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Abstract

We prove the almost complete intersection case of the Lex-Plus-Powers
Conjecture on graded Betti numbers. We show that the resolution of a
lex-plus-powers almost complete intersection provides an upper bound for
the graded Betti numbers of any other ideal with regular sequence in the
same degrees and the same Hilbert function. A key ingredient is finding
an explicit comparison map between two Koszul complexes. Finally, we
obtain bounds on the Hilbert function of an almost complete intersection,
including a special case of a conjecture of Eisenbud-Green-Harris.

1 Introduction

Let R = k[z1, ..., 2,] be the polynomial ring in n variables over a field k. There
is a close relationship between the Hilbert functions of homogeneous ideals I in
R and their graded free resolutions. Given the graded free resolution of R/, one
can determine its Hilbert function Hp,; by using the graded Betti numbers to
determine the rational function expression of the Hilbert series. However, there
may be many ideals with a given Hilbert function that have different minimal
graded free resolutions. There has been a considerable effort in the last decade
to determine what graded free resolutions can actually occur for a given Hilbert
function.

To study this problem, it is natural to impose a partial order on the reso-
lutions of ideals with the same Hilbert function. Let I and J be homogeneous
ideals in R with the same Hilbert function. Then we say that g%/1 < gi/7 if
and only if ﬁfj’/l < 65/‘] for all ¢ and j. This is a strong condition; the inequality
has to go the same way for every graded Betti number. In particular, it is not
clear a priori that there should be a unique maximal or minimal resolution for a
given Hilbert function. In fact, Charalambous and Evans have shown that there
may be incomparably minimal resolutions for a single Hilbert function [3] (see



also the end of [12]). Richert [17] and Rodriguez [19] have done closely related
work as well.

However, the situation is better at the top of the partial order. Bigatti
and Hulett independently proved the main result about largest Betti numbers
in characteristic zero, and Pardue generalized it to positive characteristic. Re-
call that a lexicographic ideal is a monomial ideal generated in each degree by
an initial segment of monomials in descending lexicographic order. Macaulay
showed that lexicographic ideals can attain the maximal possible Hilbert func-
tion growth [14]. The following result from the early 1990s of Bigatti [1], Hulett
[12], and Pardue [16] establishes the maximality of the graded Betti numbers of
lexicographic ideals.

Theorem 1.1 Let L C R be a lexicographic ideal, and let I C R be a homoge-
neous ideal such that Hr/;r = Hg/r,. Then BR/IT < gR/L,

Consequently, the search for all the resolutions that occur for a Hilbert
function is a bounded problem. That is, we need only consider graded free
resolutions that lie below that of the lexicographic ideal, so there are only finitely
many possibilities. Unfortunately, it is still relatively difficult to show that a
particular candidate for a resolution cannot occur; see [6] for some techniques.

One would like to find ideals with analogous properties to those of the lexico-
graphic ideals in more restrictive settings to try to get more information about
the possible Hilbert functions and graded free resolutions that can occur. A log-
ical place to start is the case in which one considers ideals that contain a regular
sequence of maximal length in prescribed degrees. In [5], Eisenbud, Green, and
Harris identify a candidate for maximal Hilbert function growth in this setting.

Conjecture 1.2 Fix a nonnegative integer d. Let I be a homogeneous ideal
containing a mazximal length reqular sequence in degrees ay, ..., a,. Suppose we
can form a monomial ideal L with minimal generators xi*,. .., x% plus the first
I monomials in degree d in descending lexicographic order, where l is selected so
that HR/](d) = HR/L(d) Then HR/[(d+ 1) < HR/L(d+ 1)

The most interesting case is when I contains a regular sequence of length
n in degrees ai,...,a, and no smaller degrees; then we can always form the
ideal L described above. This conjecture is known for I a monomial ideal; it
follows from the theorem of Clements and Lindstrém [4]. There has been some
progress when the a; are all 2; see [11] and [8]. Eisenbud, Green, and Harris
were interested in the conjecture because they show in [5] that a special case of
it implies their Generalized Cayley-Bacharach Conjecture in algebraic geometry.

The ideals L in the conjecture are part of a larger class of ideals whose
graded Betti numbers we wish to consider. They are the natural analogues of
lexicographic ideals in the situation in which we require our ideals to contain a
regular sequence of maximal length in prescribed degrees.

Definition 1.3 Leta; < --- < ay, be positive integers. We call L an (aq,. .., an)
—lex-plus-powers (LPP) ideal if:



(1) L is minimally generated by x7*, ...,z and monomials ma,...,m;, and

(2) If r is a monomial, degr = degmy, and 1 >yep my, then r € L.

For example, L = (22, 23, 23, 2123, x12273) is a (2,3,3)—LPP ideal. It con-
tains appropriate powers of the variables, and we need only check the second
condition for the other two generators. Since z3, 2379, and 2323 are all in L, L
is an LPP ideal. One builds the ideal by first forming the regular sequence of
maximal length and then adding more generators in descending lexicographic
order to get the desired Hilbert function.

Intuitively, if we believe Conjecture 1.2, the correspondence between max-
imality of Hilbert function growth and graded Betti numbers of lexicographic
ideals should carry over to this new setting. This relationship led to the for-
mulation of the LPP Conjecture (whose history is murky but is perhaps best
described as due to Evans and inspired by Eisenbud-Green-Harris) in a paper
of Evans and Richert [6]:

Conjecture 1.4 (LPP Conjecture) Let L C R be an (aq,...,a,)—LPP ideal.
Suppose I C R is a homogeneous ideal with the same Hilbert function that con-
tains a reqular sequence in degrees ay, ..., an. Then BF/T < gR/L,

The LPP Conjecture is completely natural given our knowledge of lexico-
graphic ideals and Conjecture 1.2. There is substantial computational evidence
for it, but proving the conjecture in its full generality seems difficult. One is
tempted to borrow from the proofs of Bigatti and Hulett in the lexicographic
case; for example, instead of comparing any ideal I to a lexicographic ideal, they
consider the generic initial ideal of I. In characteristic zero, this gives a strongly
stable ideal with graded Betti numbers the same or larger than those of I, and
one has convenient formulas for the graded Betti numbers of strongly stable
ideals. However, if we were to do something similar, we would wish not only to
keep the Hilbert function the same, but we would need also to fix the degrees of
the regular sequence. Thus the generic initial ideal poses problems. Moreover,
even though Charalambous and Evans have found the minimal resolution for
LPP ideals [2], it can be hard to use it to compare LPP ideals to other ideals,
partially because of some unpredictable ideal quotients that arise.

The case of the LPP Conjecture in which the LPP ideal is a complete in-
tersection is trivial; the first nontrivial case is when the LPP ideal is an almost
complete intersection. We prove this in Theorem 6.1:

Theorem 6.1 Let L be an (ay,...,a,)—LPP almost complete intersection. Let
I be any ideal with the same Hilbert function as L that contains a regular se-
quence in degrees ai, . ..,a,. Then BRI < gRIL,

We adopt an approach different from that of Charalambous and Evans to
resolve almost complete intersection ideals. Instead of aiming for minimal free
resolutions at the start, we form nonminimal resolutions and then try system-
atically to detect the nonminimality.



