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Abstract

The magnetohydrodynamic (MHD) equations have played pivotal roles in the study of many phenomena 
in geophysics, astrophysics, cosmology and engineering. The fundamental problem of whether or not clas-
sical solutions of the 3D MHD equations can develop finite-time singularities remains an outstanding open 
problem. Mathematically this problem is supercritical in the sense that the 3D MHD equations do not have 
enough dissipation. If we replace the standard velocity dissipation �u and the magnetic diffusion �b by 
−(−�)αu and −(−�)βb, respectively, the resulting equations with α ≥ 5

4 and α +β ≥ 5
2 then always have 

global classical solutions. An immediate issue is whether or not the hyperdissipation can be further reduced. 
This paper shows that the global regularity still holds even if there is only directional velocity dissipation 
and horizontal magnetic diffusion −(−�h)

5
4 b, where �h = ∂2

1 + ∂2
2 .
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1. Introduction

Whether or not smooth solutions of the 3D incompressible Navier–Stokes equations

⎧⎪⎨
⎪⎩

∂tu + u · ∇u = −∇p + ν�u, x ∈ R3, t > 0,

∇ · u = 0,

u(x,0) = u0(x)

(1.1)

can develop finite-time singularities remains an outstanding open problem. This Millennium 
prize problem is supercritical in the sense that the standard Laplacian dissipation in (1.1) may 
not provide sufficient regularization. If we consider the generalized Navier–Stokes equations

⎧⎪⎨
⎪⎩

∂tu + u · ∇u = −∇p − ν(−�)αu, x ∈R3, t > 0,

∇ · u = 0,

u(x,0) = u0(x)

(1.2)

with α ≥ 5
4 , then any smooth initial data u0 with finite energy leads to a unique global-in-time 

solution. Here the fractional Laplacian operator (−�)α is defined via the Fourier transform

̂(−�)αf (ξ) = |ξ |2α f̂ (ξ).

This result can be found in several works (see, e.g., [36,30,44]). A natural and difficult issue is 
whether or not we can establish the global existence and regularity for any α < 5

4 . T. Tao [40]
was able to improve the classical result by a logarithm and obtained the global regularity for

⎧⎨
⎩∂tu + u · ∇u = −∇p − ν

(−�)
5
4

log
1
2 (2−�)

u, x ∈R3, t > 0,

∇ · u = 0.

(1.3)

A further improvement was obtained by [2], which removed the 1
2 -power of the logarithm. These 

results indicate that it is extremely difficult to reduce α below 5
4 . One reason may be that 5

4 is the 
critical index of the natural energy functional associated with (1.2). More precisely, if we set

E(u)(t) = 1

2
‖u(t)‖2

L2 +
t∫

0

‖∇u(τ )‖2
L2 dτ, uλ(x, t) = λ2α−1 u(λx,λ2αt),

then

E(uλ)(t) = λ4α−5 E(u)(λ2αt)

and the natural energy functional is invariant when λ = 5
4 .

Very recently Yang, Jiu and Wu [54] was able to reduce the hyperdissipation from a different 
perspective. [54] examined the global regularity problem on the 3D Navier–Stokes equations 
with partial hyperdissipation,
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⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂tu1 + u · ∇u1 = −∂1p − ν

5
2
1 u1 − ν


5
2
2 u1

∂tu2 + u · ∇u2 = −∂2p − ν

5
2
2 u2 − ν


5
2
3 u2,

∂tu3 + u · ∇u3 = −∂3p − ν

5
2
1 u3 − ν


5
2
3 u3,

∇ · u = 0,

u(x,0) = u0(x),

(1.4)

where 
γ

k with γ > 0 and k = 1, 2, 3 denote directional fractional operators defined via the 
Fourier transform


̂
γ

k f (ξ) = |ξk|γ f̂ (ξ), k = 1,2,3,

where ξ = (ξ1, ξ2, ξ3). In addition, we will also use 
 = (−�)
1
2 to denote the Zygmund op-

erator. [54] established the global existence and uniqueness of strong solutions to (1.4) when 
u0 ∈ H 1(R3). The hyperdissipation in (1.4) is only partial, weaker than that in (1.2). In compar-
ison with (1.2) with α = 5

4 , the first component equation of (1.4) does not involve the fractional 
dissipation in the x3-direction, the second does not involve the dissipation in the x1-direction and 
the third does not involve the dissipation in the x2-direction. Other partially dissipated Navier–
Stokes systems that can be converted to (1.4) are also globally well-posedness in the H 1-setting, 
for example,

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂tu1 + u · ∇u1 = −∂1p − ν

5
2
1 u1 − ν


5
2
3 u1

∂tu2 + u · ∇u2 = −∂2p − ν

5
2
1 u2 − ν


5
2
2 u2,

∂tu3 + u · ∇u3 = −∂3p − ν

5
2
2 u3 − ν


5
2
3 u3,

∇ · u = 0

(1.5)

is also globally well-posed. However, when all the component equations do not have any dissi-
pation in the same direction, say

