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Abstract This project aims to cast light on a Boussinesq system of
equations modelling two-way propagation of surface waves. Included
in the study are existence results, comparisons between the Boussinesq
equations and other wave models, and several numerical simulations.
The existence theory is in fact a local well-posedness result that be-
comes global when the solution satisfies a practically reasonable con-
straint. The comparison result is concerned with initial velocities and
wave profiles that correspond to unidirectional propagation. In this
circumstance, it is shown that the solution of the Boussinesq system
is very well approximated by an associated solution of the KdV or
BBM equation over a long time scale of order %, where € is the ratio of
the maximum wave amplitude to the undisturbed depth of the liquid.
This result confirms earlier numerical simulations and suggests further
numerical experiments which are reported here.
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1. INTRODUCTION

In this report, attention will be directed to the pure initial-value
problem (IVP) for a Boussinesq system of partial differential equations,
namely

1
N+ Ve + €(NV)z — ~ €Nt = 0,
(1.1) 0
) 1
vy + Ny + €V, — éevmt =0.
The equations (1.1) are posed for (z,t) € R x R", with prescribed
initial data

(1.2) n(z,0) = no(z), wv(z,0) =v(x), z€R

This system describes approximately the propagation of certain classes
of surface water waves in a uniform horizontal channel filled with an
irrotational, incompressible and inviscid liquid. The dependent vari-
ables n(z,t) and v(z,t) represent the dimensionless deviation of the
water surface from its undisturbed position and the horizontal velocity
at the level of 1/2/3 of the depth of the undisturbed fluid, respectively.
To make non-dimensional variables which are order-one quantities, n
is scaled by a, the typical height of the waves being modelled, and v
is scaled by ag/co, where ¢y = v/ghg, with g being the acceleration of
gravity and hg the depth of water in its quiescent state. The coordi-
nate x which measures distance along the channel is scaled by A, the
average wave length, and time ¢ is scaled by A/cy. The small coefficient
€ represents the ratio between the wave height a and the water depth
ho. In equation (1.1), the Stokes number S = a\?/h} is taken to be
exactly 1 for notational simplicity. One can replace the constant % by
éS for general values of S. In any case, it is part of the assumptions
leading from the Euler equations to (1.1) that S is of order one.

One of the advantages that (1.1) has over alternative Boussinesq-
type systems (see Bona, Chen & Saut [6]) is the ease with which it
may be integrated numerically. In the earlier study [5], it was observed
that certain solutions of the two-way models (1.1) behave very much
like solutions of the unidirectional BBM model

3 1
(1.3) G+ s+ €04 — EGazt = 0.
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In this paper, a result is established showing that if the motion in
the channel is properly initiated, then the solution of the Boussinesq
system (1.1)-(1.2) exists and is tracked by a directly associated solution
of the BBM equation (1.3) over the long time scale . In light of the
work of Bona, Pritchard, and Scott [8] comparing solutions of the BBM
equation to solutions of the KdV equation

3 1
(1.4) Ty + Ty + €MTa + éermx =0,

this result is equivalent to a comparison between solutions of (1.1) and
(1.4) (see Theorems 3.1 and 3.4 below).

Our analysis begins with a study of the well-posedness of the initial-
value problem (1.1)-(1.2). An informal interpretation of the principal
result is that as long as the channel bed does not run dry, the solution
continues to exist. A technical description of this result will appear in
Section 2.

The statement and proof of the main comparison result are given
in Section 3. This section also contains a brief discussion of the re-
semblance between this result and others which have appeared in the
recent literature (e.g., Schneider and Wayne [18]).

Motivated by the theory developed in Section 3, accurate numeri-
cal experiments are reported in Section 4. These are used to further
illuminate the relation between the Boussinesq system and the BBM
equation.

The paper closes with a brief conclusion which provides an appreci-
ation of the present development and indications of interesting related
lines of investigation.

2. WELL-POSEDNESS RESULTS

We begin with a précis of the notation to be used in the technical
sections of the paper.
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For 1 < p < o0, the space of equivalence classes of Lebesgue mea-
surable, p**-power integrable, real-valued functions of a real variable is
denoted L,. The usual modification is in effect for p = co. The norm

on L, is written as || - ||,. For f € Ly, the Fourier transform Fof fis
defined as

foy = [~ es(@) do.

o
For s > 0, the Ly-based Sobolev class H?® is the subspace of those L,
functions whose derivatives up to order s all lie in Lo, and the norm
on H? is given by

1112 = / (1+ K2 F (k) 2 k.

o0
For non-negative integers m, C}y" is the space of m-times continuously
differentiable, real-valued functions of a real variable whose derivatives
up to order m are bounded on R. The norm is

I llcp =sup D> |fV ().
T€eR 0<j<m
For any Banach space X and 7' > 0, C(0,7T’; X) is the class of continu-
ous functions from [0, 7] to X. If X = Ly, we write Ly for C(0, T Ly).
Similarly, we write B% for C(0,T;CF) and H% for C(0,T; H*),k =
1,2,---. Of course, H% = Lr. If X and Y are Banach spaces, then
their Cartesian product X x Y is a Banach space with norm defined

by [I(f; Dl xxy = [Ifllx + llglly-

Attention is now turned to the well-posedness theory. The principal
result is the following.

Theorem 2.1.

(i) Let (ny,ve) € H* x H*, where k > 0. Then there exists T > 0,
depending only on ||(no, Vo) ||k xmr, Such that a solution pair (n,v) €
HE x HE exists for the system of integral equations (2.2) below. If
k > 2, then (n,v) is a classical solution of (1.1)-(1.2). There is only
one solution to (2.2) in HX x HE., and the mapping that associates to
initial data the corresponding solution of (2.2) is continuous.

(ii) The conclusions of (i) still hold if H* is replaced by CI", where
m > 0, and H% is replaced by BF. In this case, (n,v) is a classical
solution of (1.1)-(1.2) if m > 1.
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(#i) Let Ty € (0,00] be the mazimal existence time for the solution
described in (i); i.e., Ty is the supremum of the set of values of T for
which the solution exists. If there exist numbers o > 0 and a € R such
that

1+en(z,t) >a

for all z € R and dall t € (a,Ty), then Ty = oo. Also, if there exist
numbers M € R and a € R such that

1, )| oxr, < M
for allt € (a,Ty), then Ty = oc.

Remark 2.2. The condition 14+-en > 0, when interpreted in the original
physical variables, means simply that the total water height does not
reach zero, which is to say the channel does not become dry.

The proof of Theorem 2.1 is similar to the proofs given for analogous
results in [3] or [5]. For completeness, however, we indicate some of the
details here.

To begin, write the system (1.1) in the form

(1 . éa) me = —(o(1 + en)),

1 €
<1 - 6603) vy = — (77 + §v2>m.

Inverting the operator (1 — %682) subject to zero boundary conditions
at infinity leads to the relations

= M * (v(1 4+ €n))s,
_ €2
Ut—-Me*(n+2U> I

T

(2.1)

where the kernel M. is defined via its Fourier transform, viz.

—_—— —1

Mk) =g

Direct calculation using the Residue Theorem shows that for x € R,

M(a) = S viTia
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Integrating by parts in (2.1) and then integrating with respect to t over
the interval (0,¢) yields

0w, t) = mo(z /K* (1+ en)) dr,
(2.2)
v(z,t) = o(x)—i-/ K, x (774_51)2) dr
) 0 € 2
where
/57l L
K = 6(sgnaj) and K(k) T+ k26

Estimates of the result of convolution with K, will be needed right
away. Similar estimates of the result of convolution with M, will find
use later. For any f € H® where s > 0, one has that

(23) ”Ke * f||s S 0675”.]8“5‘

(Here and in what follows, C' denotes various constants which are in-
dependent of € and f). This follows from a direct computation; viz.,

K.« 1= | T+ R E R di

—0o0

= [ IRmPa - RyIFR ak < (sup R0 1A

o0

Similarly, for any s > 0 and f € H?®,
(2.4) M flls < O £lls-

In particular, if one is willing to sacrifice smoothness, then (2.4) implies
that

[ Ke* flls < C|| flls+1-
Furthermore, for any f, g € Ly, Young’s inequality gives
(2.5) 1K+ (flles < Kl falle, < Ce | Fllisllgll ..