Our main interest in this paper is the LPP Conjecture and related ques-
tions about Hilbert functions. We note that Migliore and Miré-Roig have done
substantial work in a different direction in [15] to find the minimal graded free
resolution of almost complete intersections whose generators are generic. Our
results give sharp upper bounds for the graded Betti numbers of any ideal with
the same Hilbert function as an LPP almost complete intersection, not only
generic (n + 1)-generated ideals. However, the disadvantage is that many al-
most complete intersections do not have the same Hilbert function as an LPP
almost complete intersection, and Migliore and Miré-Roig can, in a lot of cases,
give the precise resolution of generic almost complete intersections.

The paper is organized in the following way. In Section 2, we outline our
strategy using almost complete intersection monomial ideals and prove some
preliminary lemmas. We then modify the attack used on monomial ideals so
that it works in the nonmonomial case in Section 3. In this section, we also
give an explicit comparison map between two Koszul complexes that is vital in
detecting nonminimality in the mapping cone resolutions we use. In Section 4,
we identify complete intersection ideals that can have the Hilbert function of
an LPP almost complete intersection and examine their resolutions. We handle
final possibilities in Section 5, where we also obtain some bounds on the Hilbert
functions of almost complete intersections. The proof of the main result on
graded Betti numbers is in Section 6.

I thank Mike Stillman for his invaluable assistance with this paper and grate-
fully acknowledge Daniel Grayson and Mike Stillman for their computer algebra
system, Macaulay 2 [10]. T also thank the referee for his or her careful reading
and helpful suggestions for improving the paper.

2 Resolutions of LPP almost complete intersec-
tions and the monomial case

Our first goal is to compare the resolutions of two almost complete intersection
monomial ideals with the same Hilbert function. In this section, we assume that
the ideals have minimal generators that form a maximal length regular sequence
in the same degrees. Since we are restricting to almost complete intersections,
we have some extra structure with which to work. We begin by describing the
minimal resolution of a monomial almost complete intersection.

Let L = (29%,..., 2%z ...29). We form the canonical short exact se-
quence

0= R/(a5 %, a4 (= di) = R/(af",...,28") > R/L — 0.
We can find a resolution of R/L by taking the mapping cone induced by this
short exact sequence. The situation here is particularly good because we have
complete intersections in the first two nonzero places in the exact sequence, and
therefore we can resolve these modules minimally by Koszul complexes.



The only difficulty is that this resolution of R/L might be nonminimal. Of
course, the only places nonminimality may arise come from constants appear-
ing in a comparison map between the resolutions of R/H and R/F, where
H = (x‘fl_dl, sy x@nmdn) tand F o= (2',...,2%). To see how to detect this
nonminimality, we examine a comparison map closely in an example.

Let L = (23,23, 23, 7123); this is a (2,3,3)—LPP ideal in R = k[, 79, 23]
Let F = (22,23, 23), and let

H= (1'%’:53’%%) : (mlxg) = (xl’w27x§)'
We resolve R/L using the following diagram:
o5

o5 o

0 R R3 R3 R R/IF —— 0
1T CQT C1T Tmlmg Tﬁvlwg
0 R R3 R3 R R/H—— 0
ol o off

Here, the 0f and 9} are the Koszul maps. We need to determine what Cy and
C; are. It is not hard to see that Cy should give the relationship between the
generators of H and F, and from there, it is easy to compute the two maps.
They are:

1 0 O 3 0 0
Co=1[0 23 0 and Ci=1[0 x 0
0 0 x 0 O xlxg

Note that C5 is just a diagonal matrix with diagonal entries the powers of the
x; that appear in the additional generator z123 of L. Moreover, C; is just the
matrix of 2 x 2 minors of Cy, and 2123 is the determinant of Cy. This suggests
a general strategy: Compute the penultimate vertical map C' in the diagram,
and fill in the other vertical maps with the appropriate exterior powers of C.
We shall show that these are the maps we want.

Lemma 2.1 Let L = («$,..., 2% 2% ...gd). Let F = (2%*,...,2%) and
H= (a9 a8 =) and let F and O} be the Koszul maps.

Let C: N""'R™ — N ' R™ be given by eq — zhen, where A= {1,2,...,1,
...,n}. Then the following diagram is commutative for all j =1,...,n:

. dJF 1
/\J R" /\J R"

/\n—j CT T/\n—j+lc



Proof: Let A = {i1,...,i;} C [n] ={1,...,n}, and let e4 = e;; A--- Ae;; be
a basis element of A\’ R™ in the resolution of R/H. Note that C is just the
diagonal matrix with diagonal entries % such that 9 o1 = C 0 3. We have

iy —di
o (ea) = Y (—D)fal" eay,.
it €A
—j+1

Applying A" C, we obtain

(N eoar) e = S e | TT o | ean

€A 1g A\

= > 0 (] ] ea

i €A IZA

Now, going the other direction,

( A C) (ea) = | T« | ea,

IgA

and then

(af o /\’H C) (ea) = S (=Dt [ [T | eava-

i €A IgA

The coefficients of each ey4\;, are equal, and thus we are done. [J

As a result, we can easily determine the nonminimality that occurs in the
mapping cone resolution of an almost complete intersection monomial ideal.
The matrix C' in Lemma 2.1 has entry 1 only in the places corresponding to
some d; being 0, forcing cancellation in the tail of the resolution in degree
a+---+a; +-- -+ ay,. Since the other vertical maps are matrices of minors of
C, we can detect constants in the other vertical maps just by knowing C.

We use Lemma 2.1 to compare the resolutions of two monomial almost com-
plete intersections. We show that if there is any nonminimality in the mapping
cone resolution of an LPP almost complete intersection, there is correspond-
ing nonminimality in the mapping cone resolution of the other ideal we are
considering.

Proposition 2.2 Let I be a monomial ideal containing minimal generators
7ty ..., x% . Suppose I has the same Hilbert function as an (ai,...,a,)—LPP
almost complete intersection L. Then S%/T < gR/L,



Proof: We may immediately reduce to the case in which we can apply Lemma 2.1:
The theorem of Clements and Lindstrom in [4] shows that L has at least as
many generators in each degree as I, and therefore I must also be an almost
complete intersection. (Alternatively, see Lemma 5.1.) Hence we may assume
that I = (29*,..., 2% 2% ... 2%). Because I and L have the same Hilbert
function and have as minimal generators the same powers of the x;, the sets
Sq={a1 —di,...,an, —d,} and Sy = {a; — by,...,a, — by} must be the same
(for we can compute the Hilbert functions from the nonminimal mapping cone
resolutions). We show that if some d; is zero, then there exists an i’ (a different
one for each ¢ with d; = 0) such that a;; = a; and b;y = 0. Since any constant in
the comparison map (aside from the far left vertical map, which always induces
nonminimality) comes from some b; or d; being zero, this proves that any non-
minimality in the mapping cone resolution of R/L occurs in the same degree in
the resolution of R/I.