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂tu1 + u · ∇u1 = −∂1p − ν

5
2
1 u1 − ν


5
2
2 u1

∂tu2 + u · ∇u2 = −∂2p − ν

5
2
1 u2 − ν


5
2
2 u2,

∂tu3 + u · ∇u3 = −∂3p − ν

5
2
1 u3 − ν


5
2
2 u3,

∇ · u = 0

(1.6)

with no dissipation in the x3-direction, the global well-posedness remains an open problem.
Partially motivated by the open well-posedness problem on (1.6), we study the global exis-

tence and regularity problem on the following 3D incompressible MHD equations with partial 
hyperdissipation,
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tu1 + u · ∇u1 = −∂1p − ν

5
2 u1 + b · ∇b1,

∂tu2 + u · ∇u2 = −∂2p − ν

5
2
2 u2 − ν


5
2
3 u2 + b · ∇b2,

∂tu3 + u · ∇u3 = −∂3p − ν

5
2
1 u3 − ν


5
2
3 u3 + b · ∇b3,

∂tb + u · ∇b = b · ∇u − η

5
2
1 b − η


5
2
2 b,

∇ · u = 0, ∇ · b = 0,

u(x,0) = u0(x), b(x,0) = b0(x),

(1.7)

where u = (u1, u2, u3) represents the velocity field and b = (b1, b2, b3) the magnetic field. The 
equation of the magnetic field does not have dissipation in the x3 direction. In addition, the 
second and the third velocity equations do not have full fractional dissipation. This paper proves 
the following global existence and uniqueness of H 1-solutions to (1.7).

Theorem 1.1. Assume (u0, b0) ∈ H 1(R3). Then (1.7) has a unique global solution (u, b) satis-
fying,

u ∈ L∞(0,∞;H 1), 

5
4 u1, ∇


5
4 u1 ∈ L2(0,∞;L2),



5
4
2 u2, 


5
4
3 u2, ∇


5
4
2 u2, ∇


5
4
3 u2 ∈ L2(0,∞;L2),



5
4
1 u3, 


5
4
3 u3, ∇


5
4
1 u3, ∇


5
4
3 u3 ∈ L2(0,∞;L2),

b ∈ L∞(0,∞;H 1), 

5
4
1 b, 


5
4
2 b, ∇


5
4
1 b, ∇


5
4
2 b ∈ L2(0,∞;L2).

(1.8)

The bound of (u, b) in the functional setting in (1.8) is uniform in time.

The uniqueness result we prove here is actually stronger than stated in Theorem 1.1. It asserts 
that any two solutions with one in the regularity class (1.8) and the other in the natural energy 
setting must be identical.

Theorem 1.1 appears to indicate that the MHD equations are not completely parallel to the 
Navier–Stokes equations. In addition, Theorem 1.1 improves some of the previous global regu-
larity results on the MHD equations with fractional Laplacian. We first provide some background 
information and then explain the improvement. The MHD equations in (1.7) generalizes the stan-
dard MHD equations ⎧⎨

⎩
∂tu + u · ∇u = −∇p + ν�u + b · ∇b,

∂tb + u · ∇b = η�b + b · ∇u,

∇ · u = 0, ∇ · b = 0,

(1.9)

by replacing the standard Laplacian by fractional Laplacian. (1.9) is the centerpiece of the mag-
netohydrodynamics, a field initiated by the Nobel Laureate H. Alfvén in 1942 [1]. (1.9) has 
played pivotal roles in the study of many phenomena in geophysics, astrophysics, cosmology 
and engineering (see, e.g., [3,14,37,38]). As a coupled system of the Navier–Stokes equations of 
fluid dynamics and Maxwell’s equations of electromagnetism, the MHD equations contain much 
richer structures than the Navier–Stokes equations. They are not merely a combination of two 
parallel Navier–Stokes type equations but an interactive and integrated system. The global reg-
ularity problem on the MHD equations have recently garnered considerable interests and many 
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important results have been obtained on this problem and related issues (see, e.g., [4–13,15–29,
31,32,34,35,39,41–53,55–58]).

The 3D MHD equations with standard Laplacian dissipation are considered to be supercritical 
in the same sense as for the standard Navier–Stokes equations. How much dissipation do we 
really need in order to ensure the global regularity of the MHD equations? As is well-known 
(see, e.g., [44,46,53]), the generalized MHD equations

⎧⎨
⎩

∂tu + u · ∇u = −∇p − ν(−�)αu + b · ∇b,

∂tb + u · ∇b = −η(−�)βb + b · ∇u,

∇ · u = 0, ∇ · b = 0
(1.10)

with α and β satisfying

α ≥ 5

4
, α + β ≥ 5

2
(1.11)

always possess global classical solutions corresponding to any sufficiently smooth initial data. 
Especially α = 5

4 and β = 5
4 guarantee the global existence and regularity. Theorem 1.1 asserts 

that the global regularity still holds even when there is only horizontal magnetic diffusion to-
gether with a reduced velocity dissipation.