Finally, we observe that if f € C}*, m > 0, then K, * f € CJ* also, and
estimates analogous to (2.3) and (2.5) hold; namely,

_1
(2.6) |1 Ke * fllem < | Kelle, I fllep < Ce2 || fllep
and
(2.7) | Ke* (f)llem < Kl |l fallep < Ce2] fllemlgllopm-

These are easily established by differentiating under the integral which
defines K, * f.
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The proof of part (i) of Theorem 2.1 will now be considered. Let
T > 0 be arbitrary for the moment, and write the pair of integral
equations (2.2) symbolically as (n,v) = A(n, v), where A is the obvious
mapping of functions defined on R x [0, T]. It will be shown that the
mapping A is contractive on a suitable subset of Ly x L7. Indeed, take
any two elements (ny,v;) and (12, ve) from Ly X Ly, and notice that

”A(nla Ul) - A(772’ UQ)”£T><£T

t
/ K * (v — vg + €(mvy — movg))dT
0

Lr

+

¢
1
/ Kex(m —mn2 + 56(7)% - Ug))dT
0

Lt
Apply the basic estimates (2.3) and (2.5) to derive the inequality

1A, v1) = A(112, V2) |l £

_1 1
< CT [ H|jor = walley + € (Im = mllecllonller + el ellor = valle)]
_1 1
+CT | 3 n = maller + e (lller + 2 ller)llor = v e, |

_1
< CTe2 [1+ [[(m, vi)llerxer + 102, v2)[lpxer] X
”(771: Ul) - (772’v2)||£T><CT'

Suppose that both (7;,v;) and (72, v2) are in the closed ball By of
radius R about the zero function in £ x L. Then, the last estimate
leads to the inequality

(2.8) 1 A(m; v1) = A(n2, v2) | cpxee < Ol v1) = (12 V2l £y

where © = CTe 2(1 4+ 2R). If © < 1 and A maps By to itself, then
the hypothesis of the contraction mapping theorem will be satisfied.
By application of (2.8),

1AM, V)llerxer < O, V)llerxer + lImollL, + llvollL, < OR+ 0.
Thus if b < (1 — ©)R, then A maps Bp to itself. Choosing R = 2b
and T = %6%(1 + 2R)™! gives a set By in L7 x L7 on which A is a
contractive self map. This proves existence in L7 x Lr for some T > 0.

Next, observe that it follows from the definition of K, that if f € H¥,
then K, * f € H**'. Therefore a standard bootstrap type argument
allows one to conclude that if (2.2) has a solution in Ly X Ly with
initial data in H* x H*  then the solution is in fact in HE x HE.
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Moreover, the continuity of the solution map follows easily from the
simple dependence of the operator A on the initial data. Indeed, further
analysis shows that the solution map is analytic.

The question of uniqueness is now considered. Let (m;,v;) and
(12, v2) be two solutions of (2.2) in L x Ly, and let

(,v) = (m,v1) — (M2, v2).
The pair (n,v) satisfies the integral equations

¢
n= / K * (v — vg + €(mvy — mpv2)) dr,
0

t
1
v= / Kex(m—mn2+ 56(7)% —v3)) dr.
0

As in the proof of the existence result, the following estimate obtains:

_1 t
|(m, )|l LyxL, < Ce 2 / [1 + 11 vi)llLaxzs + || (25 v2) || ax Lo |-
0

N 01) = (s 02l dr
t
<D [ 100 learts
0

where D is independent of ¢ € [0,7]. Gronwall’s Lemma then implies
that n = 0 and v = 0 on [0,7], so proving uniqueness. The proof of
part (i) of the Theorem is now complete.

For part (ii), we merely note that in view of (2.6) and (2.7), the same
contraction-mapping argument yields local existence for initial data in

7*, and the same uniqueness argument applies as well. (Note that
bootstrapping does not work in the context of C}", since it is not true
that f € Cy" implies K. * f € C’g”“. The necessity for bootstrapping is
avoided, however, if one establishes the contraction mapping directly
in C" rather than in C}.)

The global existence result stated in part (iii) of Theorem 2.1 depends
on the invariance of the functional

oo

E(t) = E(n,v,t) = / [7” + (1 + en)v?] dz.

—00
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Lemma 2.3. Let (n,v) be a solution pair of the initial-value problem
(1.1),(1.2) in HE x HE, k>0, or in B x B, m > 0. Then E(t) =
E(0) for allt € [0,T].

Proof. Assume first that (7, v) is sufficiently regular for the following
formal calculations to be valid; say, (n,v) € (H: x H¥) N (B3 x B.).

Multiply the first equation in (1.1) by (n+ $ev® — gevy,) and the second

by (v+evn— %enwt), add them, and integrate with respect to x to reach
the relation

h +£UQ—16U + v v+ ev —le dx
- U, 9 gVt t n 6 Nt
o € 1 1
=—/_w<[n+§v2—éevm] [U+€U77—6€=77mt])md$:0-

Regroup the terms on the left-hand side to obtain

* (1 1
(29) / (5 [772 + (1 + 67’])’()2]t — 66 [77,5’1)3;75 + 'Ut'r]mt]) dr = 0.
Since

/ [1M4Vet + ViMet] d = / (nvy) dx =0,

it follows from (2.9) that
i o0
dt J_o

and hence E(t) = E(0) for all ¢t € [0, T].

[772 + (14 677)1)2] dr =0,

Now suppose that (n,v) is, say, a solution in H% x HE with k > 0.
We can approximate (1o, vo) by regular initial data (no;, vo;) and thus
obtain solutions (7;, v;) on [0, T'] to which the above calculation applies,
and which, by Theorem 2.1(i), approximate (n,v) in H% x H%. The

desired result then follows by passing to the limit. ]
Remark 2.4. The functional F, together with the functional
F(t) = F(n,v,t) = / [nv + énwi} dz,

and the obvious conserved quantities

/ndm and / v dx



10 A. A, ALAZMAN, J. P. ALBERT, J. L. BONA, M. CHEN & J. WU

comprise the only known invariants for the system (1.1). Note that one
obtains the invariance of F' by multiplying the first equation in (1.1)
by v and the second equation in (1.1) by 7, adding the results, and
integrating with respect to x.

The simple idea exposed in the proof of Lemma 2.3 can also be used
to obtain an invariant for a more general type of Boussinesq system.

Corollary 2.5. Consider the following four parameter class of model
equations
Uy + ug + (U’I'])m + AUy — bnzzt =0
and
Uy + Ny + UlUg + Cllggy — duzzt =0.
If b= d, then for sufficiently reqular solutions (n,u), the quantity

G(t) = / [772 +(1+ n)u2 - cni - aui] dx

o0

is tnvariant, i.e., G(t) = G(0) for all t > 0.

Remark 2.6. This class of model equations was put forward by Bona,
Chen and Saut [6] as approximations of the two-dimensional free sur-
face Euler equations for the flow of an ideal, incompressible liquid. In
this context, a, b, c and d are not independently specifiable parameters.

The proof of part (iii) of Theorem 2.1 now proceeds by means of the
usual continuation-type argument, as follows. Suppose that 1 + en >
a >0 foralz € Rand all t € (a,7y). According to Lemma 2.3, for
B = max{1,a"'}, we have

Il + oz, = [+ %) da < BE() = BE(0)

o0

for all t € (a,Ty). Now the local existence result stated in part (i) of
the Theorem implies that if (1.1) is posed with initial data (n(t), v(to))
satisfying
In(to)lIZ, + llv(to)llZ, < BE(0),

then a solution persists in Ly X Ly on the time interval (%o, to+9), where
d depends only on BE(0). If Ty < oo, one can choose ty > min(a, Ty —
d), and thereby obtain an extension of the solution to [0,y + J). A
bootstrap argument then immediately yields that this solution is in
fact in Hf , ;< H}. 5. But this contradicts the maximality of T;. Hence
we must have Ty = oo. Obviously, the same argument also shows that
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Ty = oo under the assumption that ||(n, v)||z,xz, stays bounded near
Th.

3. THE COMPARISON RESULT

It is shown in [3] that the BBM equation (1.3) with initial condition
q(z,0) = g(z) has a unique global solution g € C([0,00), H®) if g € H®
with s > 1. Moreover, for each T" > 0, the correspondence g > ¢ is a
continuous mapping of H* to C([0,T]; H®) while, if [ > 0, the corre-
spondence g — dlg is a continuous mapping of H® to C([0,T]; H**1).
This result was recently improved to include the range s > 0 in [11].

The question that comes to the fore now is: under what circum-
stances can solutions of the Boussinesq system (1.1) be approximated
using the solutions of the BBM equation? Another way of putting the
question would be to ask what combination of initial data (ng,vo) for
(1.1) generates a solution (7, v) such that n is well tracked by the so-
lution ¢ of the BBM equation with initial data ¢(z,0) = 7. At the
lowest order, we expect that if vy = —nj, then the wave moves mainly
in one direction (see the discussion in [4]). However, the analysis in
the last-quoted reference suggests that this simple imposition of initial
data for (1.1) would not yield a solution which agrees closely with that
of the BBM equation on the time scale over which nonlinearity and
dispersion can have an order-one relative effect on the wave profile.
Rather, one expects to have to correct the lowest-order approximation
of the relation between amplitude and velocity at higher order to see
the Boussinesq system evincing truly unidirectional propagation. It
turns out that the appropriate relation between the initial amplitude
and velocity is given by

(B1)  9@0)=g) and o0 =) - jes(o)

where ¢ is an arbitrary function of sufficient regularity.