It is clear from the definition of an LPP ideal that dy = a1 —1,..., dj_1 =
aj—1—1,anddj;1 =--- =d, =0forsomel < j <n. Hence Sy ={1,...,1,a;—
dj, aji1,...,an} for some 1 < j < n, and since the a; are weakly increasing,
1§aj—dj SCLjJrl S San

If no d; = 0, then the mapping cone resolution of R/L is minimal (except
for the obvious nonminimality from the far left vertical map), and we are done.
Otherwise, d,, = 0. Since S, = Sy, a, € Sp, and there is some r such that
an = a, — b,.. Because a,, > a; for all i, we must have a, = a,, and b, = 0.

Inductively, suppose that for s > [, the following holds: If d;, = 0, there is s’
such that ay = as and by = 0. If d; > 0, there is nothing to prove. Otherwise,
d; = 0, and then a; € Sq4 = Sp. By the induction hypothesis, the only way for
a; to be in Sy is for there to be an ay = a; such that b, = 0 (for any a; larger
than a; has b; = 0 by induction), with I’ different from the other indices we have
already used. This is what we needed to prove, and therefore we are done by
Lemma 2.1. U

This establishes the inequality we want for the monomial case and suggests
a method of attack for the nonmonomial case, which we explore in the next
section.

3 The nonmonomial almost complete intersec-
tion case

It was particularly convenient to work with monomial ideals in the last section
because the comparison map consists of diagonal matrices of a nice form. Unfor-
tunately, if one wishes to generalize Proposition 2.2 to nonmonomial ideals, the
vertical maps will be much more complicated. We mimic the proof for monomial
ideals in this section.

Throughout, fix an LPP ideal L = (z{',... 2% 2% ...zdn). Let I =

(f1,- -+, fn,g) be an ideal with the same Hilbert function as L such that deg f; =



ai, the f; form a regular sequence, and (f1,..., fn) : (¢9) = (h1,...,hy) is a com-
plete intersection. The reason for the last hypothesis is that we want to follow
the monomial case; we get a resolution of R/I by taking the mapping cone of
two Koszul complexes.

The goal in this section is Theorem 3.3, the LPP Conjecture in the setting
outlined above. To compare the graded Betti numbers of R/I and R/L, we first
find a convenient comparison map between the Koszul complexes on the f; and
hj. Let F = (f1,...,fn) and H = (hq, ..., h,). The strategy is to find a matrix
C that writes the f; in terms of the h; and then to fill in the other vertical maps
with the exterior powers of C. This gives us a comparison map in which we can
detect the presence of nonzero constants in any of the vertical maps solely by
examining C.

Lemma 3.1 Let 8 and 9} be the Koszul maps in the resolutions of R/F and
R/H. Let C be any lift induced by g from the Comparison Theorem mapping
A"~ R™ in the resolution of R/H to \"~' R™ in the resolution of R/F. Then
the following diagram is commutative for all j =1,... . n:

F

A Rr %; AR

/\n,fj CT T/\nfji»lc
/\j R" /\j*l R"
o
Proof: Let A = {i1,...,i;} C [n], and let eq = e;; A---Ae;; be a basis element

of /\j R™ in the resolution of R/H. Throughout, for X,Y C [n], let m(x y)
represent the minor of C' obtained by omitting rows X and columns Y from C.
Computing first (A" T C o df")(ea), we have

J
07" (ea) = Z(—l)lhneA\i”
=1

and applying A" 7 C, we obtain

J J
Z(_l)lhil Z (B,A\i)¢B = Z Z(_l)lhizm(B’A\il)eB’
=1 |Bl=j—1 |Bl=j—1 1=1

where the summation is over all B C [n] of cardinality j — 1.
In the other direction,

(/\n_j0> (ea) = |Dz_j M(D,A)€D;,

with the summation over all D C [n] of cardinality j. Applying GJF yields

J
Z m(p,A) Z(*l)lfDLSD\DZ ;
1

|D|=j 1=



where D; represents the [*" element of D in increasing order.

To compare these two calculations, we convert the second to a summation
over sets of cardinality j — 1. The messy part here is keeping track of the signs.
Let p(z,Y) denote the position of x in the set Y C [n], where Y is ordered in
the usual way. Then

<8JF°/\nJC> (ea)= D D (=)PBU) fompia aen.
|Bl=j—10¢B

We need to write the f; in terms of the h;. We index the entries of the
matrix C' unconventionally to keep the notation simpler. We have

Cnn  *°°  Cpl (_l)nhn (_l)nfn

Cln -+ C11 —hy -fi
Thus (—1)f; = (=1)"cinhpn + -+ (=1)'c;1 hy. Hence
n—j n
(ajF o\ c) (ea)= D D (=1PBUm g0 4 (=1)* > (—1) carhres.
|B|=j—1a¢B r=1

Suppose first that € A, so r = 4; for some [. We show that the coefficients
of h;ep in the two computations are identical by proving that

(*1)lm(B,A\il) = Z(*1)p(a’Bua)m(BUa,A)(*1)0‘(*1)“%@,~
a¢gB

Because

mp,av = Y (~D)POEITPOAY e g ),
a¥B

where X' is the complement of X in [n], it is enough to show that
l+pla, B') +pliy, A/ Ui) =pla, BUa) + a+4; (mod 2),

which would prove that the signs are consistent. Note that [ = p(i;, A), and for
zeY,p(xY)+px Y Uzx)=x+1, so the left-hand side is just

pla,B") +i;,+ 1.
The right-hand side is
O£+1 _p(avB/) +a+il7

and thus the parities are equal.
Finally, if instead r ¢ A, we need the coefficient of h,ep in the expression
for (9 o A\"7?C)(ea) to be zero for all B. This follows because this formula



includes the Laplacian determinant expansion of a submatrix of C' with column
r repeated. [

To prove that the /\j C form a comparison map, we still need to show that
the diagram

R ™ R/F

o] To

R —— R/H

is commutative, where mr and wy are the canonical projections. This follows
from the next lemma.

Lemma 3.2 Let C be as above. Then detC =g in R/F.

Proof: We suppose that n > 3 since when n = 2, our goal, Theorem 3.3, is
trivial by the Hilbert-Burch Theorem in the graded case (see, e.g., [3]). We
shall use a diagram chase to show that det C' — g € F', which gives the result.

