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1. INTRODUCTION

Let f(x) € Klz| be a polynomial with coefficients in a field K. For an integer & > 0, we
denote by f*(x) the k-fold iterated composition of f with itself. The dth dynatomic polynomial
Qs 4(x) € Klx] of fis defined by the product

Gpa(r) = [ J(f7 (@) — o),
eld
where o is the standard number-theoretic Mobius function on N. We refer the reader to [12,
§4.1] for background on dynatomic polynomials. For generic f(x), the dth dynatomic polyno-
mial @ 4(z) vanishes at precisely the periodic points of f with primitive period d. In this paper
we consider the polynomial equation ® 4(x) = 1 and show that it often has f-preperiodic solu-
tions determined by arithmetic properties of d, independent of f. Moreover, these f-preperiodic
solutions are detected by cyclotomic factors of the dth necklace polynomial:

dZu )z € Q[a].

eld
Our results extend earlier work of Morton and Silverman [8], but our techniques are quite dif-
ferent and apply more broadly.
We begin by recalling some notation and terminology. The cocore of a positive integer d is
d/d' where d' is the largest squarefree factor of d. If m > 0 and n > 1, then the (m,n)th
generalized dynatomic polynomial @, ,,(z) of f(z) is defined by @, (z) := Py, (x) and

Psn(f"(2))
Opn(frt(@))
for m > 1. The roots of ®; , ,, for generic f are those preperiodic points which enter into an
n-cycle after exactly m iterations under f.
Theorem @ is our main result; it is proved in Section @

Theorem 1.1. Let K be a field, let f(x) € K|[z] be a polynomial of degree at least 2, and let
¢, d, m,n be integers with c,m > 0 and d,n > 1. Suppose that
(1) either m > cormn{d,
(2) the cocore of d is at least m — max(c — 1,0), and
(3) «™ — 1 divides the dth necklace polynomial My(x) in Q[z].
Then @y, () divides @y . 4(x) — 1.
Alternatively, ifd > 1, c — 1 > m, and n = 1, then @y, ,(x) divides Py . q4(x) — 1.

(I)f,m,n (l’) =

Remark 1.2. While we generally discuss polynomials over arbitrary fields, the polynomial M,
will always be considered to be a polynomial over Q; in particular, all statements regarding

divisibility or factorizations of M, should be interpreted in characteristic zero.
1
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1.1. Dynamical units. Let K be a number field with ring of integers Ox. Morton and Sil-
verman (8] define dynamical units to be algebraic integral units constructed in one of sev-
eral closely related ways from differences of preperiodic points of a given monic polynomial
f(z) € Oklx). If @4, () divides ®;. 4(x) — 1, then for each root a« € K of @, (),

1=dpa(a) = [[(a =), (1.1)

B

where the product ranges over all the roots § of ®;.4(z) with multiplicity. The differences
« — 3 are dynamical units and is a multiplicative relation between dynamical units. If the
conditions of Theorem [1.1|are satisfied for m, n, c, d, then holds for all f(z) with degree
at least 2; we view these as universal relations for dynamical units. Examples of universal
relations for dynamical units have been found by Morton and Silverman [8, Thm. 7.5] and
Benedetto [[1, Thm. 2]. We give some results on universal relations, and relate them to previous
work, in Section [3.2] below.

1.2. Cyclotomic factors of necklace polynomials. Of the conditions in Theorem (3) is
the most subtle. Necklace polynomials M (x) have several combinatorial interpretations; for
example, if ¢ is a prime power, then M,(q) is the number of irreducible degree-d monic poly-
nomials in I, [x]. These interpretations give no indication as to when, if ever, My(x) will vanish
at all the nth roots of unity. However, as observed in [5], necklace polynomials are generally
divisible by many cyclotomic polynomials. Recall that the nth cyclotomic polynomial ®,,(x) is
the (Q-minimal polynomial of a primitive nth root of unity.

Example 1.3. M;5(z) factors over Q as

Mios(z) = ﬁ(ﬂ% — ¥ P " 2 2 - 2)

= e(z) s B Dy - Dy - Dy - Dy - 2, (1.2)

where e(z) € Q[x] is a degree 92, irreducible, non-cyclotomic polynomial. Since

" —1= H@m(x),
mln
the factorization (1.2]) implies that Mg5(x) is divisible by 2 — 1 for n = 1,2, 3,4, 6,8. Note
that d = 105 = 3 - 5 - 7 is squarefree, hence the cocore of d is 1. Thus Theorem [I.1]implies that
for any polynomial f(z) € K[z] of degree at least 2, @ 105(x) — 1 is divisible by @, ,,(x) for
n=1,2,3,4,6,8and &, forn = 2,4,6,8.

In light of Theorem [1.1] one might naturally ask how often 2™ — 1 divides My(x). Figure
suggests that My(z) is divisible by several 2™ — 1 for all d > 1. Hyde [5] characterized
the cyclotomic factors of necklace polynomials in terms of hyperplane arrangements in finite

abelian groups. Let U, := Hom((Z/ (n))*,C*) denote the group of Dirichlet characters of
modulus n. If ¢ is a unit modulo n, then the hyperplane H, C U,, is defined to be the set

My = {x €Uy : x(q) =1}.

The following theorem gives an alternative to condition (3) in Theorem [[.1]in terms of hy-
perplanes in the group of Dirichlet characters. We prove Theorem [I.4]in Section[3.3]
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FIGURE 1. Pairs (d, n) with d,n < 1000 for which 2™ — 1 divides M,(x).

Theorem 1.4. Let d,n > 1. Then 2" — 1 divides My(x) if and only if
U, €| JH,.

pld
pin
Theorem |1.4{says ™ — 1 divides M () if and only if the finite abelian group U, of modulus
n Dirichlet characters is covered by an arrangement of “hyperplanes” determined by the prime
factors of d. In Example we explain how the 5 distinct prime factors of

d = 440512358437 = 47* - 73 - 79 - 151 - 229

correspond to the 5 lines in (R/47)? in Figure |2, and how the fact that the lines cover all the
lattice points translates, via Theorem into the fact that 2% — 1 divides My0512358437().
Since the cocore of d is 47, Theorem [I.1|implies that

@ f,m,65(9€) divides ® f,440512358437($) -1,

forall f(z) € K[z] with deg(f) > 2and 0 < m < 47.