The proof of Theorem 1.1 is naturally divided into two parts: the existence part and the unique-
ness part. The existence part focuses on the global a priori bound of (u, b) in H 1. The global 
L2-bound follows directly from the special structure of the MHD equations and the divergence-
free condition. The proof for the global L2-bound of the gradient (∇u, ∇b) is lengthy and 
involves bounding a lot of triple product terms via several basic ingredients: divergence-free 
condition, Sobolev’s embedding inequalities and Minkowski’s inequality for exchanging inte-
grals. The main idea of the estimates is to fully exploit the available directional dissipation and 
avoid the derivatives in the directions along which the dissipation is lacking. The uniqueness part 
estimates the difference of two solutions with one being in the regularity class in (1.8) and the 
other in the natural L2 energy class. The rest of this paper is divided into two Sections. Section 2
proves the global regularity while Section 3 proves a strong version of the uniqueness part of 
Theorem 1.1.

2. Proof for the global regularity part

This section proves the global existence and regularity part of Theorem 1.1. The crucial piece 
is the global H 1 bound for (u, b). We first list several tools to be used in the proof.

We start with a Sobolev embedding inequality.

Lemma 2.1. Let 2 ≤ p ≤ ∞. Let s > d( 1
2 − 1

p
). Then, there exists a constant C = C(d, p, s)

such that, for any d-dimensional functions f ∈ Hs(Rd),

‖f ‖Lp(Rd ) ≤ C ‖f ‖1− d
s

(
1
2 − 1

p

)
L2(Rd )

‖
sf ‖
d
s

(
1
2 − 1

p

)
L2(Rd )

. (2.1)

When p 	= ∞, (2.1) also holds for s = d( 1 − 1 ).
2 p



W. Yang et al. / J. Differential Equations 266 (2019) 630–652 635
The next tool lemma states one version of the Minkowski inequality, which is the foundation 
for exchanging two Lebesgue norms (see, e.g., [33]).

Lemma 2.2. Let f = f (x, y) with x ∈ Rm and y ∈ Rn be a measurable function on Rm × Rn. 
Let 1 ≤ q ≤ p ≤ ∞. Then

‖‖f ‖L
q
y(Rn)‖L

p
x (Rm) ≤ ‖‖f ‖L

p
x (Rm)‖L

q
y(Rn).

The following Hölder type inequality will be useful as well.

Lemma 2.3. Let f1 ≥ 0, f2 ≥ 0, and f1, f2 ∈ Lp . Let a1, a2 ∈ [0, 1] and a1 + a2 = 1. Let p ∈
[1, ∞]. Then

‖f a1
1 f

a2
2 ‖Lp ≤ ‖f1‖a1

Lp ‖f2‖a2
Lp .

Throughout the rest of this paper, we use ‖f ‖L2 to denote ‖f ‖L2(R3) and ‖f ‖L2
xi

to denote the 

one-dimensional L2-norm (in terms of xi ), and ‖f ‖L2
xi xj

to denote the two-dimensional L2-norm 

(in terms of xi and xj ). In addition, we also use the notion

‖f ‖Lr
xi

L
q
xj

L
p
xk

:= ‖‖‖f ‖L
p
xk

‖L
q
xj

‖Lr
xi

.

We now prove the global existence and regularity part of Theorem 1.1.

Proof of the global regularity of Theorem 1.1. Taking the inner product of (1.7) with (u, b), 
integrating by parts and using ∇ · u = ∇ · b = 0, we obtain

‖(u,b)(t)‖2
L2 + 2ν

t∫
0

‖
 5
4 u1‖2

L2 dτ + 2ν

t∫
0

‖(

5
4
2 ,


5
4
3 )u2‖2

L2 dτ

+2ν

t∫
0

‖(

5
4
1 ,


5
4
3 )u3‖2

L2 dτ + 2η

t∫
0

‖(

5
4
1 ,


5
4
2 )b‖2

L2 dτ = ‖(u0,b0)‖2
L2 ,

where we have used the notation

‖(

5
4
2 ,


5
4
3 )u2‖2

L2 := ‖

5
4
2 u2‖2

L2 + ‖

5
4
3 u2‖2

L2 .

Next we prove the global bound for ‖(∇u, ∇b)‖L2 . This process is more complex. Applying ∇
to (1.7) and then taking the inner product of the resulting equations with (∇u, ∇b), we obtain

1

2

d

dt
‖(∇u,∇b)‖2

L2 + ν‖∇

5
4 u1‖2

L2 + ν‖(

5
4
2 ,


5
4
3 )∇u2‖2

L2

+ν‖(

5
4
1 ,


5
4
3 )∇u3‖2

L2 + η‖(

5
4
1 ,


5
4
2 )∇b‖2

L2 = I1 + I2 + I3 + I4, (2.2)

where
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I1 = −
∫

∇(u · ∇u) · ∇udx,

I2 =
∫

∇(b · ∇b) · ∇udx,

I3 =
∫

∇(b · ∇u) · ∇bdx,

I4 = −
∫

∇(u · ∇b) · ∇bdx.