For j = 2,...,n—1, let A; be vertical maps induced by ¢ from A""7 R™ in the
resolution of R/H to A\""7 R™ in the resolution of R/F. Also, throughout, let
M; be matrices of appropriate size with their entries homogeneous polynomials.
The following diagram is commutative:

n—1 o, n—2 o5, a5 1 or 0
N R —— NTTR" N R —— N R"
C—CT /\2C7A2T T/\ﬂ'—lcﬂqn,1 Tdethg
n—1 pp n—2 pn 1 pn 0 pn
A R —— A R NR*"— AR
o1 ok o1 il
n—1 n—2 2 1

2 .
Because (/\ C- Ag) 0 O | is zero,

T
im (/\QC - A2> Cker(02 T =im(0H )T,

Hence (\°C — Ay) = M09, for some M. Commutativity of the next square
to the right yields

3 2
</\ CAg) 0 OH L —0F o </\ C’Ag) _OF oMy ot

Therefore,
5 T
im ((/\ C - Ag) -oF ,o M2> C ker(@fﬁz)T = im(@fﬁ )T

10



Thus for some Mjz, we have
3
(/\ C- A3> =9F y oMy + MsodH ,.
Inductively, suppose that there exist M;_ and M;_; such that
j—1
/\ C-A4j.= af—jﬂ oMj o+ Mj 10 arfz{—jﬂ-
By commutativity,
J Jj—1
(/\ - Aj) °© 5f—j+1 = 5—j+1 °© ( - Ajl) )
SO
J
(/\ ¢ - AJ‘) 00 1 =001 0(On_jn 0 Mo+ Mj_1 00 ).

Thus, as in the arguments above,

(/\jc - Aj) —OF oMy =Modl
for some Mj;. Consequently,

n—1
N C—An =M, 100" +0] oM, ,

for some M,,_5 and M, _1. Commutativity of the rightmost square in the dia-
gram gives

n—1
(@etC = g) oot =of o (N0 = 4.
and so
(detC —g)odff =0f o M, 00f.
As a result,

(detC' —g) = (f1- fu)(p1 "'pn)T

for some homogeneous polynomials p;, and therefore det C' — g € F'. I

We now have a convenient, explicit comparison map, and therefore we can
examine the mapping cone resolution of R/I and detect the nonminimality.
Theorem 3.3 Let L = (z*,..., 2% x{' - x%) be an LPP ideal. Let I =
(f1,--+s fn,g) be an ideal with the same Hilbert function as L such that deg f; =
a;, the f; form a regular sequence, and (fi,...,fn) : (9) = (h1,...,hy) is a
complete intersection. Then B%/1T < gR/L.

11



Proof: We need to determine where there are nonzero constants in the compar-
ison map between the resolution of R/H and that of R/F. We show that there
are nonzero constants in the columns of the vertical maps, each in a different
row, that correspond to the degrees in which there is nonminimality in the LPP
mapping cone resolution.

Let C be the map used in the mapping cone resolution of R/I as above. Index
the h; such that deg h; = a; —d;; then deghy < --- < deg h,,. Suppressing signs,
by commutativity, we have

Cnn e Cnl hn fn

)

Cln -+ C11 hi f1

with the indexing of the entries C' done unconventionally as in Lemma 3.1.
Let us consider the entries of C. Up to signs,

Cinhn + -+ ciihi + - -eahy = fi.

We have deg f; > degh; for all i. Note that deg f; = deg h; if and only if d; = 0.
In that case, c¢;; is a constant, and since degh; = deg f; > --- > deg f1, all
of ¢;;,...,c1; must be constants. Thus a typical column of C' has entries with
positive degree at the top, possibly constant entries in the middle, and zeros at
the bottom when deg h; > deg f; for j small.

Suppose that ¢;; and cj; are both nonzero constants in column ¢ of C'. Then
d; = 0, and deg f; = degh; = deg f;. We may perform row operations on C' to
change one of these nonzero constants to zero, modifying the generating set of
F' to be the appropriate linear combination of f; and f;. In this way, we may
assume that each column of C' contains at most one nonzero constant. Moreover,
by reindexing generators of F with the same degree, we may suppose that if
d; = 0 and there is a nonzero constant in column i, it occurs on the diagonal
in position ¢;. We assume C has this form in the rest of the proof. (Note that
there may also be nonzero constants below the main diagonal in a column j of
C when d; # 0; see Example 1 below.)

If all d; > 0, then there is no nonminimality in the LPP mapping cone
resolution (apart from that arising from the map A" R™ — A" R"), so we are
done. If not, then d,, = 0, and so deg h,, = deg f,,. Therefore ¢, is a constant.
Since deg h,, = deg f,, > deg f; for all j, ¢;, is a constant for all j. Suppose
all ¢j, = 0. Then we can write all the f; in terms of only hq,...,h,—1. Hence
(f1,---,fn) C (h1,...,hp—1), meaning that a depth n ideal is contained in a
depth n — 1 ideal, which is impossible. Thus some c;, is a nonzero constant,
and it must be ¢, by our assumptions on the form of C.

Our objective is to show that for each d; that is zero, there is a nonzero
constant in column ¢ of the matrix C' and that these occur in different rows. This
proves that if there is nonminimality in the mapping cone resolution of R/L,
nonminimality occurs in the same degree in the same place in the mapping cone
resolution of R/I since the comparison map is made up of the exterior powers
of C.

12



We proceed by induction. The base case is above, showing that if d, = 0,
then ¢, is a nonzero constant. For the induction hypothesis, suppose that for
each j > v such that d; = 0, ¢;; is a nonzero constant. If d, # 0, there is
nothing to prove. Suppose d,, = 0. Then degh, = a,, — 0 = deg f,. Since, up to
signs,

fv :cvnhn+"'+C'uvhv+"'+c'u1hla

Cyp must be a constant. As before, deg h,, = deg f, > deg f; for all i < v, and
hence ¢;, is a constant for all 1 < wv.

We show that ¢, is a nonzero constant. Suppose that for all i < v, ¢;, = 0.
Because deg hy 4, > deg h,, = deg f, for all r > 0, cyp, - .., Cyy are all constants.
Moreover, degh, = deg f, > deg f,_s for all s > 0. These inequalities mean
that c;; is a constant when both ¢ < v and j > v. That is, every bolded entry
in the lower left-hand corner of C' shown below

Cnn e Cn,v+1 Cno Cn,v—l e Cn1
Cy+i,n  ° Cyrlo+l  Cot+lw  Co+low—1 °°° Coutl,l
Cyvn e Cy,v+1 Cyv Cy,v—1 e Cyl
Cin T Ci,v+1 Civ Clu—1 T C11
is a constant. We are assuming that c,,, ..., c1, are all zero, and by our assump-
tions on the form of C', we conclude that all the entries in the bolded corner are
zero. That means that we can write f,,..., f1 in terms of only h,_1,...,h1,

and thus (f1,...,fy) C (h1,...,hy—1). This implies that an ideal of depth v is
contained in an ideal of depth v — 1, which is a contradiction. Therefore some
¢;» must be a nonzero constant, and it must be ¢,, by our construction of C.