1.3. Cyclotomic factors of shifted cyclotomic polynomials. Cyclotomic factors of necklace
polynomials are also closely related to cyclotomic factors of shifted cyclotomic polynomials
®4(x) — 1. For example, if d = 105, then

@105(x)—1zg(x)-@8-<I>6-<I)4-<I>3-<I>2~(I>1-x,

where e(x) € Q] is a degree 35, irreducible, non-cyclotomic polynomial. Note that the
cyclotomic factors dividing ®105(z) — 1 are precisely the same as those dividing M;gs(z). In
general, M,(x) and ®,4(x) — 1 have most, but not all, cyclotomic factors in common. See [5]]
for a detailed analysis of the cyclotomic factors in these two sequences.
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Cyclotomic factors of ®,4(x) — 1 are also detected by cyclotomic factors of M,(z) and have
an interpretation in terms of multiplicative relations between cyclotomic units analogous to
the situation with dynamical units discussed above. Thus the cyclotomic factors of necklace
polynomials give explicit structural parallels between these two analogous families of units.

1.4. Necklace operators. Let ZU denote the ring generated by formal expressions [m] with
m € N subject only to the multiplicative relations [m][n] = [mn|. The dth necklace operator

pq € ZV is defined by
pa =Y _ ple)d/e].
eld
The cyclotomic factors of My(x), cyclotomic factors of ®4(x) — 1, and dynatomic factors of
P 4(x) — 1 ultimately trace back to the necklace operator ¢,. The polynomials My(z), ®4(x)
and @ 4(x) may be expressed as images of ¢, with respect to different ZW-module structures.
Suppressing the details of the module structures for now, we have

M) = 537 ple)a* = ga(a/a),

eld
@yfa) = [T = 1" = (@ = 1)%*,
eld
Opa(z) = [J(f7 (@) — 2" = (f(z) — 2)*". (1.3)
eld

As the notation suggests, M,(z) is an image in an additive ZW-module while ®,(z) and
® ¢ 4(x) arise from multiplicative ZW-modules. Much of the work that goes into proving Theo-
rem I.T]involves constructing the appropriate ZW-module in which to realize the above expres-
sion of @ 4(x) as an image of .

All of the cyclotomic and dynatomic factors of the polynomials discussed above, as well
as the connection to hyperplane arrangements in the group of Dirichlet characters, ultimately
traces back to the following factorization of the necklace operator (in a localization of ZWV):

eo= ] (1= 7).

pld

where the product is taken over all primes p dividing d.
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2. PRELIMINARY RESULTS

In this section we prove preliminary results leading up to the proofs of Theorem and
Theorem [I.4] in Section [3] Our main goal is to make sense of (I.3). We accomplish this by
introducing the notions of composition rings and their algebras. In Section 2.4] we prove a
statement on the generic separability of (generalized) dynatomic polynomials; this result is
folklore in the arithmetic dynamics community but we were unable to find a suitable reference.

2.1. Composition rings. Suppose R is a commutative ring and S is a monoid of ring endo-
morphisms of R with respect to composition. The monoid S generates a (non-unital) subring
Cs of the ring of all R-valued functions on R, with pointwise ring operations. Furthermore, Cs
has an extra layer of structure coming from the composition operation on S. We abstract this
situation into the notion of a composition ring.

Definition 2.1. A composition ring C'is a (potentially non-unital) commutative ring together
with an associative operation o such that for all f,g,h € C

() (f+g)oh=(foh)+(goh),
2) (f-g)oh=(foh)-(goh),and
(3) there exists a two-sided compositional identity x € C.

A morphism ¢ : C — D of composition rings is a ring homomorphism which respects the
composition operator and preserves compositional identities.

All of the composition rings we consider are constructed as follows.

Definition 2.2. Let S be a multiplicative monoid. The free S-composition ring Z{S} is the
composition ring generated by expressions [s] with s € S where the composition operation o is
determined by the following relations: for all f,g € Z{S} and s,t € S

(@) [s]o(f+g)=([s]o f)+([s]og),
(i) [s]o (f -g) = ([s]o f) - ([s] o g), and
Gid) [s] o [{] = [st].

Note that the compositional identity is « := [1] where 1 € S is the multiplicative identity.

To see that the composition operation on Z{S'} is determined by these properties, first observe
that Definition 2.1/ (1) and (2) reduce the computation of f o g for f,g € Z{S} to [s] o g with
s € S. Then Definition [2.2] (i) and (ii) reduce us further to [s] o [t] for s,¢ € S, and finally (iii)
tells us that [s] o [t| = [st]. This reduction is illustrated in the following example.

Example 2.3. Let S := (f, g) be the free monoid on two generators. Consider the elements
a = 3[f*[f] +2[1][g]
B = fllgl + [f9]
of Z{S}. Then by Definition[2.1(1) and (2),
aofB = B[f[f] +2[lg)) o B
=3([f*] o B)([f] o B) + 2([1] o B)([g] © B).
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Definition 2.2 (i) and (i) imply that

[f2) 0 8= [f11*g] + [f*g],
[f] 08 =[f4fg] + 9],
[1] 0 8 = [f]lg] + [f9],

9] 0 8= [9/][g°] + [9.9]

Thus,
aoB=3([f1f2g] + [f29]) (IF1f9] + [f29]) + 2 ([f1lg] + [fa]) ([91lg%] + 9f9]) -

Remark 2.4. The composition ring Z{S} is closely related to the more familiar monoid ring
Z[S]. The latter is the ring generated by [s] for s € S with multiplication determined by
[s] - [t] = [st]. The monoid ring Z[S| embeds into Z{S} as linear combinations of the “degree
one” elements with product structure given by o.

If 0 : S — T is a monoid homomorphism, then there is a unique composition ring homo-
morphism o : Z{S} — Z{T'} which lifts o. In fact, the map S — Z{S} gives a functor from
monoids to composition rings.

We further restrict our attention to monoids S which are quotients of the free cyclic monoid
on one generator (f). For each m,n € Nwithn > 1,let Z{f} := Z{(f)} and let

Lona{ f} = Z{(f : [ = f™)}
The monoid quotient
() = f o fmm=f").
induces, by functoriality, a map of composition rings Z{f} — Zpn.{f}. If a,5 € Z{f} are
elements with the same image in Z,, . { f }, then we write

a = mod Zy,{f}.

2.2. U-module structure on Z{ f}. Let N° denote the multiplicative monoid of natural num-
bers and let U := N|[N°| denote the monoid semiring of N°. That is, ¥ is the semiring additively
spanned by formal expressions [m] for m € N such that for m,n € N,

[m][n] = [mn].