Indeed, solutions of the initial-value problem for the Boussinesq sys-
tem closely resemble an associated solution of the BBM initial-value
problem over a long time interval, as the following result shows.
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Theorem 3.1. Let j7 > 0 be an integer. Then for every K > 0,
there exist constants C and D such that the following is true. Suppose
g € H'*® with ||g||j+5 < K. Let (n,v) be the solution of the Boussinesq
system (1.1), with initial data defined by (3.1), and let q be the solution
of the BBM equation (1.8) with initial data q(x,0) = g(z). Define w
by

(3.2) w=q-— %qu.

Then for all € € (0,1], if

(3.3) 0<t<T=De",

then

(3-4) In(58) = a( )l + [l 1) — w(, 1)]l; < Cet.

Notice that included as part of Theorem 3.1 is the assertion that the
Boussinesq system has a solution in H5. x 5. at least for T = D/e.

When combined with the basic inequality

1 1
1fllzee < NFIE ) 112, Ry
valid for any f € H'(R), Theorem 3.1 yields the following.

Corollary 3.2. Let s > 6 and j € [0,s — 6] be integers. Then for
every K > 0, there exist constants C and D such that the following is
true. Suppose g € H*® with ||g||s < K. Let (n,v) be a solution of the
Boussinesq system (1.1), with initial data (1.2) defined by (3.1); let q
be the solution of the BBM equation (1.3) with q(x,0) = g(z); and let
w be defined by (3.2). Then for all e € (0,1], if

0<t<T=Det

Y

then
100 — @) (-, )| oo () + 104 (v — w) (-, 1) | Lo (m) < CE%L.

Remark 3.3. This result shows that, under the stated restrictions on
the initial data for (1.1), solutions of (1.1) and (1.3) agree with each
other to an accuracy equaling the size of the terms which were ignored
in deriving (1.1) as model equations from the Euler equations. The
comparison is shown to hold on a time scale of order 1/e, which is
long enough for nonlinear and dispersive effects to have an order-one
influence on the wave form.
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In our discussion thus far, we have focused on the BBM equation as
a model for unidirectional surface waves because it lends itself easily
to the numerical investigations described below in Section 4. Formally,
however, the KdV equation (1.4) is at least as valid a model for uni-
directional surface waves. In fact, a comparison theorem similar to

Theorem 3.1 also holds for KdV.

Theorem 3.4. Let 7 > 0 be an integer. Then for every K > 0,
there exist constants C and D such that the following is true. Suppose
g € HI5 with ||g||j45 < K. Let (n,v) be the solution of the Boussinesq
system (1.1), with initial data defined by (3.1), and let r be the solution
of the KdV equation (1.4) with initial data r(x,0) = g(x). Define z by
(3.5) z2=r— 1e7°2.

4
Then for all € € (0,1], if
0<t<T=De",
then
(3.6) In(,t) = ()|l + v t) — 2(, t)]l; < Cet.

Implicit in the statement of the preceding theorem is the assumption
that KdV is well-posed in H®. Although the well-posedness theory
for KdV is somewhat more involved than that for BBM, global well-
posedness of KAV in H® has now been proved for values of s down to
s = 0 and below. See for example [10, 12, 16].

The proof of Theorem 3.4 is given below in Subsections 3.1 and 3.2.
Once Theorem 3.4 has been proved, one then immediately obtains The-
orem 3.1 as a consequence, by virtue of the following result comparing
solutions of (1.3) to those of (1.4).

Theorem 3.5. Let j > 0 be an integer. Then for every K > 0 and
every D > 0, there exists a constant C > 0 such that the following is
true. Suppose g € HI™5 with ||g|l;4+5 < K. Let q be the solution of
the BBM equation (1.8) with initial data q(z,0) = g(z) and let r be
the solution of the KdV equation (1.4) with initial data r(z,0) = g(z).

Then for all € € (0,1], if
0<t<T=De!

Y

then
(3.7) lg(,t) = (. t)|l; + €ellg® (-, 1) = r° (-, 1) [l; < Cet.
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Indeed, (3.4) follows immediately from (3.6), (3.7) and the triangle
inequality, in view of the definitions of w and z. Theorem 3.5 is taken
from [8], where it is proved in a different form. For the reader’s conve-
nience we indicate some of the details of the proof in the Appendix.

We remark that it is also possible to prove a comparison result for
(1.3) directly, without first proving Theorem 3.4. See [1] for details.

Theorems 3.1 and 3.4 are reminiscent of some interesting recent re-
sults of Craig [13] and Schneider and Wayne [18] comparing bidirec-
tional solutions of the full Euler water-wave problem to solutions of the
unidirectional KdV equation. In these papers, the water-wave problem
is treated in unscaled variables, with the long wavelength and small am-
plitude of solutions appearing as small parameters in the initial data,
rather than in the equations themselves. In such variables, the model
Boussinesq system (1.1) takes the form

L . 1.

M+ Up + (70)z — gzt = 0
(3.8) 1

Uy + ﬁw + 00, — éﬁzzt = 0.

After rescaling (3.8) into the variables used in the present paper, and
applying Theorem 3.4, one obtains the following result.

Theorem 3.6. Suppose g € H® with s > 6. Then there exist constants
C > 0 and D > 0 such that the following s true for all € > 0. Let E
be the solution of

3 1
E “EE; + —FEypp =
t + 3 + G 0

with E(z,0) = g(x), and let (7, 0) be the solution of (3.8) with 7j(x,0) =
?g(ex) and 0(x,0) = eg(ex) — 1e*g(ex)?. Then for all t € [0,D/€],
we have

17(:,t) — €E(e(- — 1), 6375)||L00(R) < Ce't
15(-,t) = €E(e(- — 1), 1)) < Ce't.
In particular, for all t € [0, D/e3], we have
17(-,t) — EE(e(- — t), €1)| o ®) < CDe*

3.9
(3.9) 15(-,t) — EE(e(- — t), €'t) || @) < CDe .
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This result has a form similar to that of Corollaries 1.2 and 1.5 of
[18], for example, where solutions of the full water-wave problem are
compared to those of KdV. Notice that the power of € on the right-
hand side of 3.9) is larger than that appearing in the corresponding
results from [18]. However, Corollaries 1.2 and 1.5 of [18] have the
advantage that they allow the constant D appearing in the time interval
of comparison D/e3 to be taken arbitrarily large, if one assumes that € is
sufficiently small. This means that, for example, the time interval can
be made long enough to include soliton interactions. By contrast, an
examination of the proof of Theorem 3.4 below shows that it does not
allow one to take D larger than a certain fixed number which depends
on g. (We remark on the other hand that the analogous constant D
in Theorem 3.5 can also be taken arbitrarily large. Thus Theorem
3.5 implies the existence of solutions of BBM which look like n-soliton
interactions.)

We now turn to the proof of Theorem 3.4, which will be accomplished
in two stages. In Subsection 3.1, the proof of Theorem 3.4 is considered
in the case 7 = 0. The detailed analysis of this case points the way to
the general case. Moreover, the general case, established in Subsection
3.2, is made by an induction argument wherein the result for j = 0 is
the starting point.

3.1.  Proof of Theorem 3.4 in the case j =0

One easily verifies that r and z satisfy the equations

T+ 2 + €(12)y — G oot = —2Gy,
2+ 7T+ €2z — é €Zgat = —€Goy — €G3,
where
Gr =5 7ra = (a)ee = 5eavea:
1 1
Gy = =75 TTaas = 57 (7)aats
Gs = —% 37y,

Interest naturally focuses upon the differences

m=n—r and n=v-—2z
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which satisfy the equations

my + ng + €(mn), + €(rn); + e(zm), — g €Mat = G,
(3.10) ,
ny + mg + €(nng) + €(zn), — g oot = Gy + €Gs.

and have initial data given by m(z,0) = n(z,0) = 0.

Multiply the first equation in (3.10) by m and the second by n, add
the results, and then integrate over Rx [0, ¢]. After suitable integrations
by parts, there appears the formula

(3.11)
1 [ 1 1
3 /_OO [m2 +n?+ éemi + geni] dz

= e/ot /_Z (m(mn); + m(rn); + m(zm), + n°ng +n(zn),) dz dr

t o0 t o0
+ 62/ / (mG1 +nGy) dx dr + 63/ / nGs dz dr.
0 J—-o0 0 J—oo

The idea is to derive from (3.11) a differential inequality that will im-
ply the desired result via a Gronwall-type lemma. The argument put
forward below for accomplishing this requires e-independent bounds on
r and its derivatives, as furnished by the following Lemma.

Lemma 3.7. Let s > 1 be an integer. Then for every K > 0, there
exists C > 0 such that the following is true. Suppose g € H® with
lglls < K, and let r be the solution of the KdV equation (1.4) with
initial data r(x,0) = g(x). Then for all € € (0,1] and all t > 0,

Irlls < C.
Also, for every integer k such that 1 < 3k < s, one may further assert
that
1087 ]ls—a < C.