With that established, the only question is whether having the correct non-
minimality from the matrix C' gives us nonzero constants in the right columns of
the other vertical maps. The argument above shows that C has leading nonzero
constants in the columns for which d; = 0, each in a different row. Therefore the
minors of C' have nonzero constants in the columns corresponding to subsets of
the columns in which C' has nonzero constants, which is what we need. Hence
any nonminimality that occurs in the mapping cone resolution of R/L occurs
in the same degree in that of R/I, and thus BR/IT < gR/L O

We give two examples to illustrate some of the ideas from the previous proof.
The first uses monomial ideals for simplicity and demonstrates how the graded
Betti numbers of the LPP ideal can be strictly larger than those of the other
ideal. The second focuses on the nonmonomial case and also shows the form we
assume the matrix C' to have in the proof above.

Example 1: Let R = Cla,b,c,d], L = (a?,b3,c*,d° ab*c?), and I = (a?,b?,
ct,d®,b?c?). Then L is a (2,3,4,5)—LPP ideal, and L and I have the same
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Hilbert function. Note that
(a®,b%, ¢t d°) : (ab*c?) = (a,b,c?,d°) and (a?,b%,c*,d°) : (b2c3) = (a®, b, ¢, d®).

We write a2, b, ¢?, d® in terms of the generators of the ideal quotients,
ordering everything as in the proof of Theorem 3.3, to give an example of the
procedure followed there. The expression for L is on the left, and the one for I
is on the right. We have

1 0 0 o0\ /& d® 1 0 0 0 d® d®
0 ¢2 0 0 2 ¢t 00 0 ¢ a? ¢
0o 0 w2 ofllal =] ™ oo ofls]|= |
0 0 0 a a a? 01 0 O a?

There is a one in the upper left-hand corner of both matrices, which corre-
sponds to the power of d being zero in ab?c?, the extra generator of L. Thus
the same nonminimality from this nonzero constant will occur in both mapping
cone resolutions. There is also a one in the matrix for [ in the bottom row, and
therefore there will be additional nonminimality in the mapping cone resolution
of R/I. Hence we expect the ranks of the last three free modules in the minimal
resolution of R/L to be respectively one, two, and one greater than the ranks
in the minimal resolution of R/I.

The minimal resolution of R/L is

0—-R->R"—-R%- R - R—R/L—0,
while the minimal resolution of R/I is
0—-R*—-R - R =R - R— R/I —0.

There are two copies of R(—12) and R(—7) in the minimal resolution of R/L
that do not appear in that of R/I, and otherwise the graded Betti numbers are
the same.

Example 2: For a simple example involving a nonmonomial ideal, we consider
the case of five quadrics in four variables. Let R = Cla,b,c,d], and let f; =
ad+d?, fo =c®—bd, f3 =ab—"b2, f1 = a®> —bec, and g = a® + cd. Note that the
fi form a regular sequence and that (f1, f2, f3, f4) : g is a complete intersection.
Let I = (f1, fa, f3, f1,9) and L = (a?,b?,¢2,d?,ab). Then Lisa (2,2,2,2)—LPP
ideal, and Hg/; = Hp/r. Theorem 3.3 says that the graded Betti numbers of
R/I are at most those of R/L; we verify this.

In the extra generator ab of L, the powers of ¢ and d are both zero, so
we should have nonminimality in the mapping cone resolution of R/L. Let
J = (a?,b%,c2,d?), and let M = J : (ab) = (a,b,c?,d?). Suppressing gradings
for the sake of room, we have

R gt % pe % g % p R/J

1T CLT CQLT TClL Tab Tab

R R* RS R* R R/M
oM oM oM oM



with CF and C} the exterior powers of C*. Clearly the far left map induces
cancellation. Since C* is a diagonal matrix with nonzero entries 1,1, a, and b,
there are two columns with nonzero constants in CZ, and there is one in C¥.
Thus the minimal resolution of R/L is

0—-R*>R -R >R’ - R— R/L—0.
Now, we have
I:(g) = (h1,ha, h3,hs) = (¢c,a — b+ d,bd, b* + d*),

and we can write the f; in terms of the h; as

1 -2 a+b—-d -D h4 f4
0 —1 b ol fns| |[7/s
0 -1 0 C h2 - f2
0 1 d 0/ \m fi

We can convert the above 4 x 4 matrix into a matrix C’ that has at most
one nonzero constant in each column. We accomplish this by changing the
generating set of F' to (fs + 2f1, f1, f1 + f2, f1 + f3), and we get

1 0 a—|—b+d —b h4 f4+2f1
0 1 d 0 ha| _ fi

00 d c ha| | i+ f2
0 0 b+d 0 h1 fi+fs

Thus C7 has nonzero constants in two columns, in separate rows, and induces
the same number of cancellations as in the mapping cone resolution of R/L. The
cancellations occur in the same degrees, and the minimal resolutions of R/I and
R/L are both

0— R(-7)? = R(-5)*® R(—6)®> — R(-3)*® R(-4)" —» R(-2)° = R — 0.

In the next sections, we remove some of the restrictions we have placed on
I in Section 3.

4 Complete intersections

So far we have compared the graded Betti numbers of an LPP almost complete
intersection L to another almost complete intersection I. In this section, we
explore what happens when I is instead a complete intersection. As a conse-
quence, we also obtain a better idea of what ideals with regular sequence in
degrees ay, ..., a, can have the same Hilbert function as an (ay,...,a,)—LPP
almost complete intersection.

Our goal is the following result:
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Proposition 4.1 Let L be an (ay,...,a,)—LPP almost complete intersection.
Let I be any complete intersection ideal with the same Hilbert function as L that
contains a reqular sequence in degrees ai,...,an. Then fF/1 < gR/L,

To prove this, we first determine what form L and I must have to satisfy the
hypotheses of Proposition 4.1. We may assume that I is a monomial ideal since
its resolution and Hilbert function depend only on the degrees of the generators.
Of course, for I to contain a regular sequence in degrees aq, . .., a,, the minimal
generators of I must be in degrees at most ay,...,a,. Our first step is to rule
out all but one type of candidate for L.

Lemma 4.2 If L and I are as above, then L = (z{*,. .. ,x%l,x‘frla:g?), where

1§b2§a2—2.