After integrating by parts and applying the divergence-free conditions ∇ · u = 0 and ∇ · b = 0, 
we write the terms above as

I1 = −
∫

∂iuj ∂juk ∂iuk dx, (2.3)

I2 + I3 =
∫

∂ibj ∂j bk∂iuk dx +
∫

∂ibj ∂juk ∂ibk dx ≡ Ĩ2 + Ĩ3, (2.4)

I4 = −
∫

∂iuj ∂j bk ∂ibk dx, (2.5)

where we have used Einstein’s summation convention (repeated indices are summed). For the 
sake of clarity, we divided the rest of this section into four subsections. �
2.1. The estimates of I1

The estimates of I1 are similar to those in [54]. We provide the estimates of some of the terms 
for reader’s convenience. We consider the first nine terms in I1,

I11 := −
∫ (

(∂1u1)
3 + ∂1u1 ∂1u2 ∂2u1 + ∂1u1 ∂1u3 ∂3u1

+ (∂2u1)
2 ∂1u1 + (∂2u1)

2 ∂2u2 + ∂2u1 ∂2u3 ∂3u1

+ (∂3u1)
2 ∂1u1 + ∂3u1 ∂3u2 ∂2u1 + (∂3u1)

2 ∂3u3
)
dx. (2.6)

The terms in (2.6) will be labelled as I111, I112, · · · according to the order they appear in (2.6). 
We first deal with I112, the second term in (2.6). We will return to I111 later. Integration by parts 
yields

I112 = −
∫

∂1u1 ∂1u2 ∂2u1 dx =
∫

u2 ∂1∂2u1 ∂1u1 dx +
∫

u2 ∂1∂1u1 ∂2u1 dx

:= I1121 + I1122.

By Hölder’s inequality and Lemma 2.2,

|I1121| ≤ ‖∂1∂2u1‖L2
x1x3

L4
x2

‖∂1u1‖L2
x2

L∞
x3

L4
x1

‖u2‖L2
x3

L4
x1x2

.

By Sobolev’s inequality,
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‖∂1∂2u1‖L2
x1x3

L4
x2

≤ C ‖

1
4
2 ∂1∂2u1‖L2

and

‖u2‖L2
x3

L4
x1x2

≤ C ‖u2‖
1
2
L2 ‖∇hu2‖

1
2
L2,

where ∇h = (∂1, ∂2). Applying Gagliardo–Nirenberg’s inequality and Lemma 2.1 with p = ∞
and s = 1, we have

‖∂1u1‖L2
x2

L∞
x3

L4
x1

≤ C ‖

1
4
1 ∂1u1‖L2

x1 x2
L∞

x3

≤ C ‖

5
4
1 u1‖

1
2
L2 ‖
3


5
4
1 u1‖

1
2
L2 .

Combining the estimates above and applying Young’s inequality yield

|I1121| ≤ C ‖

1
4
2 ∂1∂2u1‖L2 ‖u2‖

1
2
L2 ‖∇hu2‖

1
2
L2 ‖


5
4
1 u1‖

1
2
L2 ‖
3


5
4
1 u1‖

1
2
L2

≤ ν

2048
‖


5
4
2 ∂1u1‖2

L2 + ν

2048
‖


5
4
1 ∂3u1‖2

L2 + C ‖u2‖2
L2 ‖


5
4
1 u1‖2

L2 ‖∇hu2‖2
L2 .

Similarly,

|I1122| ≤ C ‖

1
4
2 ∂1∂1u1‖L2 ‖u2‖

1
2
L2 ‖∇hu2‖

1
2
L2 ‖


1
4
1 ∂2u1‖

1
2
L2 ‖
3


1
4
1 ∂2u1‖

1
2
L2 .

Due to the elementary inequalities

|ξ2| 1
4 |ξ1| ≤ 4

5
|ξ1| 5

4 + 1

5
|ξ2| 5

4 , |ξ1| 1
4 |ξ2| ≤ 1

5
|ξ1| 5

4 + 4

5
|ξ2| 5

4

and Plancherel’s theorem, we have

‖

1
4
2 ∂1∂1u1‖2

L2 ≤ C (‖

5
4
1 ∂1u1‖2

L2 + ‖

5
4
2 ∂1u1‖2

L2),

‖

1
4
1 ∂2u1‖2

L2 ≤ C (‖

5
4
1 u1‖2

L2 + ‖

5
4
2 u1‖2

L2).

Therefore, by Young’s inequality,

|I1122| ≤ ν

2048
‖(


5
4
1 ,


5
4
2 )∂1u1‖2

L2 + ν

2048
‖(


5
4
1 ,


5
4
2 )∂3u1‖2

L2

+C ‖u2‖2
L2 ‖(


5
4
1 ,


5
4
2 )u1‖2

L2 ‖∇hu2‖2
L2 .

We return to estimate I111, the first term in (2.6). I111 can be handled similarly as I112. Integrating 
by parts and then bounding it as I1121, we have
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I111 = 2
∫

u1 ∂1∂1u1 ∂1u1 dx

≤ C‖∂1∂1u1‖L2
x1x3

L4
x2

‖∂1u1‖L2
x2

L∞
x3

L4
x1

‖u1‖L2
x3

L4
x1x2

≤ ν

2048
‖(


5
4
1 ,


5
4
2 )∂1u1‖2

L2 + ν

2048
‖


5
4
1 ∂3u1‖2

L2

+C ‖u1‖2
L2 ‖


5
4
1 u1‖2

L2 ‖∇hu1‖2
L2 .