This familiar result is a consequence of the existence of infinitely
many conservation laws for KdV, together with the arguments put
forward in [10]. Details are provided in the Appendix so this side issue
does not distract from the main line of argument.
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We remark that it follows immediately from Lemma 3.7 and (3.5)
that r, z and their derivatives in z up to order 5 are bounded in L,
norm by constants which depend only on K, and which in particular are
independent of ¢ and €. In what follows, we will use this fact without
further comment, denoting all occurrences of such constants by C.

Define the quantity A(t) to be the square root of the integral on the
left-hand side of (3.11); viz.,

o 1 1
A%(t) = / [m2 +n® + éemi + éeni dz.

. From this definition it is obvious that for all ¢, we have
Imllz, < A(t) and |Img||n, < Ce 2 A(t).
Because of the elementary estimate
ImllZ,, < lImllz, Imal|z.,
it then follows also that
ml|p.. < CeTA(®).

Of course, the same estimates hold for n.

Now rewrite (3.11) as

1
(312) §A2(t) :Il+IQ+Ig+I4,

:—e// m(mn), dxdT—e// nmm, dx dT,
// m(rn)y dde—e// rnm, dx dr,

——e// )z +n(zn),] dx dr

:——// m+n dx dr,

I4=62/0/ (mG1 + nG,) dxdT+63/0t/oonG3dxdT.

where
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Three of these quantities may be easily estimated as follows:

t t
313 h<e [ Inlilmlnlml, i < cé [ 4%) dr,
0 0

t
I; < C’e/ A%(1)dr,
0
and

¢ t
I, < 062/ A(r) dr + 063/ A(r) dr.
0 0

It remains to estimate I5. This apparently simple task is complicated
by the requirement of not losing a factor of 6%, as this would lead to
an inferior result to that stated in the theorem. Indeed, if one were to
make the obvious estimate

t
(3.14) I, < Ceé/ A?(7) dr,
0

the best one could then do using Gronwall’s inequality would be to

establish a close comparison on a time interval of order e’%, rather
than on the desired interval of order e !. Here instead of (3.14) we will
use the considerably less straightforward estimate

(3.15) I, < CeA*(t) + C/t [€3A(T) + A (1) + e A3(1)| dr.

To prove (3.15), we begin by multiplying the second equation in
(3.10) by rn and integrating over R x [0, ] to obtain

t 00
// Tnmmd$dT:K1+K2+K3+K4+K5,
0 J—o0
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t o0
K, = —/ / rnn; dx dr,
0 —00
t o]
Ky = —e/ / rn’ng dz dr,
0 —00
t o]
K; = —6/ / rn(zn), dz dr,
0 —o0

1 t (o)
Ky=- e/ / TNy dT dT,
6 0 —o0

t o]
K5 = 62/ / (Garn + €G3rn) dx dr.
0 —00

where

19

To estimate K7, integrate by parts with respect to ¢ and use the fact

that n(z,0) = 0 to derive

1 t o0 1 &)
K, = 5/ / v d dr — 5/ () (. 1) d.
0 J—o0 —o

In consequence, one has that
t
(3.16) K| <C / A2(7) dr + CAX(2).
0

For K, one has that

t t
(317) K| < Ce / Illoalnlizallnellz, dr < Céb / A(r) dr.
0 0

The third integral, K3, may be rewritten as

t o0
K5 = %/ / (rez — r2g)n? dx dr,
0 J—oo

whence one obtains
t
(3.18) K| < Ce/ A%(7) dr.
0

The estimate for K is also straightforward; viz.,

t t
(3.19) K| < 062/ )|z, dr < 062/ A(r) dr.
0 0
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The fourth integral K, is more complicated. Start by writing

1 t [es)
K, = ——e/ / (rn)gng dx dr
6 0 —00
1 t o0 1 t o]
= ——e/ / NNy dx dT — —e/ / TeNNge dT dT
6 0 —00 6 0 —00

= Ky + Ky,

say. Using again the fact that n vanishes at ¢ = 0, we have

K41___6// , dz dr
:_EG/ r(z,t)n (:vtdx—i——e// reny da dr,

and it follows directly that

(3.20) K| < CA2(t) + C / " 42(r) dr.

For K4, integrate by parts in = to get

1 t [o’e] 1 t o)
Ky = 6 e/ / TyeNNy AT dT—i—E E/ / TeNeNy AT dT = K91+ Ky99.
0 —00 0 —00

Now for K491, integrate by parts with respect to ¢ as for K; to reach
the inequality

t
(3.21) |Ky01| < Cei A%(t) + Ce / A2(7) dr.
0

(In obtaining (3.21), one uses Lemma 3.7 to obtain a bound for ||r,.|
which depends only on K.)

To obtain an effective bound on K499, write the second equation in
(3.10) in the form

(3.22) ny = K% (m+ %nQ +ezn) — M * (€2Gy + €G3).

This formulation is obtained just as for the differential-integral equa-
tions (2.1) by first inverting (1 — £97) and then integrating the terms
involving m, enn, and €(zn), by parts. Using the form (3.22) for n; in
K2 and applying the elementary inequalities (2.3) and (2.4) connected
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to convolution with K, and M., we derive that

(3.23)
t
K| < Ce / e llealindllza dr

/ ||nw||L2 “2|lm+ n +eznl|z, + €|Gallz, + €|Gsllz,| dr
< C/ [6514(7') + A% (1) + eA?’('r)} dr.
0
Adding the inequalities (3.20), (3.21), and (3.23) leads to the bound
¢
(324) K| < CAXt) +C / (4@ + £2() + A7) dr.
0
Finally, putting together the estimates (3.16) for Ky, (3.17) for Ko,

(3.18) for K3, (3.19) for K5, and (3.24) for K4, we get the desired
inequality (3.15).

Now combining (3.15) with the estimates for I, Iy and I, obtained
above, we deduce from (3.12) that for all positive e small enough, say
e € (0,¢€),

(3.25) A?%(t) < C’/t |:62A(7') + €A (1) + e A¥(7)| dr.

Of course, once ¢ is fixed, then it is easy to prove that (3.25) holds
as well (with a possibly larger value of C') for all € > ¢, since (3.14)

implies that
— A%(1) dr
\/ /

whenever € > €.

;From (3.25) and Young’s inequality, it follows that
t
(3.26) L) <C / [ A(r) + A3(r)] dr.
0

The following Gronwall-type lemma now comes to our aid. The proof
is standard (see, e.g., [2], Lemma 2).
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Lemma 3.8. Let a > 0, >0 and p > 1 be given. Define
T = ﬁ—%a<1—P>/ﬂ/ (1+2°)7" da.
0

Then there ezists a constant M = M(p) > 0, which is independent
of a and B, such that for any Ty € [0,T], if A(t) is a non-negative,
continuous function defined on [0,T}] satisfying A(0) =0 and

A%(t) < /0 [@A(T) + BAPF(7)] dr

for allt € [0,T1], then
A(t) < Mat
for all t € [0,T1].

Applying Lemma 3.8 to (3.26) with a = Ce?, 8 = C, and p = 2, we
obtain that
A(t) < Ot

for all ¢t € [0, De™!], where D, like C, is a constant depending only on
K. This in turn implies that

(3.27) (1) = (D)l + (1) = 2(5 1) ||z, < C€t,
at least for 0 < ¢t < De !, which is the advertised result when j = 0.

The preceding inequalities were all predicated on the existence of
the solution pair (7, v) of the Boussinesq system with initial data as in
(3.1) based on g. The local existence theory in Section 2 guarantees
that there is such a solution at least over some positive time interval.
Moreover, as long as the L, norms ||7(-,t)||z, and ||v(-,%)||;, remain
bounded, the solution continues to persist at whatever level of regular-
ity is afforded by the initial data, according to Theorem 2.1.

Suppose now that g € H5. According to the above calculations, we
know that (3.27) holds at least for 0 < t < 7' = min(Ty, D/¢), where
To is the maximum existence time for the solution (n,v) of (1.1) with
initial data as in (3.1). On the other hand, as long as (3.27) holds, the
triangle inequality implies that

7M. <ln—=rlle, + (7]l

[ollz, < v =2l + [l2]lL,-
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Thus Lemma 3.3 and (3.27) combine to yield Ly bounds on 7 and v.
This in turn implies that Ty > D/e. The proof of Theorem 3.4 in the
case j = 0 is now complete.

3.2.  Proof of Theorem 3.1 in case j > 1

In this subsection, consideration is given to comparison of (r,z) and
(n,v) in the Sobolev spaces H7, j > 1. The argument is made by
induction on j, the case 7 = 0 being in hand.

Define the quantity A;(¢) to be the natural generalization of the
function A that appeared in Subsection 3.1; namely,

J
o 1 1
A?(t) = / E [m%k) + n%k) + éﬁm%kﬂ) + 667’1/%]9_1_1) dﬂ?,

* k=0

where for any integer [ > 0, m;) denotes %ZTT and n(;) denotes %. We
aim to prove that there exist C; and D; such that if ¢t € [0, Dje™'] then

Aj (t) S CjGQt.

