ZT = éﬁp N (ﬂp§q<oo Ma>r Cf%_i_%(ﬂ_ﬂ))\’q) (33)

P q

Moreover, for any T' € (0,T), there is a neighborhood V' of ug in H; such
that the solution map

T Vi— Zp, ugr—u

18 Lipschitz.

We make several remarks about this theorem.

Remark 3.2 Since we are mainly concerned about the case r < 0, the con-
straint r < —20rg for ro < 0 is virtually no condition.

Remark 3.3 By taking p = 2, Theorem 3.1 reduces to H" theory for the
CGL on R™, parallel to Theorem 4 in [13] where the IVP (1.1), (1.2) with
data in H"(T™) is considered.

Remark 3.4 We observe that the time interval of existence depends only on
lluollrp, the norm of the initial data. Therefore it is sufficient to obtain global
control of H, morm in order to show global existence.



Theorem 3.1 is proved by contraction mapping arguments. To this end,
we write Equation 1.1 in the integral form

u= Kug+ G(N(u)), N(u) = —(b+ip)|u/*u (3.4)

where K is the solution operator (2.2) to the linear equation (2.1) and G is
defined in (2.5). Then we show there is a fixed point for the integral equation
(3.4) in an appropriate space. As mentioned earlier, the space of weighted
continuous functions in time is suitable.

Proof of Theorem 3.1. For simplicity of notations, we may include the
factor e’ in the constants Oy, Cy, Cs, - - - that appear below. This practice
causes no side effects because of the insignificant role played by e here.

Let the space Xt and the norm for u € X given by
Xr=CrpyNCsop  lullxy = lullosp + llull-5.00

Let X7 r C Xp be the closed ball of radius R centered at 0 and Xrpp is a
complete metric space. Consider the mapping A on X g with T, R yet to
be determined:

Alu) = Kug + G(N(u)),  N(u) = —(b+ip)[ul*u

Applying (i) of Proposition 2.3 and (ii) with

r
g1 = P = (g9, S1 =T, 82:07 (]{2:—5
we obtain for two constants C and Cy
[ K uolo,rp < Chlluollrp: [ K uol[-z.0p < Colluol]rp

That iS, ||KUO||XT S CSHUOan with 03 = Cl + Cg.

We now estimate G(N(u)). Choose p; and 7 such that

- n n
, r— —=r——
20+ 1 b ! P1 p

b1 =

and use the imbedding H)! C H] (see e.g. [1] , p.153) to obtain
IGIN@)llorp < CallGN (@) 0,511
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We can now estimate ||G(N(w))l|o.r p by applying Proposition 2.4 with

G =q = b
TR T o
s1 =0, Sp =11 20
T
a1:—§—07"0, a2:0

because the conditions (2.6), (2.7) and (2.8) are now satisfied under the
constraints (3.1), (3.2)

n n n 1
rHn=r——=+—>R2c+1){————1] >0
' p M (20 )(p 0(20+1))_

n n
O0<sg—81=r1=r—+20— < —20rg+20— =2
b b

T 70 n 1 1
- __ _ < ——(2 N=—-( - - —— — 1<1
o 5~ 970 2( o+1) (p 0(20+1)) <0+2)+

We obtain

IGIN (@) llogr 1 < CslIN (W)l —g—ar0.0,527 < 05T”(’"_T°)||N(U)||,w7o?ﬁ

20+1 —
Here we’ve used r > 7 to pick up the factor 77"—70). Thus,

IGN @)llorp < CeT" 25, < o7 fufl 3, (3.5)

—I0p >
where Cg = CyC5+/b% + 2.

To estimate ||G(N(u))|-z 0, we apply Proposition 2.4 with

q1 = 20_+ 17 g2 =D,
S1 :O, S9 :0,
r T
N = —— — e ——
1 5 OTo, Q2 5

and it is easy to check that the conditions (2.6), (2.7) and (2.8) are satisfied
because of the constraints (3.1) , (3.2) and 7y < 0. We obtain for some

constant C7
IGIN(u)ll-z,0p < C7IN(W)ll-z—0ro.0,,2
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< CyT7="0) |Ju |20+1 < CyT7=") |Ju ||2a+1 (3.6)
where Cy = C; \/m
Now we show that A is a contraction. Using the inequality
P — a7l < Co (Ju* + @) [u — 1
for ¢ > 0 and some constant Cy, we have for any u,u € Xrp
JAG) = A@)x, = GV (W) — GV @))lxy
< CuollG(([ul*” + |a*7)u — al) ]| x,
where C1g = /0% + p2Cy. Estimating G in X similarly as in (3.5) and (3.6),

() = A@) | x, < CuT7C | (P + [al*) Ju = ]| -2y

[ P
PR TS|
< Tt (HuH2 s o 1A% op) lu—al[-5.0p

= Cu T ([lull3, + llallF,) llu — allx,

Summing up, we’ve found that for some constants Cy, Cr, C;

M(@)llx, < Carlluollrp + CrT" " |u 37

lAw) = A@) | x, < CT7 (Jlull3, + 1al3,) llu — @l x,
So the conditions that A map X r into itself and be a contraction are

Cpd+ CT°rIR¥ L <R 20,T7°""R¥ < ] (3.7)

For § > 0, we choose R > 0 and T' = T'(6) > 0 such that (3.7) is satisfied.
Hence it follows from the contraction mapping principle that there is a fixed
point u € Xr g for A, i.e., u = A(u). That is, u solves (3.4).

We now show that u is actually in Zr (defined in (3.3)). First we notice
that
u=A(u) = Kug+ G(N(u))

11



For p < q < 0o, A > r, Kug € Cx Asryl(non) g is an easy consequence of

p q

Proposition 2.3. Thus Kuy € Zr. To show G(N(u)) € Zr, we follow similar
procedures of establishing (3.5) and obtain for any p < ¢ < co and A > r

|G(N(u))] A2r4l(2-2) g

< CmTU(T*m)HN(U)H,MO Ly S CTIT
2 '20+1
Therefore u € Z7.

The proof of the uniqueness and the local Lipschitz continuity is routine
and thus omitted.
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