We now estimate I113. Integrating by parts, we have

I113 = −
∫

∂1u1 ∂1u3 ∂3u1 dx =
∫

u1 ∂3∂1u1 ∂1u3 dx +
∫

u1 ∂1u1 ∂1∂3u3 dx

:= I1131 + I1132.

In fact, as in the estimates of I1121,

I1131 ≤ C ‖∂3∂1u1‖L2
x1x3

L4
x2

‖∂1u3‖L2
x2

L∞
x3

L4
x1

‖u1‖L2
x3

L4
x1x2

≤ C ‖

1
4
2 ∂3∂1u1‖L2 ‖


1
4
1 ∂1u3‖

1
2
L2 ‖
3


1
4
1 ∂1u3‖

1
2
L2 ‖u1‖

1
2
L2 ‖∇hu1‖

1
2
L2

≤ C ‖(

5
4
1 ,


5
4
2 )∂3u1‖L2 ‖


5
4
1 u3‖

1
2
L2 ‖


5
4
1 ∂3u3‖

1
2
L2 ‖u1‖

1
2
L2 ‖∇hu1‖

1
2
L2

≤ ν

2048
‖(


5
4
1 ,


5
4
2 )∂3u1‖2

L2 + ν

2048
‖


5
4
1 ∂3u3‖2

L2

+C ‖u1‖2
L2 ‖


5
4
1 u3‖2

L2 ‖∇hu1‖2
L2 .

Similarly,

I1132 ≤ C ‖∂1∂3u3‖L2
x1x2

L4
x3

‖∂1u1‖L2
x3

L∞
x2

L4
x1

‖u1‖L2
x2

L4
x1x3

≤ C ‖

5
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5
4
1 u1‖

1
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2


5
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1
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1
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L2 ‖(∂1, ∂3)u1‖

1
2
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‖


5
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‖


5
4
1 ∂2u1‖2

L2
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5
4
1 u1‖2

L2 ‖(∂1, ∂3)u1‖2
L2 .

This settles the estimate of I113. We turn to I114 and I115. Integrating by parts and invoking the 
divergence-free condition ∇ · u = 0, we have

I114 + I115 = −
∫

(∂2u1)
2 ∂1u1 dx −

∫
(∂2u1)

2 ∂2u2 dx

=
∫

(∂2u1)
2 ∂3u3 dx

= −2
∫

u3 ∂3∂2u1 ∂2u1 dx
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5
4
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5
4
2 )u1‖2

L2 ‖∇hu3‖2
L2 .

To estimate I116, we integrate by parts to obtain

I116 =
∫

u1 ∂3∂2u3 ∂2u1 dx +
∫

u1 ∂2u3 ∂3∂2u1 dx

:= I1161 + I1162.

The first term I1161 can be estimated similarly as I112. In fact,

I1161 ≤ ‖∂3∂2u3‖L2
x1x2

L4
x3

‖∂2u1‖L2
x3

L∞
x1

L4
x2

‖u1‖L2
x1

L4
x2x3

≤ ν

2048
‖
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4
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L2 + ν

2048
‖


5
4
2 ∂1u1‖2

L2

+C ‖u1‖2
L2 ‖


5
4
2 u1‖2

L2 ‖(∂2, ∂3)u1‖2
L2 .

The estimate of I1162 is different.

I1162 ≤ ‖∂3∂2u1‖L2
x2x3

L4
x1

‖∂2u3‖L2
x2

L∞
x3

L4
x1

‖u1‖L2
x1x3

L∞
x2

≤ C ‖(

5
4
1 ,


5
4
2 )∂3u1‖L2 ‖


1
4
1 ∂2u3‖

1
2
L2 ‖
3


1
4
1 ∂2u3‖

1
2
L2 ‖u1‖

3
5
L2 ‖


5
4
2 u1‖

2
5
L2

≤ C ‖(

5
4
1 ,


5
4
2 )∂3u1‖L2 ‖∂2u3‖

2
5
L2 ‖


5
4
1 ∂2u3‖

1
10
L2 ‖(


5
4
1 ,


5
4
3 )∂2u3‖

1
2
L2

×‖u1‖
3
5
L2 ‖


5
4
2 u1‖

2
5
L2

≤ ν

2048
‖(


5
4
1 ,


5
4
2 )∂3u1‖2

L2 + ν

2048
‖(


5
4
1 ,


5
4
3 )∂2u3‖2

L2

+C ‖u1‖3
L2 ‖


5
4
2 u1‖2

L2 ‖∂2u3‖2
L2 .

Due to ∇ · u = 0, the last three terms in (2.6) can be regrouped into two terms,

−
∫

∂3u1 ∂3u2 ∂2u1 dx +
∫

∂2u2(∂3u1)
2 dx := I117 + I118.

I117 can be estimated as I112. By integration by parts,

I117 =
∫

u1 ∂3∂3u2 ∂2u1 dx +
∫

u1 ∂3∂2u1 ∂3u2 dx := I1171 + I1172.