For each m € N there is a unique endomorphism [m] of the cyclic semigroup (f) expressed
in exponential notation as fI™ := f™. This gives, by functoriality, an endomorphism [m] :
Z{f} — Z{f} of composition rings. We extend this action to a multiplicative W-module
structure on Z{ f }.

Example 2.5. If ) = 3[5] + 2[4] € U, then
(Lf] = [ = (1] = [P o= (7] = 1) (1] — (1)
If m > 0 and n > 1 are natural numbers, the semiring quotient N — N/(m 4+ n = m)
induces a quotient on multiplicative monoids N° — (N/(m +n = n))°. Let ¥, ,, denote the

semiring quotient of W induced by this quotient of monoids. If i1,y € W are two elements
with the same image under this map, then we write

Y1 = 1Py [mod m +n =mj,

or simply
1 = 19 [mod n],
when m = 0. This notation is meant to suggest that the quotient takes place inside the brackets.
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Example 2.6. If m = 0 and n = 3, then
5[1] — 3[2] +4[5] = 5[1] + [2] # 2[1] + [2] [mod 3].
The first congruence holds because [2] = [5] [mod 3|. The second congruence does not hold

because the congruence does not extend to the coefficients so that 2[1] # 5[1] [mod 3].

The action of N° on the cyclic monoid (f : f™*™™ = f™) factors through the quotient
N°/(m + n = m), hence the multiplicative U-module structure on Z,, ,{ f} factors through
Wpn,n. Lemma 2.7 formally states this observation.

Lemma 2.7. If « € Z{f} and {1,105 € ¥ are such that 1y = 1 [mod m + n = m)|, then
a’t = a2 mod Z,, . {f}-

2.3. Necklace operators. If R is a semiring, then let RV := R ®y ¥ denote the extension of
scalars of ¥ from N to R.

Definition 2.8. If d > 1 is a natural number, then the dth necklace operator ¢, is
pa =) ule)ld/e] € 2V,
eld
where 1 is the usual number theoretic Mobius function.

There is a unique cancellation-free way to write the dth necklace operator as a difference
P4 = ) — @y of elements g7 € W. Now let &}, € Z{f} be defined by

+
o7y = ([f] = (1)

Note that ¥ and ¥,, , have no additive torsion, hence embed into Q¥ and QV,, ,,, respec-
tively. Lemma [2.9] constructs a simple polynomial model of the free QV,, ,-module which
allows us to relate the vanishing of ¢, in ZV,, , to cyclotomic factors of M,(z). The poly-
nomial ring Q[z] carries a natural QW-module structure determined by [k]g(z) := g(2*) for
g(z) € Q[z]. Here z* denotes a monomial and not the kth compositional power of the identity
function (which would again be the identity.)

Lemma 2.9. Let m > 0 and n > 1. The QU-module structure on Q[z] defined by [k|g(x) =
g(z") descends to Q[x]/(x™™ — x™) and factors through QV,, ,,. Furthermore,

Qlz]/ (@™ — ™) = QUp,p

as QW,, ,-modules.

Proof. Let M, ,, := Q[z]/(z™*" —2™). To see that the Q¥-module structure on Q[z] descends
to M, it suffices to check that if f(z) = g(x) mod (z™*" — 2™), then f(2*) = g(z*) mod
(z™F™ —2™). This follows from the observation that z™* (2" — 1) is divisible by 2™ (2" —1) for
all £ € N. The QU-action on M,, , clearly factors through Q¥,, ,,. Observe that M,, ,, is cyclic
as a Q¥,, ,-module and is generated by z. Note that both A, ,, and QU,, ,, have dimension
m + n over Q, hence M,, , is free. O

Definition 2.10. The core of a positive integer d is the largest squarefree factor d’ of d and the
cocore of d is d/d'. Note that the core of d is the product of all distinct primes dividing d.

Definition 2.11. The dth necklace polynomial My(z) € Q|x] for d > 1 is defined by

My(z) = cll Z,u(e)xd/e.
eld



8 JOHN R. DOYLE, PAUL FILI, AND TREVOR HYDE

Proposition 2.12. Let m,n,d € N be such that n,d > 1. If

(1) the cocore of d is at least m, and
(2) «™ — 1 divides My(z) in Qx],

then ¢4 = 0 in ZY,, ,, and
®;, =0, mod Zy,{f}.

Proof. Lemma [2.9] implies that Q[z]/(z™" — 2™) is a free Q¥,, ,-module generated by z.
Hence ¢, = 0in ZV,, ,, if and only if ¢4z = 0 in Q[z]|/(2™ (2™ — 1)). Since

par = 3 pe)d/ele = 3 ple)r?le = dMy(a),

eld eld

g = 0in Z¥,, ,, if and only if 2™ and 2" — 1 both divide M,(z). Since p(e) = 0 when e is not
squarefree, the exponent of the largest power of x dividing My(x) is the cocore of d. Therefore
(1) and (2) imply that ¢4 = 0 in ZV,, ,.

If o4 = 0in ZV,, ,, then o) = ¢, [mod m + n = m] and, by Lemma

of = ([f] = )% = ([f] = ()% = 7, mod Zonu{f} [

2.4. Dynatomic polynomials are generically squarefree. We step aside from the theory de-
veloped in the previous sections to prove a dynamical lemma.

Lemma 2.13. Let K be a field and let f(x) be the generic degree k > 2 polynomial over K,
f(@) = apz” + ap_12" "+ .+ @z +ag € K(ag, a1, . . ., ax)[z].
Then for any m,n € N such that n > 1, f™"(x) — f™(x) has non-vanishing discriminant.

Proof. 1t suffices to prove the claim after specializing some subset of the coefficients of f. We
consider two specializations depending the characteristic p > 0 of K.

First, suppose that p { k. Morton [6, Lemma 2] shows that for f;(z) := z* +t, the polynomial
fl"(z) — x is separable over K (t) for all n > 1, and, using similar techniques, the same is shown
in [2, Lemma 4.2] for ;""" (x) — f/*(x) withm > 0 and n > 1.

Now suppose that p | k, and consider the polynomial f;(z) := 2* + tz € K(t)[z]. Then
fl(x) = t, hence (f})'(z) = t* for all £ > 1 by the chain rule. This implies that the polynomial

" (2) — f™(x) has derivative ™™ — ™, a nonzero constant in K (¢). Since its derivative is
nowhere vanishing, the polynomial f;"*"(x) — f/™(x) is separable forallm > 0andn > 1. [

Remark 2.14.