In the previous subsection, this was proved to be true for j = 0. Fix
j > 1 and assume the result has been proved for j — 1. We attempt to
show that it holds for j.

Taking the j* derivative of equations (3.10) with respect to z yields

dmyj) + ng11) + €(mn) 1)
(3.28) 1 ,
+ €(rn) 1) + €(zm) 1) — gE0misz) = € (G1) )

and

dng) + mer1) + €(nng) )

(3.29) 1 ) 3
+ e(2n) 1) — 5€0m(ia) =€ (G2)(j) + €(G3)j)-

(Note that according to Theorem 2.1, n and v, and hence also m and
n, exist and remain in H'*® at least for ¢ € [0, D;_1e '], so the manip-
ulations here are justified.) Multiply (3.28) by my;) and (3.29) by n(;),
add the results, and integrate over R x [0,¢] to reach the relation

L[] s 1 1,
2 /oo [m(j) TG +eemiy tgengy| de=hLt+ L+ L+,
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where

t [e'e)
I, = —e/o / [(mn)rymg) + (nng) yng)] de dr,
t o]
I, = —6/ / (Tn)(ﬂ—l)m(j) dz dr,
0 —00
t [es)
Iy = —6/ / [(zm) eymi) + (2n)Gnyng) ] de dr,
0 —00

t o)
I =¢€ /0 / [(GV)yme) + (Ga)gynyy] dz dr

t 00
+ 63/0 / (Gg)(j)n(j) dz dr.

Our aim is to obtain estimates for I; through I, in terms of constants
C which depend only on ||g||;+5, and hence only on K. (In what follows,
we will denote all such constants by C.) Because of the induction
hypothesis, it is known that there exist constants C;_; > 0 and D;_; >
0, depending only on ||g||;+4, such that

Imlj—1 + lInllj—s = ln = rllj=1 + lv — 2||—1 < Cj_1€%t
holds for all ¢ € [0, D;_1e7!]. In particular,
Imll;—1 + [Inll; 1 < Cj1D; 1€

for all ¢t € [0, D;_;e']. Therefore we can write that ||m|;—; < C and
In||j—1 < C. These estimates will be used repeatedly in the induction
step.

The integrand in /; can be expanded into a sum of terms of the form
mkym Ny and ng)ngng), in which each of £, 4, and [ is less than or
equal to 7+ 1, but no two can both equal 7+ 1 in any term. Therefore,
arguing as we did for (3.13), we can conclude that

t
(3.30) 1| < Cea / A¥(r) dr.

0
To estimate I, we use Holder’s inequality to obtain

t
Ll < ce /0 A,(7) dr.
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The term I3 can be handled by writing

=— 6/ / z(mg+1yme) + nG+yne))
+ Z ( ) 2(e) (MG +1-k)MG) + NGr1-wnG)) | do dr

=3 e/ / (m?j) + n?j))zx dx dr

) j+1 n 1
— e/ / (j ) 2(k) (Mj41-k)yM(G) + Ni+1-k)N()) dz dT,

from which it is obvious that

0 k=1

¢
|I3] < C’e/o A3(7) dr.

It remains to estimate I,. Multiplying equation (3.29) by rn(;, and
integrating over R X [0, ¢], we find that

t 0
(331) / / rn(j)m(jH) de dr = Kl + Kg + K3 + K4 + K5,
0 J—oo

where

t 0o
= —/0 / rnon d dr,
t 0o
= —e/ / rngy(nng) ;) d dr,
0 —00
t 00
K; = —6/ / rngy(zn) ;s de dr,
0 —00
1 t 00
K4 = 6 6/ / T‘n(j)atn(j+2) dx dT,
0 J—

t o}
K5 = 62/0 / T’?’L(j) ((Gg)(]) + G(Gg)(])) dx dr.
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Now I, may be written as

t 00
IQ = 6/ / (rn)(J)m(J+1) dz dr
0 —oo

t o0
= e/ / TNGYM+1) AT dT
0 —o0

t poo J .
* 6/ / Z (‘]1) Tk (G—k)TT(j+1) dx dr,
0o J_

X k=1
and the last term on the right-hand side is easily seen to be bounded
by

¢
C’e/o A¥(r) dr,

so the key is to obtain a bound for the integral in (3.31).

We now start estimating the summands K; through K5 in (3.31).
First, note that the same argument used to obtain (3.16) above gives
here

t
K| < CA(t) +c/ A2(r) dr,
0
and the same argument used to obtain (3.30) above gives

t
K| < Ceb /0 AY(r) dr.
Similarly, obvious estimates give
t
|K3| < 065/0 A?(’T) dr

and .
| K| < 062/ A;(T) dr.
0

Attention is now turned to K,. Integrating by parts gives

I A e
K, = 6 5/ / [T”(j+1)3t"(j+1) + Tw"(j)at"(jﬂ)} dx dr
0 —0o0
= K41 + K42-

The integral K,; can be handled in the same way as K, to reach the
estimate

t
Ku| < CAXt) +C /0 A2(r) dr.
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The quantity K5 may also be handled in a way that is familiar; write
1 t o
Ky = G e/ / [Taan(j)Oing) + Tang+1)Oingy| do dr
0 J—-o0

= Kyo1 + K9,

and follow the same procedure given above for obtaining the estimates
(3.21) and (3.23), using (3.29) to replace the term 9;n(;) in Kyps. As a
result, we obtain the estimate

t
|[Ka| < CAS(t) +C/0 [GgAj(T) + A3(1) + €AlT| dr,

as in (3.24).

Combining the estimates for K; through Ky gives
t
K| < CA3(t) + C/o [62Aj(7) + A1) + eZAg?(T)] dr,
from which it follows that

t
|I5] < CeA?(t) + C’/O [é”Aj(T) + 614?(7’) + G%A?(T)] dr.

Finally, putting together the estimates for I; through I,, we obtain
the analogue of (3.25); i.e.,

A%(t) < C’/t [GZAJ'(T) + eAi(T) + éiA?(T) dr.

This inequality, valid for 0 < ¢ < D; 1e™', taken together with Lemma
3.8, allows the conclusion that there are constants C'; and D; depending
only on ||g||;j+5 such that

Aj(t) S C]fzt for 0 S t S DjE_l.
Thus the proof of Theorem 3.4 is complete.

4. NUMERICAL RESULTS

The theoretical results established in Section 3 are augmented by
a numerical study reported in the present section. There are several
issues of both theoretical and practical importance that are especially
illuminated by numerical simulations. First, one would like an idea of
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how large are the various constants that depend upon the initial data
llgll- They are independent of € for € € (0, 1], but if, for example, the
constant D in Theorem 3.1 is some enormous multiple of the norm of
the initial data, then the result has correspondingly less value. Next,
it is to be expected that if only small values of € are considered then
the values of the constants can be improved, and presumably take on
an asymptotic best value as € approaches zero. An important question
then is to understand just how small must € be in order for the constants
to approximate well their asymptotic values. A related question is
whether the comparison estimate (3.4) is sharp in the sense that €? is
the highest power of € that can appear there. Finally, one might ask
whether the time interval of comparison in (3.3) can be extended to
a longer interval, such as [0, ¢ 2]. Since our analytical approach casts
little light on these detailed points, we have resorted to a series of
numerical experiments designed to elucidate the issues.

The numerical algorithm used is based on the integral equation for-
mulation (2.2) of (1.1) and a similar formulation of (1.3) (see [3]). The
details of the numerical procedure are presented in [5] for (1.1) and [9]
for (1.3). While there is no reason to report the details again here, it is
worth remarking that these numerical schemes are proved to be fourth-
order accurate in space and in time, to be unconditionally stable, and
to have the optimal order of efficiency.

We now present and discuss the results of the numerical experiments.
The first experiment, concerned with solitary waves, serves as a test of
our coding in addition to continuing the conversation about the relation
between (1.1) and (1.3).

Experiment 1: Solitary waves

In this experiment, we compare an exact travelling-wave solution to
(1.3) with the corresponding solution of the initial-value problem for
(1.1), given in Theorem (3.1). The initial data for (1.3) is taken to be

q(z,0) = g(x) = sech® (% 5 (x — xo)) .

1+¢€/2

The solution of the BBM equation corresponding to this initial data is
the exact travelling wave solution ¢(z,t) = g(x — kt), where k = 14¢/2
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is the phase speed. Following (3.1), we solve the system (1.1) with
initial data n(z,0) = g(z) and v(z,0) = g(z) — teg(x)?. The solution
of (1.1) is approximated numerically with uniform mesh sizes, given by
Az = At = &:+/e. The presence of 1/ in the determination of Az and
At renders them independent of € in the original physical variables.