I1171 can be estimated similarly as I112 and we have
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|I1171| ≤ ‖∂3∂3u2‖L2
x1x3

L4
x2

‖∂2u1‖L2
x2

L∞
x3

L4
x1

‖u1‖L2
x3

L4
x1x2

≤ C ‖

1
4
2 ∂3∂3u2‖L2 ‖


1
4
1 ∂2u1‖

1
2
L2 ‖


1
4
1 ∂2∂3u1‖

1
2
L2 ‖u1‖

1
2
L2 ‖(∂1, ∂2)u1‖

1
2
L2

≤ ν

2048
‖(


5
4
2 ,


5
4
3 )∂3u2‖2

L2 + ν

2048
‖(


5
4
1 ,


5
4
2 )∂3u1‖ |2

L2

+C ‖u1‖2
L2 ‖(


5
4
1 ,


5
4
2 )u1‖2

L2 ‖(∂1, ∂2)u1‖2
L2 .

Similarly,

|I1172| ≤ ν

2048
‖(


5
4
2 ,


5
4
3 )∂3u2‖2

L2 + ν

2048
‖(


5
4
1 ,


5
4
2 )∂3u1‖ |2

L2

+C ‖u1‖2
L2 ‖(


5
4
2 ,


5
4
3 )u2‖2

L2 ‖(∂1, ∂2)u1‖2
L2 .

We deal with I118. By integration by parts,

I118 =
∫

∂2u2(∂3u1)
2 dx = −2

∫
u2 ∂3u1 ∂2∂3u1 dx.

By Hölder’s inequality and by Minkowski’s inequality,

|I118| ≤ 2‖∂2∂3u1‖L2
x1x3

L4
x2

‖u2‖L2
x1x2

L∞
x3

‖∂3u1‖L2
x3

L∞
x1

L4
x2

. (2.7)

By Lemma 2.1 and an interpolation inequality,

‖∂3u1‖L2
x3

L∞
x1

L4
x2

≤ C ‖

1
4
2 ∂3u1‖L2

x2x3
L∞

x1

≤ C ‖

1
4
2 ∂3u1‖

1
2
L2 ‖


1
4
2 
1∂3u1‖

1
2
L2

≤ C ‖∂3u1‖
2
5
L2 ‖


5
4
2 ∂3u1‖

1
10
L2 ‖


1
4
2 
1∂3u1‖

1
2
L2

≤ C ‖∂3u1‖
2
5
L2 ‖(


5
4
1 ,


5
4
2 )∂3u1‖

3
5
L2, (2.8)

where we have invoked the interpolation inequality

‖

1
4
2 ∂3u1‖L2

x2
≤ C ‖∂3u1‖

4
5
L2

x2
‖


5
4
2 ∂3u1‖

1
5
L2

x2
.

In addition,

‖u2‖L2
x1x2

L∞
x3

≤ C ‖u2‖
3
5
L2 ‖


5
4
3 u2‖

2
5
L2 . (2.9)

Inserting (2.8) and (2.9) in (2.7) yields
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|I118| ≤ C ‖

5
4
2 ∂3u1‖L2 ‖u2‖

3
5
L2 ‖


5
4
3 u2‖

2
5
L2 ‖∂3u1‖

2
5
L2 ‖(


5
4
1 ,


5
4
2 )∂3u1‖

3
5
L2

≤ ν

2048
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5
4
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5
4
2 )∂3u1‖2

L2 + C ‖u2‖3
L2 ‖


5
4
3 u2‖2

L2 ‖∂3u1‖2
L2 .

Combining the estimating above yields the bound

|I1| ≤ ν

64
‖(


5
4
1 ,


5
4
2 )∇u1‖2

L2 + ν

64
‖(


5
4
2 ,


5
4
3 )∇u2‖2

L2

+ ν

64
‖(


5
4
1 ,


5
4
3 )∇u3‖2

L2 + C (‖u‖2
L2 + ‖u‖3

L2)(‖

5
4
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5
4
2 )u1‖2

L2

+‖(

5
4
2 ,


5
4
3 )u2‖2

L2 + ‖(

5
4
1 ,


5
4
3 )u3‖2

L2)‖∇u‖2
L2 .

2.2. The estimates of Ĩ2

We divide the terms in Ĩ2 into three parts,

Ĩ2 =
∫

∂ibj ∂j bk ∂iuk dx (2.10)

=
∫

∂ibj ∂j b1 ∂iu1 dx +
∫

∂ibj ∂j b2 ∂iu2 dx +
∫

∂ibj ∂j b3 ∂iu3 dx

:= I21 + I22 + I23.

We write out the nine terms in I21 explicitly,

I21 =
∫

∂1b1 ∂1b1 ∂1u1 dx +
∫

∂1b2 ∂2b1 ∂1u1 dx +
∫

∂1b3 ∂3b1 ∂1u1 dx

+
∫

∂2b1 ∂1b1 ∂2u1 dx +
∫

∂2b2 ∂2b1 ∂2u1 dx +
∫

∂2b3 ∂3b1 ∂2u1 dx

+
∫

∂3b1 ∂1b1 ∂3u1 dx +
∫

∂3b2 ∂2b1 ∂3u1 dx +
∫

∂3b3 ∂3b1 ∂3u1 dx

:= I211 + I212 + · · · + I219.