(1) In characteristic 0, Lemma predates [6]. Indeed, for a € C and f,(z) = z* + a,
the polynomial f"*"(z) — f™(x) has a multiple root if and only if either f, has fewer
than £™ points of period dividing n, or m > 1 and the critical point O is a root of
fmAn(x) — fm(x). The set of such a € C is contained in the degree-k “Multibrot
set” My, which is a compact subset of C, hence one can further specialize f; to any
a € C\ My. See also [3]—especially [3], §3]—for related results.

(2) In [2, Lemma 4.2], which we refer to in the proof of Lemma it was assumed
that K is a finite field, since that was the only case for which the result was needed.
However, the proof that f/"*"(z) — f"(z) is separable over K (t) only requires that the
characteristic of K does not divide k.
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Definition 2.15. If f(x) € K|x] is a polynomial, then the nth dynatomic polynomial O, (x) €
K|[z] for n > 1 is defined by the product

By(a) = [[(F7() )0
jln
If m > 0, then the (m, n)th generalized dynatomic polynomial ® ¢ ,,, () is defined by @ ,(z) :=
®;,,(z) and for m > 1,

Lpnlf™())
Cpn(fm M)

Despite their appearance, dynatomic polynomials are indeed polynomials and not just ratio-
nal functions, as was first proven by Morton and Patel [7]. See Silverman [[12, Sec. 4.1] for a
general introduction to dynatomic polynomials and [[12, Thm. 4.5] for a proof that ®4(x) is
a polynomial (and not just a rational function as is apparent from the defining product). As a
special case of Hutz [4, Thm. 1] we get that ®;,, () is a polynomial; we may also deduce
this quickly from Lemma [2.13]

The following factorization of f™*"(x) — f™(x) is well-known and is often used without
proof. We prove it here for the reader’s convenience.

(I)f,m,n (Q?) =

Lemma 2.16. Let f(x) € K|z| be a polynomial of degree at least 2, then
fre(a) = 1) = [ @ragle)-

<m
Jln

Proof. Recall that the definition of the dynatomic polynomials is equivalent to
i) —x =[] 2s@), 2.1)
Jln
by Mobius inversion. Pre-composing both sides with f™ () and using the telescoping product
identity

o B (@) B () ()
@) = g ) By, (@) ()

gives us the desired factorization of f"(x) — f™(x). O

O () = [ ras(2),

i<m

Together Lemma [2.13and Lemma [2.16]imply that the generic generalized dynatomic poly-
nomial @, ,(z) is also squarefree.

2.5. Composition algebras. Next we introduce the notion of an algebra for a composition
ring.

Definition 2.17. Let C be a composition ring. A C'-composition algebra is a commutative ring
R together with an operation o : R x C' — R such that for all € R and g, h € C we have

(I) ro(goh)=(rog)oh,

) ro(g+h)=(rog)+(roh),

3)ro(g-h)=(rog)-(roh),and

@ rox=r,

where x is the compositional identity in C'.
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Suppose that a monoid S acts (on the right) by ring endomorphisms on a commutative ring
R.If r € Rand s € S, then we denote this action by 7°. By construction there is a unique way
to extend this action to a Z{S }-composition algebra structure on R so that

rols|=r?

forallr € Rands € S.

Let K be a field. The polynomial ring K[z] is the free K-algebra on one generator. This
implies that for any element f in a K-algebra R, there is a unique map of K-algebras o :
K[z] — R such that o;(z) = f. In particular, for each polynomial f(z) € K|[z| there is a
K -algebra endomorphism o : K[z] — K|x] such that g(x)°/ := g(f(z)) for all g(z) € K|x].
Thus K[z] carries a K{f}-composition algebra structure where K{f} := K ® Z{f} and
g(z) o f = g(f(x)).

Example 2.18. We demonstrate these notions with a simple explicit example: If g(x) € K|x],

then
g(@) o ([f°] = (7] = [1]) = (9(f*(2)) — 9(2))(g(f*(x)) — g(x)).
Definition 2.19. A polynomial ¢(z) € K|z|is f-stable for f(x) € K|z|if q(x) divides ¢(f(x)).

If ¢(x) is f-stable, then the endomorphism o : K[z] — K|x] descends to an endomorphism
of the quotient K[z]/(q(x)). Note that if ¢(x) is squarefree, then ¢(z) divides ¢(f(x)) if and
only if f maps the roots of ¢(z) into themselves. More generally, let v,(g(x)) denote the
valuation of ¢(x) at v — «, then g(z) is f-stable if and only if v4()(q(z)) > va(g(x)) for all
roots « of q.

Lemma 2.20. Let f(x) € K|z| be a polynomial and let m,n € N such that n > 1. Then
frtn(z) — f™(x) is f-stable

Proof. First suppose f(r) = apa® + ap_12 1 + ... + 12 + ao € K(ag,ay,...,a;)[x] is the
generic degree-k polynomial over K. Lemma[2.13|implies that /™" (x) — f™ () is squarefree.
The roots of f™*"(x) — f™(z) are f-preperiodic hence closed under iteration by f. Therefore
fmt(z) — fm(x) is f-stable. Stability is preserved under specialization. O

Lemma [2.20]implies that K [z]/(f™"" () — f™(z)) inherits a Z{ f }-composition ring struc-
ture from K[z]. Furthermore, since g(f™*"(x)) = g(f™(x)) mod (f™ " (z) — f™(z)) for
all polynomials g(x), the action of Z{ f} factors through Z,, ,{ f}. This is summarized in the
following lemma.

Lemma 2.21. Let f(z) € K|z, and let the composition ring Z{ f } act on K|z] by g(x) o f :=
g(f(x)). If o, B € Z{ [} are elements such that o = 5 mod Z,, ,{f}, then for all g(z) € K|z],

g(x) o a = g(x) o fmod (f""(x) — f(2)).
3. RESULTS
With everything in place, we now prove the main result.

Theorem 3.1. Let K be a field, let f(x) € K|[z| be a polynomial of degree at least 2, and let
¢, d, m,n be integers with c,m > 0 and d,n > 1. Suppose that
(1) either m > cormn1d,

(2) the cocore of d is at least m — max(c — 1,0), and
(3) «™ — 1 divides the dth necklace polynomial My(x) in Q[z].
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Then ®y ,, () divides Dy . q4(x) — 1.
Alternatively, ifd > 1, c — 1 > m, and n = 1, then @y, ,(x) divides Py . q4(x) — 1.