An example of the results is shown in Figure 1(a), where the surface
profile n(z,t) is plotted with e = 0.4 and xy = 19. The solution is very
nearly a travelling wave, like the solution ¢(z,t) of (1.3), as was to be
expected from the comparison result. It does have, however, a small
dispersive tail. The differences between (n,v) and (g, w) are calculated,
where w(z,t) = q(z,t) — +eq(z,t)?. The quantities

e =gl G0 = w0,
D) Wil

where | - |, is the L,(0, L) norm, are plotted against time ¢ in Figure
1(b) for ¢t € [0,50]. The top two lines are the just-displayed quantities
with the Ly norm and the other two lines (which appear to be one line
because they are almost identical) are those featuring the L, norm.
Figure 1(b) not only verifies that the relative differences increase lin-
early with time ¢ for t < Ce !, as asserted in Theorem 3.1 and Corollary
3.2, but also demonstrates that this linear estimate is valid for larger
values of ¢. Similar results are found in Experiments 2-4 below, in-
dicating that the time interval appearing in (3.3) is probably not the
longest possible.

The solution profiles of (1.1) and (1.3) at ¢ = 50 corresponding to the
initial data outlined above are plotted in Figure 2(a) which shows that
n(x,50) and ¢(x,50) have a very similar shape. However, as one sees
upon consulting Figure 1(b), the relative difference between them is
almost 50%. This is clearly due to phase difference, which is to say the
two equations propagate their respective travelling waves at noticeably
different speeds.

This leads one to imagine a comparison between solutions modulo
a phase shift, or what we will call the shape difference. For a fixed
t, the phase shift is determined by first finding the mesh point x;
where 7n(zg,t) takes its maximum value, and then using a quadratic
polynomial interpolating (zg,7(zg,t)) and the two neighboring points
(p—1,n(zk_1,t)) and (g1, 7(Tks1,t)) to determine the location of the
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FIGURE 1. (a): Surface profile n(z,t); (b): Relative dif-
ferences between solutions of (1.1) and (1.3).

)

° °
> ®
T T

°
b

q(x50) and n(x,50)

°
~
T

FIGURE 2. (a): A solution of (1.3) (solid line) and a
corresponding solution of (1.1) (dashed line) at ¢t = 50;
(b): Relative shape differences between solutions of (1.3)
and (1.1).

maximum point of n(z, t); viz.,
. Qxp — Az)n(wpyr, t) — dzgn(zp, t) + 20k + Az)n(2p—1,1)
2n(zg11,t) — An(xp, t) — 2n(zE_1,1) '
The solution n*(z,t) = n(z + =* — x,t) is then compared with g(z)
and the relative differences calculated using the L, and L., norms.
Similarly, one can compute the relative difference between a shifted
profile v* and the initial data v(z,0) = g — feg?>. The results for
¢ = 0.4 are shown in Figure 2(b), where the dotted curves represent
the relative shape differences for n and v calculated using the L, norm,
and the solid lines represent the relative differences calculated using
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n 1[2[3[4]5]6] 7] 8
en 0.6]05]04]0.3[0.2[0.1]0.05]0.025
o 2020 19 [17 14|12 9 | 9
Mt (%) |79 [ 64 |47 [ 29[ 14 [41] 12 [ 0.32
bowele () |79 |64 |47 |29 [ 14 [41] 12| 0.32
By ="—tl2(%) | 98 | 78 | 56 | 34 | 17 | 46| 1.3 | 0.34
veover (%) | 97| 76|55 [ 34|16 [46] 1.3 | 033
rate on By | 1.3|1.5|1.7|1.8|1.8]1.9] 1.9 | —2

TABLE 1. The relative difference between solutions
(Me,ve) of (1.1) and (g, we) of (1.3) at ¢ = 50 and the
rate of decrease of Ey with respect to €.
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n 1] 23] 4]5 7167 7] 8
€n 06| 05|04 03] 02]01]0.05]0.025
% 20 | 20 | 19 | 17 | 14 [ 12| 9 | 9
mtl= () [ 3.1 | 25 [ 2.0 [ 1.4 0.92]0.40]0.17 | 0.067
detd=(%) | 15 [ 14| 12 [0.97]0.71]0.37]0.17]0.066
Ey="tk(%) | 3328 [ 24]1.9]1.3]061]0.24]0085
eowde (%) [ 272420 1.7] 1.2 ]058]0.23]0.084
rate on B3 | 0.83 | 0.82]0.83]0.90| 1.1 | 1.3 | 1.5
TABLE 2. The relative difference between solutions

(g, w) of (1.3) and (n°(x,t),v*(z,t)), which are the shifts
of solutions (n,v) of (1.1), at t = 50, and the rate of
decrease of E5 with respect to e.

the Lo norm. The relative differences remain less that 2.5% for ¢ up

to 50.

Numerical experiments on solitary waves were conducted for other
values of €. To maintain the accuracy, different values of z, (see Table
1) were used so the solution at the boundary was consistently small
over the entire temporal interval. The Ly and L., norms of the relative
differences between (n,v) and (¢,w) at ¢ = 50 are listed in Table 1
with € ranging from 0.025 to 0.6. The corresponding data on shape
differences are listed in Table 2. As above, we are abbreviating the
L5(0,L) and Ly (0, L) norms by |- |5 and | - |, respectively.
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. From rows 4-7 in Tables 1 and 2, one notices that the comparisons
made via Ly, or Ly norms behave similarly. For either choice of norm,
the relative error decreases as e decreases, and the rates of decrease
are comparable. For the rest of the discussion, therefore, we use as
benchmarks the quantities

— S __
E2(6, t) — |776 Q€|2 and E;(G, t) — ‘776 Qe‘Q
|QE‘2 |qe|2

where () is the solution 7. after a shift matching the peaks of n. and
ge-

Note that E, is decreasing as € decreases (see row 6 in Table 1). The

rate of decrease, computed by using the formula
log(Es(€en,t)/Eo(€pit,t
rate(e,) = 0g(Ea(€n, )/ Ea(ént1 )),
log(en/€n+1)

is shown in row 8 of Table 1. The rate of decrease is also calculated for
the shape difference (see row 8 of Table 2). For relatively small ¢, the
overall difference is decreasing quadratically. The shape difference is
decreasing linearly with respect to € for moderate €. Using Richardson
extrapolation on data at € = 0.4,0.2,0.1,0.05 and 0.025, one finds that

Es(e,50) = Ine =Gz 5 g 2

|qe|2
as € — 0. Therefore, the constant Dy in Theorem 3.1 for j = 0 seems
to be small (about 0.12 in this example).

Comparing the data in Table 1 and Table 2, one finds that the shape
difference E5 (e, t) is much smaller than the difference Es (e, t), especially
for waves of moderate size. Using a least squares approximation on data
listed in row 6 of Table 2 at ¢ = 0.6,0.5,---,0.025, one obtains

B3(e,50) = =902 0 0404 .

‘(1|2

We know from earlier studies (for example [7, 14]) that the solitary-
wave solutions of the BBM equation play the same sort of distinguished
role in the long-time asymptotics of general disturbances that they do
for the Korteweg-de Vries equation. The numerical simulations in [5]
show that a similar conclusion is warranted for (1.1) (and see also [17]).
Consequently, it is potentially telling that an individual solitary-wave



BOUSSINESQ AND BBM COMPARISONS 33

t=0, 10, 20, 30, 40

FIGURE 3. Solution of Boussinesq system with € = 0.5.

solution of (1.3) is seen to be very close (within 4% for all amplitudes
we have tried) to solving (1.1) when the one-way velocity assumption
(3.1) is imposed. Moreover, the structure of the solution of (1.1) when
initiated with the BBM solitary wave appears to be a solitary-wave
solution of (1.1) followed by a very small dispersive tail. Thus, the
impact of the present experiment could be much broader than appears
at first sight.

Experiment 2: Waves with dispersive trains

In the first experiment, the initial profile ¢ was chosen so that it
generated an exact solution of the BBM equation. However, this initial
data had to depend on ¢, albeit weakly. In the next experiment, the
initial data g is fixed, independently of e. We choose for this case a g
that results in a lot of dispersion; namely, a profile

(4.1)  g(x)= (—2 + cosh (3\/g($ - x0)>) sech* (L\/_I_Om) ,

with two small crests separated by a deep trough. This profile, with
xo = 60, is displayed as the top curve in Figure 3. The initial data
for (1.1) is (n(z,0,v(z,0)) = (g(x), g(z) — +eg*(z)) as before. Figure 3
shows the solution profile n(z, t) at t = 0, 10, 20, 30 and 40 with ¢ = 0.5.
It is clear that the wave propagates to the right and also expands slowly
to the left, and decays in L., norm, leaving a considerable dispersive
tail behind. The solution profile ¢(x,t) of (1.3) disperses similarly (see
Figure 4).
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1=4.95, 25.5, 49.5
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FIGURE 4. Comparison between solutions of BBM equa-
tion (solid line) and Boussinesq system (dashed line) with
e =0.5.