We estimate them one by one. By Lemma 2.1,

|I211| ≤ ‖∂1b1‖L2 ‖∂1b1‖L2
x3

L∞
x1

L4
x2

‖∂1u1‖L∞
x3
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x2
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2
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≤ ν

2048
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4
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4
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5
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5
4 )u1‖L2 ‖(


5
4 ,


5
4 )b1‖L2 ‖∂1b1‖2

2
1 2 1 2 L
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≤ ν
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L2 .

The second and the third terms in I21 are bounded similarly. In fact,

|I212| ≤ ν
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and
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I214, I215 and I216 can all be bounded similarly.

|I214| + |I215| + |I216| ≤ ν
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‖


5
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)
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L2 .

I217 and I218 can also be bounded similarly and we have

|I217| ≤ ν

2048
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5
4
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|I218| ≤ ν

2048
‖(
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L2 .

The last term I219 is slightly different since the integrand contains ∂3b3 and ∂3b1 and there is no 
magnetic diffusion in the x3-direction. By ∇ · b = 0,

∂3b3 = −∂1b1 − ∂2b2

and I219 is then split into two terms, I2191 and I2192. I2191 is the same as I217 and I2192 can be 
bounded as I211. In fact,
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|I2192| ≤ C ‖∂3b1‖L2 ‖∂2b2‖L2
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‖∂3u1‖L∞
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We now turn to the terms in I22. The nine terms in I22 are

I22 =
∫

∂1b1 ∂1b2 ∂1u2 dx +
∫

∂1b2 ∂2b2 ∂1u2 dx +
∫

∂1b3 ∂3b2 ∂1u2 dx

+
∫

∂2b1 ∂1b2 ∂2u2 dx +
∫

∂2b2 ∂2b2 ∂2u2 dx +
∫

∂2b3 ∂3b2 ∂2u2 dx

+
∫

∂3b1 ∂1b2 ∂3u2 dx +
∫

∂3b2 ∂2b2 ∂3u2 dx +
∫

∂3b3 ∂3b2 ∂3u2 dx.

Most of the terms can be handled as before. It suffices to examine some of the most difficult 
terms and one of them is

I223 :=
∫

∂1b3 ∂3b2 ∂1u2 dx.

The integrand contains ∂3b2 and ∂1u2 and the lack of the regularization in the x3-direction in 
the equation of b2 and in the x1-direction of u2. To handle this term, we shift the undesirable 
derivatives by integrating by parts,

I223 = −
∫

∂11b3 ∂3b2 u2 dx −
∫

∂1b3 ∂3∂1b2 u2 dx

:= I2231 + I2232.

By Lemma 2.1 and Lemma 2.2,
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To complete the estimates, we invoke the following interpolation inequality

‖

1
4
2 u2‖L2 ≤ ‖u2‖

4
5
L2 ‖


5
4
2 u2‖

1
5
L2 .

Therefore,
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I2232 can be bounded as follows. By Lemma 2.1 and Lemma 2.2,
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L2 . (2.11)

The terms in I23 can be estimated pretty much the same way as for the terms in I22. We shall 
omit the details for the sake of conciseness. To summarize, the terms in Ĩ2 are bounded by

|Ĩ2| ≤ ν

64
‖
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L2 + ν
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2.3. The estimates of Ĩ3 and I4

We now turn to the terms in Ĩ3 in (2.4),

Ĩ3 =
∫

∂ibj ∂juk ∂ibk dx. (2.12)

Some of the terms in (2.12) are the corresponding ones in (2.10), but (2.12) also contains terms 
that are different. To bound the terms in (2.12), we split Ĩ3 into three parts,

Ĩ3 =
∫

∂ibj ∂ju1 ∂ib1 dx +
∫

∂ibj ∂ju2 ∂ib2 dx +
∫

∂ibj ∂ju3 ∂ib3 dx

:= I31 + I32 + I33.

The terms in I31 are

I31 =
∫

∂1b1 ∂1u1 ∂1b1 dx +
∫

∂1b2 ∂2u1 ∂1b1 dx +
∫

∂1b3 ∂3u1 ∂1b1 dx

+
∫

∂2b1 ∂1u1 ∂2b1 dx +
∫

∂2b2 ∂2u1 ∂2b1 dx +
∫

∂2b3 ∂3u1 ∂2b1 dx

+
∫

∂3b1 ∂1u1 ∂3b1 dx +
∫

∂3b2 ∂2u1 ∂3b1 dx +
∫

∂3b3 ∂3u1 ∂3b1 dx.
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Since most of the terms can be handled as before, we shall just provide the estimates for some of 
the most difficult terms. The integrands of these terms involve partial derivatives for which the 
equations in (1.7) have no dissipation. One of them is I317,

I317 =
∫

∂3b1 ∂1u1 ∂3b1 dx = −2
∫

∂3b1 ∂1∂3b1 u1 dx.

As in the estimates of (2.11),
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L2 .

The terms in I32 and I33 can be handled similarly. As an illustration, we take out one of the most 
difficult terms and integrate by parts,

I327 =
∫

∂3b1 ∂1u2 ∂3b2 dx

= −
∫

u2 ∂3b1 ∂1∂3b2 dx −
∫

u2 ∂3b2∂1∂3b1 dx

:= I3271 + I3272.