Proof of Theorem It suffices to prove the result for f(x) € K(ao, a1, ..., ax)[x] the generic
degree £ > 2 polynomial over K. Suppose (1), (2), and (3) hold. We first prove the result
assuming ¢ = 0. Assumptions (2) and (3) imply that @}f 4= ¥y, mod Zmn{f} by Proposition

m If Q)}jf’d(:c) ‘=xo0 @de, then by Lemma
@;d(a:) = @;d(a:) mod (f" " (z) — f"(x)). (3.1
If o« € K(ag,a1,...,a;)is aroot of Oy, ,(x), then Lemma and imply that
(I)}r,d(a) = cD]T,d(O‘)'

If m > 0orn{d,then f¢(a) — o # 0 for any e | d by Lemma and Lemma hence
@fd(a) # 0. Observe that

(I)?,d(x)
;,d(x)

=z o ([f] - [1])¥i %

=zo([f] - [1})Ze|du(e)[d/5}
— H(fd/e@) — )@

eld
= Cbﬁd(l‘).
Thus ®;4(ar) = 1. Since this holds for all roots « and @y, ,(2) is squarefree by Lemmal[2.13]
we conclude that ®,, ,(x) divides @ 4(z) — 1.

Next suppose ¢ > 0 and that the cocore of d is at least m — c+ 1. The above argument implies
that D, cr1.,(x) and D, (z) divide Py 4(x) — 1. If avis a root of D, (), then fo ()
is aroot of @, c1in(x). Hence @ 4(fo(a)) = @1 a(f(a)) =1 and

P ¢ 1
P P

ra(fet(e) 1
Thus @, ,(z) divides @ 4(x) — 1 by Lemma

Finally assume thatd > 1, ¢ —1 > m,and n = 1. If a is aroot of ®,,, 1 (z), thenc —1 > m
implies that 5 := f¢(a) = f“(«). Furthermore, since d > 1 and f(z) is generic, @ 4(5) # 0.

Hence
®; a(a) = (I)f,d(fc(a)) _ (I)f,d<ﬁ)
- Cra(fHa))  Pra(B)
This identity holds for all o and ®,, () is squarefree by Lemma [2.13| therefore @, ,(z)
divides q)ﬁqd(fﬂ) — 1. L]

W

=1.

=1.

Example 3.2. We show that condition (I)) from Theorem is generically necessary, in the
sense that if f(z) = apx® + -+ + a17 + ag € K(ag,ay ..., ax)[z] is the generic polynomial of
degree k, and if n, d > 1 are integers satisfying n | d, then @ ,,(x) = P, () does not divide
Qs q(x) — 1. If n = d, this is immediate so we assume that n < d.

Consider the polynomial f(z) := 2% + a € K(a)[z], where a is an indeterminate. If the
characteristic of K does not divide k, then Theorem 2.2, Corollary 3.3, and Proposition 3.4 of
[9] combine to show that the resultant Res(®,,(x), ®4(z)) with respect to x is a nonconstant
polynomial in K [a]. Thus there exists ag € K such that, for the polynomial f(z) := 2* + ag,
the dynatomic polynomials @, ,,(x) and @, 4(x) have a common root x. (Over C, these values
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of ¢y are roots of hyperbolic components of the degree-k multibrot set.) It follows that @, ,,(z)
cannot divide ®, 4(z) — 1, therefore this divisibility relation cannot hold generically.

Next suppose that the characteristic of K divides k. Let ( € K be a root of ®4(z), let
f(z) := 2% + (x, and let o be any root of ®;,(z). Since f'(x) = (, the period-n mul-
tiplier of a is (f") (o) = (", a root of ®q/,,(x). It then follows from [9, Thm. 2.2] that
Res(®y,(z), ®rq(z)) = 0. Therefore Oy, (z) and ®;4(x) have a common root, whence
® ,(x) does not generically divide @ 4(x) — 1.

Example 3.3. Condition (1) in Theoremis sufficient to guarantee that @i 4(a) # 0 for any
root v of @, (). If (1) fails to hold, deciding whether or not @y, ,,(z) divides ® ¢ 4(z) — 1
is more subtle.

Consider the quadratic polynomial family f,(x) = x? 4+ a. One may verify computationally
that @, ¢(x) — 1 factors over the function field Q(a) as

Oy 6(1) = 1= ha(z)Ps, 12(2) Py, 11(2)

where h,(z) is a degree 50 irreducible non-dynatomic polynomial with coefficients in Q(a).
The cocore of d = 6 is 1 and

Mg(z) = 2(2° —2° —2° + 2) = L(z* + 2° — 2)(2* - 1),

hence conditions (2) and (3) of Theoremhold form = 0 and n = 2, and yet ®;, 5(z) does
not generically divide @, ¢(x) — 1. On the other hand, if « = —1 or « = —5/4, then one may
check that @,  o(z) does divide ®f4(x) — 1.

If m = 0 and n = 1, then condition (1) of Theorem is never satisfied. However, the
following Proposition shows that in certain cases the conclusion of Theorem |3.1]still holds.

Proposition 3.4. Let f(x) € K[z] be a polynomial with fixed point o € K, let \ := f'(a) be
the multiplier of o, and let d > 2 be an integer, then

(nyd(@) = (I)d<)\)

Moreover, if A\ = 0 or if

(1) X\ is a primitive nth root of unity,
(2) n is coprime to d, and
(3) ™ — 1 divides My(z),

then ® ¢ 4(a) = 1.

Note that @ 4(«) is the dth dynatomic polynomial of f(x) evaluated at a fixed point o and
®4(A) is the dth cyclotomic polynomial evaluated at the multiplier A of .

Proof. Since (f*)(a) = ¥,
fk(x) —z= ()\k —1)(z — @) mod (z — a)?.

First suppose that \ is not a dth root of unity. Then the (z — «)-adic valuation of f¢(z) — x is
one for each e | d. Thus

() — 2\ A/
&) = [T (x) — )0 =T (L) |

r —
eld eld



UNIVERSAL RELATIONS FOR DYNAMICAL UNITS 13

where the second equality uses the fact that ), 1(d/e) = 0 for any d > 2. Evaluating at
r = « gives
Opa(e) = IO = DM = dy().
eld
Fix a degree £ and consider the affine algebraic variety

Vi .= A{(f, @) : deg(f) < k and « is a fixed point of f}.