(a) (b)

relatv diference between pand g
relatv diference between v and w
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time time

FIGURE 5. Comparison between solutions of BBM equa-
tion and Boussinesq system with ¢ = 0.5, where (a) plots
124> and (b) plots L=vl2.

lql2 |w|2

The comparison between 7(x,t) and ¢(x,t) at ¢t = 4.95,25.5,49.5 is
shown in Figure 4. It is clear that the two solutions are very close to
each other. The relative differences Ey = |77|—‘q|2 and Fy = w

q|2 Wi2
are plotted in Figure 5 for ¢ between 0 and 50. The values of Ej

and FE, increase relatively rapidly, but linearly, to about 10 to 12% by
t = 3, and then more slowly thereafter. These numerical results not
only verify the theoretical result |n — g| < Ce*t for t < De™!, but also
demonstrate that the result may well continue to larger values of ¢. One
sees clearly in Figure 4 that n and ¢ have a very similar shape for all ¢
for which the solution was calculated, but give a large value of Fs(e, t)
(about 26% when t = 50) due to the effect of a small but persistent
phase shift. The data on the total differences and the shape differences
are listed in Tables 3 and 4. The shape difference is calculated using
a different approach because no exact solution is available. For o € R
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€ 080706 |05|04|03|02)|01)0.05

B, =112(%) [ 72.8|54.7(39.2|26.2]16.2]9.74|5.25 | 2.10 | 0.90

lgl2

rate on Fy 21 12212221 1.8 15|13 | 1.2

By = =012 (%) [ 47.6 | 30.7| 18.0 | 9.43 | 5.61 | 4.00 | 2.63 | 1.26 | 0.61

lg®|2

rate on B 33 1353523121011 |11

TABLE 3. The relative difference between solutions
(n,v) of (1.1) and (g, w) of (1.3) at ¢t = 50, with initial
data (4.1) for BBM.

051040302 01 | 0.05{0.025|0.0125

€
Ey=10 (%) [ 4333|2414 051018 |0.053] 0.015

lgl2

rate on Fy 1.2 | 11|13 | 1.5 1.5 1.7 1.9 — 2

ESZM(%) 3.7113.03|2.30|1.39|0.501|0.173 | 0.052 | 0.014

2 lg®]2

rate on EJ 09 10|12 |15 | 1.5 1.7 1.9

TABLE 4. The relative L, difference between solutions
n(z,t) of (1.1) and ¢(z,t) of (1.3) at t = 1, with initial
data (4.1) for BBM.

and t fixed, define .J to be

s ={ [ e t) — gl — o t>>2dz}%

[e o]

where n(z,t) and g(z,t) are the cubic spline interpolation functions of
n(x;,t) and q(z;,t). The shape difference is obtained by finding the
minimum value of J(«). The Matlab program fminbnd is used in our
computation.

Calculations were performed with other values of ¢ and the same
initial data ¢g as above. The dependence on € of the difference F; for €
equal to 0.05, 0.1, 0.2,---0.8 is listed in Table 3. The rate of conver-
gence to 0 degrades as € approaches 0.05. Since this behavior does not
match the expected asymptotic behavior as ¢ — 0o, we investigated
further using values of € below 0.05. The results are shown in Table
4, where one sees what looks like quadratic convergence in €. These
calculations were done at ¢ = 1 since the t-dependence of F, for larger
values of ¢ is shown in Figure 5 already.
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In general, for moderate sized waves, corresponding to say ¢ < 0.4,
the shape difference is small until ¢ gets large. But for large € and ¢, the
shape difference can be large. (This is in contrast to the situation in
Experiment 1, where the shape difference remained small even for large
e and t.) For example, for ¢ = 0.8 and at ¢ = 50, the shape difference is
about 47.6%. A study of the wave profiles reveals the reason for this. As
€ gets larger, the wave profile for positive time becomes more complex.
There are several different amplitudes in evidence, and each of these
propagates at its own speed. As the speeds in the BBM approximation
are not quite the same as for the Boussinesq approximation, there is
a divergence because of phase differences, just as in Experiment 1.
However, because there is substantial energy in more than one wave
amplitude, there may be several phase differences, so that no single
translation can compensate for the phase mismatch. To put the issue
in simple terms, for given functions f; and f, one cannot in general
obtain a close fit to

fi(@ + 1) + folw + ay),

where o and «y are distinct, by using an approximation of the form

filz + ) + folz + ).

The solutions studied in Experiment 2 also differ from those of Ex-
periment 1 in that their structure changes when e is changed. (In
Experiment 1, solutions for all values of € tried had the same structure:
namely, that of a solitary wave with a small dispersive tail.) The ef-
fects of changing € on the solutions in Experiment 2 may be seen, for
example, by comparing the solution for ¢ = 0.5, shown in Figure 3, to
that shown in Figure 6, where ¢ has been reduced to 0.05. In Figure
6, where n(z,t) is graphed against z for ¢ = 0, 10, 20, 30, and 40, it is
clear that n(z,t) is mainly a right-moving wave. This is in agreement
with the result one gets by considering (1.1) to be a perturbation of
the linear wave equations

e+ v, =0

V¢ + Ne = Oa
with initial conditions n(z,0) = g and v(z,0) = g — eg®. For this
reduced system, the analytical solution is

1(w,1) = oo — 1) + el (@ +0) — (o 1)

o(z,1) = g(z — 1) — %6(92(33 +1)+ g2z — 1)),



BOUSSINESQ AND BBM COMPARISONS 37

t=0, 10, 20, 30, 40
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FIGURE 6. Solution of Boussinesq system with ¢ = 0.05.

t=16.8, 33.5, 50.1
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FIGURE 7. Comparison between solutions of BBM equa-
tion (solid line) and Boussinesq system (dashed line) with
€ = 0.05. The difference between the two solutions is not
visible.

which to leading order is indeed a right-moving travelling wave solution.

Comparisons between 7n(z,t) and ¢(z,t) at t = 16.8, 33.5, and 50.1
are plotted in Figure 7. The difference between the two solutions is
hardly visible. To be specific, the relative difference F5(0.05,50) is
only 0.9% at ¢ = 50 (see Table 3).

As another check on our code, we monitored the variation of quan-
tities that, for the continuous problem, are independent of time. Let
[0, L] denote the spatial domain used in our simulations, where L =
360y/e. The integrals I;(t) = fOLn(x,t) dr, I(t) = fOL v(z,t) dz,
F(t) = fOL [nv + (€/6)nyus] dx and E(t) = fOL 7% + v*(1 + en)] dz were
approximated using the trapezoidal quadrature rule applied to our nu-

merically generated approximations. It was found that over the time
interval [0,50], I;(¢) was zero to within 5.9 x 1075, I5(¢) stayed within
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FIGURE 8. Solution of Boussinesq system.

0.008% of —0.071, F(t) stayed within 0.02% of 0.43, and E(t) stayed
within 0.000004% of 0.51. All the computations reported here and
throughout Section 4 were checked for convergence by halving the spa-
tial and temporal grid lengths and comparing the resulting approxima-
tions.

Experiment 3: Solitary-wave interactions

In this experiment, we consider the case when a large solitary wave
overtakes a small solitary wave. The initial data for the BBM equation
is the superposition of two exact solitary-wave profiles; namely,

1+0.3

1 1 [ 05
= sech? [ =4/ ——— (v —54) | .
tg S (2 T o005 &0 ))

Numerical solution of the BBM equation with this type of initial data
was carried out earlier in [7]. It was found there that two solitary-wave
solutions of the BBM equation do not interact exactly (elastically), as
they do in the case of the Korteweg-de Vries equation. From the results
of these earlier simulations, we know that it takes a fair amount of time
for the two solitary waves to fully interact. Therefore our numerical
computation is carried out to t = 234.

q(z,0) = sech? (% 5 (z — 20))

The surface profiles 7(x, t) of the solutions of the Boussinesq system
(1.1) with e = 0.6 at t = 55,117,148,192, and 234 are shown in Figure
8. Notice how closely these profiles resemble those of a double-soliton
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FIGURE 9. Comparison between solutions of BBM equa-
tion (solid line) and Boussinesq system (dashed line)

solution of the Korteweg-de Vries equation. Just as in a Korteweg-
de Vries soliton interaction, first the large solitary wave overtakes the
smaller one on account of its larger phase speed, then the two waves
interact nonlinearly, and finally both emerge from the interaction hav-
ing regained more or less their original shape and speed. This close
resemblance between solutions of (1.1) and the Kortweg-de Vries (or
BBM) equation is to be expected, for otherwise the validity of at least
one of these models would be in jeopardy. It should be noted, however,
that theory still falls short of being able to prove that solutions of (1.1)
exhibit the behavior shown in Figure 8.

In Figure 9 are shown comparisons between the solutions of the BBM
equation (1.3) and the Boussinesq system (1.1), starting from the above
initial data, at t = 79 and 199. The phase speeds for Boussinesq solitary
waves of a given amplitude are smaller than those of the BBM equation.
This is especially evident for waves of larger amplitude. At ¢t = 199,
the phase difference for the large solitary wave has accumulated to
the point where the two renditions of it differ by more than one full
wavelength.