Proof R/L and R/I have the same Hilbert function and are Artinian, and
hence they have the same regularity and Betti number 1 in the same highest

degree in the n'" term of their minimal resolutions. Suppose L = (z{*,...,2%",
a1—1 aj—1_bji1
it ex w ). We get a short exact sequence
aj+1—bjt1 | ajt2 an a an
0— R/(ml,...,xj,a:jil R i ) — R/(z1,...,2p") = R/L — 0,

with the first term shifted in degree by —(a;+---+a;+b;4+1 —j). This induces a
mapping cone resolution of R/L. The degrees of the generators of the n'" term
F,, of the minimal resolution of R/L come from sums of n—1 choicesof 1,...,1,
@41 —bjy1,G542,. .., an plus the shift in degree of (a1 —1)+---(a; — 1) +b;11,
but the only combinations available are those that are not canceled because of
nonminimality. Thus we must leave out either a 1 or a;4+1 — b;11, or else that
portion of the chain map is 1 = 2z for some r > j+ 1. To get the largest degree
possible, we leave out a 1, giving us the degree of the highest degree generator
of F,,. But we may have only one of these. Hence j = 1, and as — by > 2, so
1 S bg S as — 2.0

Lemma 4.2 tells us what L must look like under the hypotheses of Proposi-
tion 4.1. The next two lemmas place strong restrictions on I.

Lemma 4.3 With L and I as above, I = (z7*,... ,x;-“_l, co, %) up to rein-
dexing.

Proof. Write I = (33‘111 ,...,xd). Since I contains a regular sequence in degrees
ai,...,an, reindexing if necessary, d; < a; for all j. Let d; = a; — ¢;. Then the

degree of the generator for the n” term in the resolution of R/ is the sum of
the a; — ¢;. Note that

(@1 oan) s (o T lay?) = (w1, 2577, 2802,

Thus the highest degree generator in the n‘® term of the resolution of R/L has
degree (a1 — 14 bs) + (az — bs) +as + - - - + a,, which comes from leaving out 1
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in the set of degrees of minimal generators in the ideal quotient. Therefore

Z 7CJ) (a1—1+b2) agfbg Z(ZJ Zaj—l.
j=1

J=1
Hence some c; = 1, and the rest are 0. [

Lemma 4.4 For L and I as above to have the same Hilbert function, either
1=2, ora; = as.

Proof. Suppose the conclusion is false. We show that the Hilbert functions are
then different, and we proceed by proving that the alternating sum of Betti
numbers for a certain degree is nonzero for R/L and zero for R/I. We know

that I = (277, ... ,:c?"'_l, ..., x%), where the a; are weakly increasing, and L =

a11a2l

(xf*, .. xln 2t 23?7, where I > 2. Suppose that ¢ > 2 and a; > as. The
degrees of the elements in the last term of the resolution of R/L are

1—|—Zaj (a1 = 1)+ (ag —1) = Za]—l and

l—l—ZaJ (@1 — 1)+ (ax —1) = Za]—l

R/L R/I

We claim that 3,/ =0form <nandd=a; +---+a, — [, and 3./, =0 for

all m. This would prove the lemma since 65 d/ Lo

Consider first R/I. We need to prove that no subset of {ay,...,a;—1,...,a,}
sums to give d. This is equivalent to showing that no subset sums to /—1 because
ai+---+a;—1+---a, =d+1—1. If such a subset exists, it must consist of ay
alone since a; > [ for j > 1. Note that a; —1 = (a1 — 1)+ (ag —1) since the degree
of a:;“*l must equal the degree of the extra generator of L, so a; = a1 + as — .
If a; =1 —1, then a; = as — 1, and we have a contradiction because a; > as.
Thus ﬁﬁ{f =0 for all m.

Next consider the resolution of R/L. Recall that we obtain generators of
the free modules in the resolution of a certain degree in one of two ways: Ei-

ther we take sums of a subset of {aj,...,a,}, or we take sums of a subset
of {1,1,as,...,a,} and add (a; — 1) + (a2 — ). Suppose that some subset of
{a1,...,a,} sums to d. Then the complementary subset sums to I, and be-

cause aj > [ for j > 1, ay = I. But then a; — 1 = (a1 — 1) + (a2 — 1), so
a; = (I —1) 4 (az — 1) + 1 = ag, a contradiction.

Suppose instead that we obtain d using the other method. Then some subset
A of {as,...,a,} plus the shift of (a3 — 1) + (az — ) plus possibly 1 and/or I
equals d, and so the sum of the elements of S = ({as,...,an}\A) is -1 plus
possibly 1 and/or I. Obviously -1 is impossible. The sum of the elements of S
could only be zero if as, ..., a,, and 1 are used, which cannot happen if m < n
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since we are limited to using < n — 2 elements from {1,l,as,...,a,}. Finally,
suppose the sum is [ — 1 or I. Then some a; <[ for 7 > 3, which is impossible

since a; > ap > I + 1. Therefore ﬂfL{iL = 0 for m < n, and ﬂf{;L = 1. Thus if

the Hilbert functions of L and I are the same, i = 2, or a; = as. [
We can now give the proof of Proposition 4.1.

Proof: We may assume that L = (z*,...,2% 5 2527 for 2 <1 < ap — 1
and [ = (zf', 231, 2% ... 2%). Note that ag — 1 = (a; — 1) + (ag — [) since
as — 1 must equal the degree of the additional generator of L, so a; = [. To
prove the proposition, we need to show that we can get the sum of any j of
ai,az—1, as,...,ay, as degrees of generators of the free modules in the minimal
resolution of R/L. These degrees in the minimal resolution of R/L come from
(1) taking the sum of j elements of {a1,...,a,} (but not both a; and as) or
(2) taking the sum of j — 1 elements of {1,a2 — (a2 —1) =1 = a1, a3, ...,an}
(but not both 1 and a;) plus as — 1, the degree of the additional generator of
L. (Note that we cannot take both a; and as or 1 and a; because those terms
will be canceled since they yield a constant in the comparison map.)

Let S be a subset of j elements of {a;,a2 — 1, as,...,a,}. If S contains ay
and not az — 1, we get the corresponding degree from method (1). The case in
which S has neither a; nor as — 1 is the same. If S contains a; and as — 1, use
method (2) without using the 1. Finally, if S contains ag — 1 but not a;, we use
method (2), picking the necessary j — 1 of as, ..., a,. Therefore g%/ < gl/L,
O

We use the information in the results above about the degrees of socle gen-
erators in LPP almost complete intersections in the following lemma.

Lemma 4.5 Let L be an (aq, ..., a,)—LPP almost complete intersection. Let I
be an ideal containing a regular sequence f1, ..., fn in degrees a;—by,...,an—byp,
with at least one b; > 0, among its minimal generators. Suppose that R/I is not
a complete intersection. Then I and L do not have the same Hilbert function.