The identity ® ¢ 4(r) = ®4(f'(v)) holds on the Zariski open subset of all pairs ( f, ) for which
the multiplier A = f’(«) is not a dth root of unity, hence it must hold on all of V.

If A\ = 0, then d > 2 implies that ®;(0) = 1, hence ®;4(a) = 1. Our assumption that n
is coprime to d and that " — 1 divides M,(z) implies, by Theorem [3.12} that Z:{\n - Upl 4 Hp-
Therefore 1 = ®4(\) = @ 4(«) by [5, Thm. 1.1].

Remark 3.5. The identity proved in Proposition is implicit in the proof of Theorem 2.2 of
Morton and Vivaldi [9]; see the paragraph starting with display line (2.3). Hyde [S, Thm. 1.8(2)]
characterizes the pairs (n, d) for which d 1 n and ®4((,,) = 1. Using this characterization and
Proposition [3.4] one may construct special dynamical unit relations from fixed points o with
A = (,, which do not hold universally.

For example, one may check that ®3,((12) = 1 and x'* — 1 does not divide Mas; (). It is
not generally the case that @53, («) = 1 for fixed points «, but this identity does hold if the
multiplier of « is a primitive 12th root of unity (e.g. f(x) = 2% + (12 with a = 0.)

3.1. Dynamical necklace polynomials. The composition ring Z{ f} also carries an additive
U-module structure where the natural action [m] - [f] := [f™] is extended linearly. With re-
spect to this structure we may define dynamical necklace polynomials My 4(x) analogous to the
necklace polynomials My(x),

Myala) = 5 37 w(e)fV°() = (x/d) o pulf]

eld

We are unaware of any natural interpretation, dynamical or otherwise, of the dynamical necklace
polynomials M 4(x). Nevertheless, the methods developed in the previous sections allow us to
easily prove the following analog of Theorem 3.1}

Proposition 3.6. Let K be a field and let f(x) € K|[z| be a polynomial. If

(1) the cocore of d is at least m, and
(2) x™ — 1 divides the dth necklace polynomial My(x) in Q|x],

then [ (x) — f™(x) divides My 4(x).
Proof. Proposition and assumptions (2), (3) imply that ¢, = 0 mod ZV¥,,, ,,. Thus o =

0 mod Z,, ,{f} for any a € Z{f} by an additive version of Lemma Hence by Lemma
2.21]

Mya(x) = (z/d) o @alf] = (x/d) 0 0 mod (f"(x) — f"(x)).
Note that for » € R an element of any composition algebra,
ro0=7r0(0+4+0)=(ro0)+ (ro0),
hence r o 0 = 0. Thus
My 4(z) = 0 mod (f™"(x) — f™(x)),
which is to say that f"""(x) — f™(x) divides My 4(x). O
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3.2. Dynamical units. Theorem [3.1] has implications for the construction of dynamical units.
Inspired by the theory of cyclotomic and elliptic units, Narkiewicz [10] and later Morton and
Silverman [8]] initiated the study of dynamical units: algebraic units constructed in one of sev-
eral closely related ways from differences of preperiodic points of a rational map of the projec-
tive line. The inspiration comes from the fact that, in the dictionary between dynamical height
and the usual Weil height on the torus G,,,(Q), the preperiodic points play the same role as that
of roots of unity, so the fields generated by these points are naturally thought of as dynatomic
fields in analogy with the classical theory of cyclotomic fields. We refer the reader to [12,
Section 3.11] for further background on dynamical units.

Some families of dynamical units are known. Let K be a number field with ring of integers
O . Narkiewicz ([10], cf. [8, Thm. 6.3(a)]) proved that if f € O[] is a monic polynomial of
degree at least 2, « € K is aroot of ® sn(x) for some n > 2, and ¢, 7 > 0 are integers such that
ged(i — 7,n) = 1, then

fa) = f(@)

fla) —a
is a dynamical unit. If { = (= denotes a primitive prime power order root of unity, then the
reader will note the similarity to cyclotomic units in the maximal totally real subfield Q(¢)* of

Q(¢) given by

€ O

a2l = ¢
1-¢
It is known that units of this form, together with —1, generate the unit group of Q(¢)", and that
this group has finite index in the unit group of Q(().

Morton and Silverman proved in [8, Thm. 6.3(b)] (see also [8, Prop. 7.4] for a formulation
which is closer to our result) that if f(z) € O] is monic of degree at least 2, and o, 8 € K
are points of strict period m and n respectively, where m,n € N satisfy m { n and n ¥ m, then
in fact

where 1< a <p™/2and ged(a,p) = 1.

a—pe0f

is a dynamical unit. Under the same assumptions on f(z), Benedetto proved that if m > 1 and
ais aroot of ®¢,, ., (z) and [ is a root of @ 4(x) for some n,d > 1, then again, « — € O
(see [1IL Thm. 3]). Benedetto’s result has interesting implications. For example, if {a, ..., a,}
is an n-cycle for f(z) = z* + ¢, that is, if f(y) = ag, f(az) = as, ..., f(a,) = a1, then
Benedetto shows [ 1, Theorem 1] that

[T () +ai) =1,

i=1
and in particular, that f(a) + « is a dynamical unit. This result is particularly remarkable
as, from a dynamical perspective, one would not expect the sum of points to be related to the
dynamics of a quadratic map. For a more recent result involving quadratic forms and dynamical
units for rational maps, we also refer the reader to the work of Panraksa and Washington [[11].

Theorem [3.1| allows us to deduce similar results about dynamical units, extending the results

of Morton-Silverman and Benedetto. Note that if f € Og|[z] is monic, then @, ,(v) € Ok|x]
is monic as well, and so our preperiodic points are algebraic integers. It follows that if &, ,,(z)
divides @ 4(z) — 1, then for each root e € K of @, ,(z),

1=d4(a) = [[(a—5), (3.2)

B
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where the product ranges over all the roots § of @ 4(x) with multiplicity. Since «, 5 are alge-
braic integers, implies that the differences o — (3 are dynamical units. If the conditions of
Theorem are satisfied for m, n, d, then holds for all f(x) with degree at least 2. We
view these as universal relations for dynamical units. In the case where the conditions of The-
orem [3.1|are met with m = 0 and n { d, we recover the result of Morton and Silverman quoted
above. However, our result also applies in cases where the results of Morton and Silverman,
and those of Benedetto, do not apply.