It is easy to see that the two terms above can be handled as I317. In fact,

|I3271| ≤ ‖∂1∂3b2‖L2
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I3272 can be similarly bounded. In addition, the terms in I33 can also be similarly bounded. 
Combining all the estimates in Ĩ3 yields the following bound,

|Ĩ3| ≤ ν

64
‖
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The terms in I4 can be similarly estimated as those in Ĩ2 and Ĩ3. We thus omit the details.
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2.4. Completion of the proof

This subsection combines the estimates in the previous subsections to complete the proof for 
the global regularity of Theorem 1.1.

Proof of the global regularity of Theorem 1.1 (continued). By (2.2) and the bounds in the 
previous subsections, we have

d

dt
‖(∇u,∇b)‖2
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)
‖(∇u,∇b)‖2

L2,

where C may depend on ‖(u0, b0)‖L2 . Gronwall’s inequality then implies the desired uniform 
global H 1-bound as stated in Theorem 1.1. �
3. Proof of the uniqueness

This section proves the following uniqueness result.

Proposition 3.1. Assume (u(1), b(1)) and (u(2), b(2)) are two solutions of (1.7) on the time inter-
val [0, T ]. Assume (u(2), b(2)) is in the regularity class (1.8) while (u(1), b(1)) is in the natural 
energy class,

(u(1),b(1)) ∈ L∞(0, T ;L2),



5
4 u

(1)
1 , 


5
4
2 u

(1)
2 , 


5
4
3 u

(1)
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5
4
1 u

(1)
3 , 


5
4
3 u

(1)
3 , 


5
4
1 b(1), 


5
4
2 b(1) ∈ L2(0, T ;L2).

Then (u(1), b(1)) = (u(2), b(2)).

A special consequence of Proposition 3.1 is the uniqueness stated in Theorem 1.1.

Proof of Proposition 3.1. The proof estimates the L2-difference of these two solutions,

(̃u, b̃) = (u(1),b(1)) − (u(2),b(2)),

which satisfies⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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1 b̃ − η
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2
2 b̃,

∇ · ũ = 0, ∇ · b̃ = 0,

ũ(x,0) = 0, b̃(x,0) = 0,
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where p̃ = p(1) − p(2) denotes the difference between the corresponding pressures. Taking the 
inner product with (̃u, ̃b) and integrating by parts yield

1

2

d

dt
‖(̃u, b̃)‖2
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where

L1 = −
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(̃u · ∇u(2)) · ũdx,

L2 =
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L3 = −
∫

(̃u · ∇b(2)) · b̃dx,

L4 =
∫

(̃b · ∇u(2)) · b̃dx.

L1 can be bounded as in [54]. For the sake of reader’s convenience, we provide the estimates for 
two terms in L1,

L14 = −
∫

ũ1∂1u
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2 ũ2 dx, L15 = −
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By Hölder’s inequality and Lemma 2.1,
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‖ũ1‖L2

x3
L∞

x1
L4

x2

≤ C ‖∂1u
(2)
2 ‖L2 ‖


1
4
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Invoking the interpolation inequalities as (3.2), we have
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By Hölder’s inequality and Lemma 2.1,
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|L15| ≤ ‖ũ2‖L2 ‖ũ2‖L2
x1

L∞
x3

L4
x2

‖∂2u
(2)
2 ‖L2

x3
L∞

x1
L4

x2

≤ C ‖ũ2‖L2 ‖
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2 ũ2‖L2

x1x2
L∞

x3
‖


1
4
2 ∂2u

(2)
2 ‖L2

x3x2
L∞

x1

≤ C ‖ũ2‖L2 ‖
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Inserting the interpolation inequality above,
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we obtain
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To estimate L2, we write L2 in terms of the components,

L2 =
∫

b̃k∂kb
(2)
m ũm dx,

where repeated indices are summed. One of the most difficult terms is

L26 =
∫
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2 ũ2 dx.

This term is more difficult due to ∂3b
(2)
2 and the lack of magnetic diffusion in the x3-direction. 

By Hölder’s inequality and Lemma 2.1 and Lemma 2.2,
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Other terms in L2 can be handled similarly. We now turn to L3 and write out the component 
terms explicitly,

L3 = −
∫

ũk ∂kb
(2)
m b̃m dx.

It suffices to look at a typical term,
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L33 =
∫
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It can be bounded similarly as L̃2. In fact,
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x3

L2
x1x2

‖∂3b
(2)
1 ‖L2

x1x3
L∞

x2
‖b̃1‖L2

x1
L∞

x1
L2

x2

≤ ν

32
‖


5
4
3 ũ3‖2
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The estimate of L4 is similar. Again it suffices to look at a typical term,

L44 =
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By Hölder’s inequality, Lemma 2.2 and Lemma 2.1,
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Inserting the estimates for L1 through L4 in (3.1), we obtain
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The regularity assumption on u(2) and b(2) in (1.8) ensures the integrability of A(t), for any 
T > 0,

T∫
A(t) dt < ∞.
0
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Applying Growall’s inequality to (3.3) yields the desired uniqueness, (̃u, ̃b) ≡ 0. This completes 
the proof of Proposition 3.1. �
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