Proof. From the earlier computations, it is clear that the highest degree gener-
ator of the last term in the minimal resolution of R/L is a; + -+ a, — 1. Let
F = (f1,..., fn). Then the socle generator of R/F has degree (a; —b1) +--- +
(an, — by) — n. Thus after shifting, the degree of the generator of the last term
in the resolution of R/F is (a1 — b1) + -+ -+ (a, — by). Since we need R/I and
R/L to have the same regularity, and we are requiring some b; to be positive,
we conclude that a single b; = 1, and the rest are zero. Consequently, either
Hp/r(r) > Hg/p(r) for some r, so I cannot have the same Hilbert function
as L, or the Hilbert functions are last nonzero in the same degree s. In the
latter case, both Hilbert functions are 1 in degree s. But we want R/I not to
be a complete intersection, and adding another generator to F kills the socle
generator of R/F, making Hg/(s) too small. [J

Consequently, we now need only consider ideals I with a regular sequence of
minimal generators in degrees ay, ..., ay.
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5 Upper bounds on some Hilbert functions

There are two cases left to consider to prove the LPP Conjecture when L is
an (ai,...,a,)-LPP almost complete intersection. We need to show that if T
has the same Hilbert function as L and contains a regular sequence of minimal
generators in the same degrees, then

(1) I cannot have more than n + 1 minimal generators, and

(2) the ideal quotient (maximal regular sequence of minimal generators of I) :
(other minimal generator of I) must be a complete intersection.

The next lemma proves that if either of these conditions fails, I cannot have
the same Hilbert function as an LPP almost complete intersection.

Lemma 5.1 Let L = (z7',...,2%, m) be an (a1,...,a,)—LPP almost com-
plete intersection. Let I = (f1,...,fn,q), where deg f; = a;, the f; form a
reqular sequence, and deg g = degm.

(1) If (f1,- .-, fn) : (9) is a complete intersection, then either Hp/r = Hp/p,, or
there exists u > 0 such that Hr/r(u) < Hp/p,(u).

(2) If (fi,...,fn) : (9) is not a complete intersection, then there exists u > 0
such that Hg/r(u) < Hg/r(u).

Proof Write J = (z7*,...,2%) and F = (f1,..., fn). Let Cp = J : (m), and
let C; = F : (g). Write d = deg g = degm. The canonical short exact sequences
show that

Hp/p(l) = Hrys(1) = Hryc, (I — d) and Hg/r(l) = Hgyr(l) — Hr/c, (I — d).

Of course, Hg/; = Hp,r. Therefore it suffices to show that if Hr,; # Hg/r,
then there is an u such that Hg,c, (u) > Hg/c, (u).

Since R/J and R/F both have a single socle generator in the same top
degree, adding m and g into those ideals kills the socle element, and thus Hg, ¢,
and Hg,c, are both last nonzero in the same degree.

(1) Assume first that R/C7 is a complete intersection and that Hr/r # Hp/p.-
Then the degrees of the minimal generators of C; and Cf have the same
sum. The degrees of the minimal generators of Cr are 1,...,1,a54+1 — bj41,
@j42,...,0n, Where 0 < bj1q < aji1. Write the degrees of the minimal genera-
tors of C in weakly increasing order, and call them c¢;. If the first j ¢; are not
all 1, we are done, for then Hp,c, (1) > Hp/c, (1). Otherwise, let r be the first
index where the list of degrees differs.

Ifa, < ¢ (orifr=j41, thenif aj41 —bj41 < ¢jy1), we are done, since then
HR/C'L (ar) < HR/CI (ar). Otherwise, ar > Cp (or Ajy1 — bj+1 > Cj+1). Hence
there exists s such that ¢, > a5 because the lists of degrees have the same
sum. By construction, F C C; =: (hy,...,h,), where degh; = ¢;. Comparing
degrees of minimal generators of F' and C7, we find

(frr-os fras) ©(haso s hrgsn)

19



since deg h,+s > deg f; for | < r + s (recall that the a;, the degrees of the f;,
are weakly increasing). But this means that a depth r + s ideal is contained in
an ideal of smaller depth, a contradiction.

Consequently, if R/Cr is a complete intersection, we cannot have Hg /¢, (1)
< Hp)c, (1) for each [ without equality occurring for every . This gives the
desired inequality for Hp/; and Hp/p .

(2) Suppose instead that R/C7 is not a complete intersection but that Hg /¢, (1) <
Hp/c, (1) for all I. Cr must have at least as many linear generators as Cf,, or we
are done. Moreover, since F' C C7, there is an (aq, ..., a,) complete intersection
inside C7.

As before, the regularities of C; and Cp, are the same, and so the sum of
the degrees of any maximal length regular sequence inside C; must exceed, in
the notation above, j + (aj+1 — bj41) + ajy2 + - + a,. We form a minimal
generating set of C7 as follows: Pick a linear form inside Cy, and call it h;. Now
pick another element of C; of minimal degree, calling it ho, such that hy and hy
form a regular sequence. Continue until one has a regular sequence hq, ..., h, of
length n with degh; < degh;y1. Write C; = (h1,...,hpn, hnt1, ..., hp), where
p > n+ 2 (since a theorem of Kunz shows that almost complete intersections
are never Gorenstein [13]).

Let us consider the degrees of these generators. We know degh; = 1 for
i <j. Let ¢cs =deghs for j+1 < s <n. Then

Cit1t - Fen > (a1 = bjpa) +ajpo -0+ an.

If aj+1 — bj+1 < Cj+1, then we are done, for then HR/C'L (0,j+1 — bj+1) <
Hg/c,(aj11—bjy1). Otherwise, aj1—bj1 > ¢jy1. Hence there exists r > j+1
such that a, < ¢, because of the restriction on the sums of the degrees. Note
that (f1,..., fr) must be contained in the portion of Cy in degrees at most
a,. Therefore, if {hy,, ..., hq,} is the subset of {hy41,...,h,} of polynomials of
degree at most a,, we have

(f17~~~7fr) - (hl,...,hrfl,hql,...,hqt).

But the left-hand side has depth 7, while our construction guarantees that the
right-hand side has depth only »—1, a contradiction. Hence there must be some
I such that Hg,c,(I) > Hg/c, (1), and we are done. []

Analyzing the preceding proof, we obtain a special case of Conjecture 1.2.

Corollary 5.2 Let a1 < --- < a, be positive integers. Let I be an almost
complete intersection generated by homogeneous polynomials f1,..., fn, and g,
where the f; form a reqular sequence, deg f; = a;, and degg = d. Assume
d > ay. Let L = (z',...,2% ,m), where m is the greatest monomial in lex

? n

order in degree d not in (x7*,...,28"). Then Hr/r(d+1) < Hp/p(d +1).

n

Given an ideal I as above, the idea is to take the appropriate LPP almost
complete intersection L so that Hg/;(d) = Hg,r(d), where d is the degree of the
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extra generator g of I. Then we show that the Hilbert function of R/I cannot
grow any faster than that of R/L in the next degree. Our assumption that
d > a7 is not actually a significant restriction; one can choose the generators of
the maximal regular sequence to ensure that this is the case.

Proof: The proof is almost identical to that of Lemma 5.1. We outline the case in
which (f1,..., fn) : (g) = (h1,..., hy) is a complete intersection. In the notation
of Lemma 5.1, we need to show that Hg,c, (1) > Hg/c, (1). If not, then there
are more minimal linear generators in C than in Cp. Since the regularity of
the ideals is the same, there is some r > j + 1 such that degh, > a,, where we
have ordered the h; such that degh; < degh,;11 as above. Then (f1,..., fr) C
(h1,...,hr—1), a contradiction. The proof of the case in which (f1,..., frn) : (9)
is not a complete intersection is also essentially identical to the argument in
Lemma 5.1. O

To conclude this section, we state two more results of this nature.