Example 3.7. If (m,n,c,d) = (1,2,1,3), then the conditions of Theorem [3.1/hold. Suppose
that K is a number field, f(x) € Ok[z] is a monic polynomial of degree at least 2. If o, 3 € K
are roots of ® f7172(x) and ® f7173(x), respectively, then o — 3 is a dynamical unit. This class
of dynamical units is new; the results of Morton-Silverman and Benedetto for differences of
preperiodic points both required at least one of the points to be purely periodic, while both
points here are strictly preperiodic.

Morton and Silverman [8, Prop. 7.4(b)] prove that if all the prime factors of d > 1 are
congruent to 1 mod n, then @, (x) divides @ 4(x) — 1. This is a special case of Corollary [3.8]

Corollary 3.8. Let d > 1 and n > 1 be integers such that n 1 d and suppose that d is divisible
by some prime p = 1 mod n. Then ®;,,(z) divides @ q(x) — 1.

Proof. Recall thatif d = Hp p* is the prime factorization of d, then ¢, factors as

va =[P - [1]).
p
Thus if p = 1 mod n, then ¢, = 0 [mod n|. The proof of Proposition [2.12] shows that this
is equivalent to 2™ — 1 dividing My(z). Conditions (1) and (2) of Theorem are trivially
satisfied since m, ¢ = 0, hence Theorem [3.1]implies that @, () divides ®fq(x) — 1. O

Note that if all the primes dividing d are 1 mod n, as is assumed in [8, Prop. 7.4(b)], then
d and n are coprime, hence n 1 d. Thus the Morton-Silverman result follows. In terms of
hyperplanes covering the group of Dirichlet characters (see Section [3.3), the case p = 1 mod n
for some prime p | d corresponds to the situation where H,, = ZZL is the trivial hyperplane.

We can generalize the result of Benedetto in the following fashion:

Proposition 3.9. Suppose that K is a number field with ring of integers Ok, f(z) € Ok|z] is
monic of degree at least 2, and 3 € K is a root of ®4(x) for some d > 2. Then ®;1,1(0) is a
dynamical unit satisfying the relation

I[I =1 (3.3)
B
®y,4(8)=0
where the product is taken over the roots of ® ;4 with multiplicity.

Proof. We begin by noting that if m = n = 1 and ¢ = 0 and d > 2, then the indices meet the
conditions (I)-(3)) of Theorem [3.1} The first two conditions are obvious, and the third follows
from observing that

My(1) = 2 37 plen e =0
eld
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forall d > 2, s0 (x — 1) | My(x) in Q[z]. Thus Theorem [1.1] guarantees that @ (x) divides
® 4(x) — 1. This means that if « is any root of ®; 1(x), then

ra@)= ] (@-8)=1 (3.4)

B
@ 4(8)=0

where the roots of 3 of ®; ;4 are counted with multiplicity. Taking the product of the identities
(3.4) as « varies over the roots of @4 ; (=) with multiplicity gives

Res(®y11, Pra) = H H (a—p)=1
q>f’1’loéa):0 ‘Pf,d?ﬁ):()

This resultant may also be expressed as,

Res(®y11,Pra) = H Pr1a(B)=1
B

@5 4(8)=0

which gives us the desired result. U

To see why this generalizes Benedetto’s result, observe that when f(z) = 2% + ¢, one can

check that

b))~ 2@ @) =)

Q1 (x) flx) —=

and we recover the result that f(«) + a is a dynamical unit, although our multiplicative identity
differs slightly from that of Benedetto, as it is a product over other points of formal period d
(that is, roots of @ 4(x); for a review of the difference between formal and strict period, we
refer the reader to [12, §4.1]), rather than the points directly in the cycle of a. We can also
easily find further examples of this sort:

= flz) +a

Corollary 3.10. Suppose K, Oy are as above and f(x) = x> + byx + by € Ok|x]. Then for
any d > 2,
I F@+a+b)=1, 3.5)
‘Pf,d?a):O
so f(a) + a + by is a dynamical unit for any o € K of formal period d > 2. Likewise, if
f(z) =23+ 1 € Z[x|, then
Il G+a+a®+20°+a*+af)=1. (3.6)
‘I)f,d?a)=0
Thus if o € K is of formal period d > 2, then 1 + a + o + 20® 4+ o* + oS is a dynamical unit.
3.3. Cyclotomic factors of necklace polynomials. As discussed in the introduction, the most

subtle condition in Theorem [3.1]is 2" — 1 dividing My(z). Theorem [3.12] gives an alternative
characterization of this divisibility in terms of hyperplane arrangements in finite abelian groups.

Definition 3.11. Forn > 1,letU,, := (Z/(n))* denote the multiplicative group of units modulo
n and let U,, := Hom(U,,, C*) denote the group of Dirichlet characters of modulus n. If ¢ € U,,,
then the hyperplane H, C U, is the set

Hy = {x €Uy : x(q) =1}.
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Theorem 3.12. Let d,n > 1. Then x" — 1 divides My(x) if and only if
U, €| JH,.

p|d
ptn

Proof. As we argued in the proof of Proposition 2.12) Lemma [2.9)implies that ¢4 = 0 [mod 7]
if and only if pgz/d = My(z) is divisible by ™ — 1. Let d be the largest factor of d coprime

to n. The group ring Q[4,] naturally embeds into Q¥ ,, as the Q-span of [g] for ¢ € U,,, and
;€ QU,] € QVYy,. Observe that

pi=Y_m@d/d =1d ][ - e Q]
eld pld

where the product is taken over all primes p dividing d. Recall that each character y € Z;{\n
extends to a ring homomorphism y : Q[4,] — C. Thus if x € U,,, then

X(eg) = x(d) T (1 = x(p))-
pld

If x; € U, for 1 < i < o(n) are the distinct characters of U, then the map

a € QU] — (xala), x2(@), ..., Xem(a)) € Ccr

is an embedding of rings. Hence « = 0 in Q[ ] if and only if x;(a) = 0 for all x;. Thus
w; = 0 in Q[U,] if and only if for each x € L[ there is some prime p | d such that y(p) = 1.
This is equ1va1ent tol, C ity =U

Hence if Lln C Up‘ i Hp, then

pld, pfn

dMa(z) = vz = (PiP4a)T = i (Pasir) =0 (p442) =0 mod 2" — 1.