Experiment 4: Initial-boundary-value problems

In the last experiment, we attempt a simulation that corresponds to
waves generated by a wavemaker in a wave tank or to regular, deep-
water waves impinging upon a coast. An idealized version of this sit-
uation is to pose (1.1) or (1.3) for (z,t) € Rt x R" with zero initial
data and a sinusoidal boundary condition

q(0,t) = sin(7t) tanh(5¢),
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FIGURE 10. Water surface level at the wave maker.
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FIGUre 12. Comparison with € = 0.5.

which is plotted in Figure 10. The function tanh(5¢t) is used to ensure
the compatibility of initial data and the boundary data at the corner
(z,t) = (0,0). The left boundary condition for the system (1.1) is
taken to be n(0,¢) = ¢(0,¢) and v(0,t) = ¢(0,t) — 1eg(0,¢)* as in (3.1).

The solutions of (1.3) and (1.1) are plotted in Figure 11 for ¢ =
0.2 and in Figure 12 for ¢ = 0.5. The two solutions have a similar
shape, but the waves predicted by the Boussinesq system are smaller
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and slower than those predicted by the BBM equation. The difference
between solutions decreases as € decreases.

We emphasize that no theory for comparison was developed here for
such an initial-boundary-value problem. Preliminary considerations
show that such a theory is not necessarily out of reach, but it is more
complicated than our developments in Section 3 for comparing the pure
initial-value problems.

5. CONCLUSIONS

When one attempts to model long-crested waves entering the near-
shore zone of a large body of water, one naturally aims for the simplest
description that is consistent with the accuracy of the input data. On
the other hand, most of our knowledge of just how well various mod-
elling approaches work derives from laboratory experiments. In both
of these situations, there are available standard unidirectional models
such as (1.3) or its variable-coefficient analogues which take account of
variable undisturbed depth. These have been shown to predict pretty
accurately in laboratory environments. There are also available more
complicated systems, like (1.1) or its variable-coefficient versions, that
can potentially take account of reflection. Our goal here, which had its
origins in sediment transport models arising in analyzing beach pro-
tection strategies, has been to understand a precise sense in which the
bidirectional model specializes to the unidirectional model. This is a
fundamental question, but the answer also helps with the formulation
of input to the bidirectional model in situations where we would nor-
mally have insufficient information with which to initiate the equation.
In particular, records of wave-amplitude incoming from deep water are
straightforward to use in initiating a unidirectional model like the BBM
equation (1.3). As becomes apparent from the analysis in Section 3,
the same data can be used to initiate the Boussinesq system (1.1),
and with the same implied level of accuracy. The advantage is that
the Boussinesq system can countenance reflection whereas (1.1) can-
not. Thus, (1.1) can in principle be coupled to models for run-up and
reflection in the very-near-shore zone.
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In addition to presenting a qualitative theory connected with the
comparison of the BBM equation and the Boussinesq system, we have
reported numerical experiments showing quantitative aspects of the re-
lation between these two models. After performing convergence tests
and the like to generate confidence in our numerical scheme, we ran
simulations with initial data corresponding to solitary-wave interac-
tions and to large-scale dispersion. The results show clearly how well
the Boussinesq system, with initial velocity as determined from the ini-
tial amplitude by (3.2), is tracked by the simple initial-value problem
for the BBM equation. Even more convincing are the boundary-value
comparisons shown in Experiment 4. As this is an important context
where our ideas could come to the fore, the agreement here is hearten-
ing.

APPENDIX

This appendix contains the proofs of Theorem 3.5 and Lemma 3.7.

For the reader’s convenience, the results are restated here as Theorems
Al and A2.

Theorem A1l. Let 7 > 0 be an integer. Then for every K > 0 and
every D > 0, there exists a constant C' > 0 such that the following is
true. Suppose g € HI™5 with ||g|lj4+5 < K. Let q be the solution of
the BBM equation (1.3) with initial data q(x,0) = g(x) and let r be
the solution of the KdV equation (1.4) with initial data r(z,0) = g(x).
Then for all € € (0,1], if

0<t<T=De"

I

then
lg(-,t) = r(-,t)|l; + ell (-, t) — r° (- B)||; < Cet.

Proof. This theorem is essentially proved in [8], to which we refer the
reader for any details that are omitted here. First consider the case
j =0, and let # = g — r. Then 0 satisfies the equation

3
—€

(A.1) 0+ 0. + 3

1
(r), + 26091 — éeﬁmt = €@,
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where G = — (%(Trm)m + %rmzm). Multiplying (A.1) by 6, integrat-
ing over R x [0, ], and integrating by parts leads to

o0 t t oo
(A.2) / (0> + ée@fg) dx = ge/ 0% dx dr + 62/ / GO dx dr.
- 0 0 J—oc

o0

Now let A(t) be defined by setting A%(t) equal to the integral on the
left side of (A.2). It follows easily from (A.2) that

A%(t) < C/O [€A(T) + €A*(7)] dr

where C' depends only on the norm of r in H®, and hence, by Lemma
3.7, only on K. By Gronwall’s inequality it then follows that

A(t) < Cre(e® —1)

for all ¢ > 0. In particular, it follows that for any D > 0 one can find
C > 0 such that

A(t) < Cét
for all ¢ € [0,D/e]. Thus, for ¢ € [0,D/e], we have ||¢ — r|| < Cé*t,
gz — 72| < Ce¥/?t, and
> =7 =1l(g—7r)(g+ )|l < |lg—rlsllg + 7l
< Cllg = r||'?llgs = ro|I'* < C(E1) 7 (8°1)'/? = Ce"/*1.
Therefore
ellg®> — r?|| < Ce''/*t < Cé*t,

as desired.

In case j > 1, the argument is easier: starting from (A.1) and fol-
lowing the procedure in Subsection 3.2 above, one obtains that the
quantity A,(¢) defined by

o
1
A%(t) = /_ > [o?k)+660(2k +1)} dz

k=0
satisfies the estimate
A;(t) < Cét,

where C' depends only on K. Hence ||g — r|; < CA4;(t) < Cé*. In
particular, using Lemma 3.7 we have

lg+rll; < llg—rl; +2lrl; <Cet+C<C
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for all t € [0, D/e|, where C' depends only on K and D. Therefore,
since H7 is an algebra for j > 1, we can write

elg® = 7*|l; < Cellg = rll;llg +rll; < Cellg — rll; < Ce¥t < Cet,
as desired. O

Theorem A2. Let s > 1 be an integer. Then for every K > 0,

there exists C' > 0 such that the following is true. Suppose g € H® with
llglls < K, and let r be the solution of the KdV equation (1.4) with
initial data r(x,0) = g(x). Then for all € € (0,1] and all t > 0,

(A.3) lr ()l < C.

Further, for every integer k such that 1 < 3k < s, one may also assert
that

1077 (-, 8) || gra—se < C.

Proof. Define

pla,1) = (%) r(V/eJ8(x + 1), /6 1)

so that p is a solution of the equation

(A.4) Pt + PPz + Page = 0.
As explained in the discussion on pp. 576-8 of [10], there exist a count-
able number of explicitly-defined functionals Iy, I;, I5, ...which are,

at least formally, conserved under the flow defined by (A.4). As a con-
sequence of the well-posedness theory of KdV presented in [10], one
has that in fact I(p) is independent of time for 0 < k < s, provided
p € H® and s > 2. This result was later extended to s > 1 in [15].

Now the functionals I}, are defined on functions f(x) by integrals of
the form

)= [ " B(f)(@) de,

where Py (f) denotes a polynomial function of f and its derivatives. In
fact, P(f) consists of a linear combination of monomials

w (N (PN dPf\*
() (%) (@) "'(w) ’
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in which the “rank” of each monomial, defined as -7 (1 + 17)a;, is
equal to k 4+ 2. Hence if p(z,t) and r(z,t) are viewed as functions of x
parameterized by the variable £, we have

Pi(p)(,1) = e Py(r) (v/e/6(x +1), 1/¢/6 1)

for all z and ¢, where P,(f) denotes another polynomial function of f
and its derivatives, which like Py (f) has coefficients which are indepen-
dent of . Now define a functional I, by the formula
)= [ AP do

Since I (p) is independent of time, it follows that I, (r) is independent
of time. Then the same argument as used to prove Proposition 6 of
[10] allows us to conclude that the norm of r in H® remains bounded
for all time, with a bound which depends only on the H® norm of
r(z,0) = g(x). Notice in particular that since the quantity e does not
appear in the definition of the functionals Iy, the bound thus obtained
is independent of e.

This proves the existence of the desired constant C' in (A.3). The
desired bounds on the time derivatives of r then follow immediately by

using (1.4) to express time derivatives in terms of spatial derivatives.
O
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