Proposition 5.3 Under the hypotheses of Corollary 5.2:

(1) If HR/I 7£ HR/L) let lo be the ﬁT‘St degree such that HR/I(Z) # HR/L(Z)
Then Hpyr(lo) < Hryr(lo).

(2) If (f1,..., fu) : g is a complete intersection, then Hp (1) < Hg/r (1) for all
1.0

Proof: (1) This is very similar to the proofs of the previous results. Suppose
(f1,---» fn) : (g) is not a complete intersection (if it is, then (1) follows from
(2)). As in Corollary 5.2, using the same notation, C has at least as many
linear generators as Cp; if it has fewer, then Hg/;(d 4+ 1) < Hg/r(d + 1), and
we are done. Otherwise, choose a maximal length regular sequence hq, ..., hy,
inside C7 as before, picking something of minimal degree each time. Suppose
Cr, and Cy have j linear generators. If deghji1 > aj11 — bj41, we are done,
for then Hp,7(d+aji1 —bjy1) < Hryp(d+ a1 —bjq1). If not, then since the
sum of the degrees of hq,...,h, is greater than the sum of the degrees of the
minimal generators of Cp, for some n > ¢ > j + 1, degh; > a;. But then, as
before, we have an ideal (fi,..., f;) of depth ¢ contained in an ideal of depth
1 — 1, a contradiction.

(2) Let Cr and Cp, be as before. Call the minimal generators of Cy hy,..., hp,
with their degrees weakly increasing. We need to show that Hg,c, (1) > Hg/c, (1)
for all I. To do this, we analyze how changing the degrees of the minimal gen-
erators of a complete intersection in a particular way affects the Hilbert series.

We need to determine the possible degrees v; = (q1,...,¢g,) of the minimal
generators of C, where q; < g;41 for each i. By previous arguments, we know
that g; < a; for all i. We claim that we can start with the degree vector of the
minimal generators of Cr, vo = (1,...,1, aj41 — bj41,Gj42,...,a0,), and move
to any possible degree vector (g, ..., ¢,) of the minimal generators of C; by a
sequence of switches of degrees from some c; and ¢; to ¢; — 1 and ¢; + 1, where
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¢; > ¢;+1. (Note that the regularities of C; and Cp, are the same, so the sums
of the degrees of the minimal generators of each are the same.) To do this, we
proceed in the following manner. Starting with v, take the greatest entry of vy
that is greater than its corresponding entry in v;. Subtract one from it and add
that to the lowest entry of vy that needs to increase; then sort so that the new
list is weakly increasing. Here, the ones in vy cannot decrease, and the entries
of a; cannot increase, so we do not have to subtract from a lesser degree and
add to a greater number.

Suppose we get to some v, = (¢1,...,¢,) in the algorithm, where ¢; < ¢;41
for each i. Say c; is the greatest number that needs to decrease and c; is the
least number that needs to increase. We show that ¢; > ¢; + 1. If ¢; = ¢; + 1,
then we are not changing the degrees by taking one from c; and adding it to
¢;. This is not a move the algorithm can require us to make because in this
case, ¢; > ¢; = ¢; — 1 > g, a contradiction since j > 7. If ¢; < ¢; + 1, then
we previously needed an entry of ¢; + 1 (or greater), and so we should not have
decreased c; (or something greater) earlier.

For example, we might start with degrees (1,1,1,5,7,9) and need to switch

0 (2,2,4,6,8). We would do this by changing (1,1,1,5,7,9) to (1,1,2,5,7,8)
0(1,2,2,5,6,8) to (2,2,2,4,6,8).

Now, let us compute the effect of such switches in the degrees of minimal
generators of complete intersection ideals on the Hilbert function. For ease in
notation, without loss of generality, suppose we change a complete intersection
with minimal generators in degrees cy,...,c, to one with minimal generators
in degrees ¢; + 1,¢0 — 1,¢3,...,¢,. We may assume by the arguments above
that ¢ —c; —1 > 0. We compute the Hilbert series of R/(new ideal) minus the
Hilbert series of R/(old ideal), which is:

n n

1 -t -2 H[Ja —t7) (@ —te) (@ —te2)[J(1 —1)
1—or = N (1- t):l:?) -
H(l — 1) H(l — 1)
z:éil — t)n (tcl + e — tCQ—l _ tc1+1) — 2:{31 — t)n e (1 _ t) (1 _ tCQ—Cl—l)

1=t 1 —t\ (1t 1—ten
=t .. )
1( 1-t >(1t><1t> <1t>
Since co — ¢; — 1 > 0, this expression is a polynomial with all nonnegative

coefficients, so the Hilbert function of R/Cy, is at most that of R/CT in every
degree. Hence Hp/7(l) < Hg/r(1) for all ». O

We believe that the stronger statement of (2) in Proposition 5.3 should also
hold when (f1,..., fs) : ¢ is not a complete intersection. Finally, we note that
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if f1,..., fn and g are generic, then the inequality Hp,;(I) < Hp/1 () holds for
all I by a result of Fréberg in [7]; one can also compute this directly without
much difficulty.

6 Conclusion
We can now give our main result.

Theorem 6.1 Let L be an (ay,...,a,)—LPP almost complete intersection. Let
I be any ideal with the same Hilbert function as L that contains a regular se-
quence in degrees a1, ..., a,. Then f&/1 < gR/L,

Proof: If I contains a complete intersection in degrees less than ay, ..., a,, then
by the results of Section 4, I is an (aj,a2 — 1,as,...,a,) complete intersec-
tion. The theorem then follows from Proposition 4.1. Otherwise, I has minimal
generators fi,..., f, that form a regular sequence in degrees aq,...,a,. By
Lemma 5.1, I is an almost complete intersection (f1, ..., fn, g) with (f1,..., fa) :
(g) a complete intersection. Then Theorem 3.3 gives the inequality for the Betti
numbers. [

The extra structure of almost complete intersections is important in our ar-
guments. All the mapping cones we have used come from two Koszul complexes,
and one loses this structure if one has to consider ideals with n 4+ 2 or more gen-
erators. In particular, it becomes much more difficult to detect nonminimality.

There has been some other recent work in this area. Gasharov, Hibi, and
Peeva have introduced the idea of a-stable ideals, and they study their ho-
mological properties in [9]. Richert [18] has proven the LPP Conjecture (and
Conjecture 1.2) in the case n = 2 and for monomial ideals in three variables. He
also has some reductions that we hope will make it possible to understand con-
nections between the Eisenbud-Green-Harris and LPP Conjectures more clearly
in the future.
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