Conversely, suppose that 2 — 1 divides My(x). Let U C Q|z]/(z™ — 1) denote the Q-
subspace spanned by x7 with j coprime to n, and let Sy(x) := dMy(x). Observe that

Sal) = pat = 4)3S(x) = Y p(d/de)Sy{a*).

eld/d

Since d is the largest factor of d coprime to n, it follows that each e > 1 dividing d/ d shares
a nontrivial common factor with n. Hence the U-component of Sy(x) is £5;(z). Hence if
Sa(x) = 0 mod x™ — 1, then it must be the case that Sj(x) = 0 mod 2™ — 1. As argued above,

this is equivalent to 4, C UyaH O

Remark 3.13. Theorem is closely related to [5, Thm. 1.13] but with a slightly different
scope. Neither result directly implies the other.

Example 3.14. The following example is adapted from [S, Ex. 2.8]. Letd = 440512358437 =
47%.73-79-151-229 and let n = 65. The group Uss = (Z/(65))* decomposes as Uss = Z/( )2 %
Z/(3). Note that each hyperplane H,, C Uy is a subgroup, hence factors as H,, = ”Hp X Hp
with 1Y C Z/(4)? and HP C Z/(3). In this case, each of the hyperplanes H, with p | d

is trivial in the 3-torsion 1) = Z /(3). Thus it suffices to consider the 4-torsion #" of each
hyperplane H,,.
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Identifying the 4-torsion of Ugs with the additive group Z/(4)2, the group Ugs := (Z/(65))*
of units modulo 65 has a compatible isomorphism p : Uss — (x,y : 4o = 4y = 0) with the
dual group of Z/(4)?. With respect to such an isomorphism, (the 4-torsion of) each hyperplane
‘H, may be realized as the vanishing set of a homogeneous linear form, hence the hyperplane
terminology.

The units 47 and 151 generate a Z/(4)? subgroup of Uss, so we may choose coordinates p
such that = := p(47) and y := p(151). Then the hyperplanes #, may be visualized as lines
in the “plane” (R/4Z)?. Each of the five distinct primes dividing d corresponds to a different
colored line in the diagram below. For example, since 229 = 472151~ mod 65, the (4-torsion
of the) hyperplane Ha99 is the solution set of 22 — y = 0 in Z/(4)?. Figure [3|shows the linear
forms defining each line with respect to this choice of coordinates.

g' X=p(43)
%:p(l{l)

/\ . . \/’\_JHM fy=o
) ' Yo

N

k/Hu_‘,': Ix-y=0 HW; 2x+2y = 0

Vi

FIGURE 3. The lattice points in (R/47Z)? may naturally be identified with Z/(4)2.

Since the five lines H, with p | d cover all of Z/(4)?, it follows that Uss C Upja Hp: with
d = 440512358437. The cocore of d is 47. Hence Theorem [I.1]implies that for any polynomial
f(z) € K[x] with degree at least 2 and any m < 47,
D f.m65(2) divides g 440512358437 (7) — 1.

By drawing other arrangements of lines covering Z/(4)? and finding primes in the corre-
sponding congruence classes modulo 65 (which must exist by Dirichlet’s theorem on primes
in arithmetic progressions) we may construct several other nontrivial examples of d for which
LA{65 C Up| 4 Hp- Three examples are given in Figure

Values of d corresponding to the three arrangements in Figure 4| are, respectively,

dy =157 -181-337- 389
dy =179 -181 - 389
ds =47-109 - 151 - 157 - 317 - 337.
Each of these d; are squarefree and coprime to 65, so it follows that
D m65(x) divides Oy 4, (z) — 1

for each m = 0, 1 and each d;.
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FIGURE 4.

REFERENCES

[1] R. L. Benedetto, An elementary product identity in polynomial dynamics, Am. Math.
Mon., 108, no. 9 (2001), 860-864.
[2] J.R. Doyle and B. Poonen, Gonality of dynatomic curves and strong uniform boundedness
of preperiodic points, Compos. Math., 156 (2020), 733-743.
[3] N.Fakhruddin, The algebraic dynamics of generic endomorphisms of P", Algebra Number
Theory, 8 (2014), 587-608.
[4] B. Hutz, Determination of all rational preperiodic points for morphisms of PV, Math.
Comp., 84, no. 291 (2015), 289-308.
[5] T. Hyde, Cyclotomic factors of necklace polynomials, arXiv:1811.08601, 2020.
[6] P. Morton, On certain algebraic curves related to polynomial maps, Compos. Math., 103,
no. 3 (1996), 319-350.
[7] P. Morton, P. Patel, The Galois theory of periodic points of polynomial maps, Proc. Lon-
don Math. Soc. (3), vol. 68, no. 2 (1994), 225-263.
[8] P. Morton, J. H. Silverman, Periodic points, multiplicities, and dynamical units, J. reine
angew. Math., 461 (1995), 81-122.
[9] P. Morton, F. Vivaldi, Bifurcations and discriminants for polynomial maps, Nonlinearity,
8 (1995), 571-584.
[10] W. Narkiewicz, Polynomial cycles in algebraic number fields, Collog. Math., 58, no. 1
(1989), 151-155.
[11] C. Panraksa, L. Washington, Arithmetic dynamics and dynamical units, East-West J.
Math., 14, no. 2 (2012), 201-207.
[12] J. H. Silverman, The arithmetic of dynamical systems, Spring Science & Business Media,
241 (2007).

DEPARTMENT OF MATHEMATICS, OKLAHOMA STATE UNIVERSITY, STILLWATER, OK 74078
Email address: john.r.doyle@Rokstate.edu

DEPARTMENT OF MATHEMATICS, OKLAHOMA STATE UNIVERSITY, STILLWATER, OK 74078
Email address: paul.fili@okstate.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO, CHICAGO, IL 60637,
Email address: tghyde@uchicago.edu



	1. Introduction
	1.1. Dynamical units
	1.2. Cyclotomic factors of necklace polynomials
	1.3. Cyclotomic factors of shifted cyclotomic polynomials
	1.4. Necklace operators
	1.5. Acknowledgements

	2. Preliminary results
	2.1. Composition rings
	2.2. -module structure on Z{f}
	2.3. Necklace operators
	2.4. Dynatomic polynomials are generically squarefree
	2.5. Composition algebras

	3. Results
	3.1. Dynamical necklace polynomials
	3.2. Dynamical units
	3.3. Cyclotomic factors of necklace polynomials

	References

