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The Illustrating Mathematics 
program brings together 
mathematicians, makers, and artists 
who share a common interest in 
illustrating mathematical ideas via 
computational tools.
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• find ways to communicate 
research mathematics to as wide 
an audience as possible.
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Triangulations



TriangulationsIdeal



Ex: the figure 8 knot complement

M8 = S3−



Ex: the figure 8 knot complement
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M8 ≅ Mφ = (T2
* × I)/(x,0) ∼ (φ(x),1)

M8 = S3−



Angle structure
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around edge

↵i = 2⇡

<latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="yXtCM7j+5NtEEWVWWQMvaIQdIh0=">AAACDnicbZC9jhMxFIXvBHYJISyBlsYiQqLZaCYNoVhpJRrKrMSQSJlo5PHcJFZsz8i+RkRRnoOGV6Gh2F1R0vE2OD8FJBzJ0qdzbF3fU9RKOorj31HjwcOz80fNx60n7acXzzrP259c5a3AVFSqsuOCO1TSYEqSFI5ri1wXCkfF8v02H31G62RlPtKqxqnmcyNnUnAKVt5JMud1nhF+oTW3lTclw3KOm0wv0ZrLZKB9xlW94LlkV6yf1TLvdONevBM7heQAXThomHd+ZWUlvEZDQnHnJklc0zRMIykUblqZd1hzseRznAQ0XKObrnerbdjr4JRsVtlwDLGd+/eLNdfOrXQRbmpOC3ecbc3/ZRNPs8F0LU3tCY3YD5p5xahi255YKS0KUqsAXFgZ/srEglsuKLTZCiUkxyufQtrvveslNzE04SW8gjeQwFu4hg8whBQEfIXvcAt30bfoR3S/b6sRHWp7Af8o+vkHzRifSw==</latexit><latexit sha1_base64="yXtCM7j+5NtEEWVWWQMvaIQdIh0=">AAACDnicbZC9jhMxFIXvBHYJISyBlsYiQqLZaCYNoVhpJRrKrMSQSJlo5PHcJFZsz8i+RkRRnoOGV6Gh2F1R0vE2OD8FJBzJ0qdzbF3fU9RKOorj31HjwcOz80fNx60n7acXzzrP259c5a3AVFSqsuOCO1TSYEqSFI5ri1wXCkfF8v02H31G62RlPtKqxqnmcyNnUnAKVt5JMud1nhF+oTW3lTclw3KOm0wv0ZrLZKB9xlW94LlkV6yf1TLvdONevBM7heQAXThomHd+ZWUlvEZDQnHnJklc0zRMIykUblqZd1hzseRznAQ0XKObrnerbdjr4JRsVtlwDLGd+/eLNdfOrXQRbmpOC3ecbc3/ZRNPs8F0LU3tCY3YD5p5xahi255YKS0KUqsAXFgZ/srEglsuKLTZCiUkxyufQtrvveslNzE04SW8gjeQwFu4hg8whBQEfIXvcAt30bfoR3S/b6sRHWp7Af8o+vkHzRifSw==</latexit><latexit sha1_base64="CSatNROiNDqLyAa214qmVTlV0H4=">AAACGXicbVA9SwNBEN3zM8avqKXNYhBsDHc2aiEINtpFMCrkwrG3N0mW7O4du7NiCPkdNv4VGwsVS638N25iCr8eDDzem2FmXlpIYTEMP4Kp6ZnZufnSQnlxaXlltbK2fmlzZzg0eC5zc50yC1JoaKBACdeFAaZSCVdp72TkX92AsSLXF9gvoKVYR4u24Ay9lFSi2DqVxAi3OGAmdzqjkHVgGKseGL0bHSgXM1l0WSLoEd2LC5FUqmEtHIP+JdGEVMkE9aTyFmc5dwo0csmsbUZhgS2/DQWXMCzHzkLBeI91oOmpZgpsazB+bUi3vZLRdm58aaRj9fvEgClr+yr1nYph1/72RuJ/XtNh+6A1ELpwCJp/LWo7STGno5xoJgxwlH1PGDfC30p5lxnG0adZ9iFEv1/+Sxp7tcNadB5Wj88maZTIJtkiOyQi++SYnJI6aRBO7sgDeSLPwX3wGLwEr1+tU8FkZoP8QPD+CbO1oNI=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit>

↵i 2 (0,⇡)
<latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit><latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit><latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit><latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit>

strict angle structure if:
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Angle structure

↵+ � + � = ⇡
<latexit sha1_base64="6nZN4EOEzus+HTWQhhOWrgYEJSM=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCyCIJREBPUgFLzorYKxhaaUyXbTLt1Nwu5GKKEnL/4VLx5UvPofvPlv3KY5aOuDYR7vzbA7L0g4U9pxvq3SwuLS8kp5tbK2vrG5ZW/v3Ks4lYR6JOaxbAWgKGcR9TTTnLYSSUEEnDaD4dXEbz5QqVgc3elRQjsC+hELGQFtpK697wNPBoCPsR9Qnfc+CAH4EvsJ69pVp+bkwPPELUgVFWh07S+/F5NU0EgTDkq1XSfRnQykZoTTccVPFU2ADKFP24ZGIKjqZPkZY3xolB4OY2kq0jhXf29kIJQaicBMCtADNetNxP+8dqrD807GoiTVNCLTh8KUYx3jSSa4xyQlmo8MASKZ+SsmA5BAtEmuYkJwZ0+eJ95J7aLm3p5W6zdFGmW0hw7QEXLRGaqja9RAHiLoET2jV/RmPVkv1rv1MR0tWcXOLvoD6/MHqBeW6Q==</latexit><latexit sha1_base64="6nZN4EOEzus+HTWQhhOWrgYEJSM=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCyCIJREBPUgFLzorYKxhaaUyXbTLt1Nwu5GKKEnL/4VLx5UvPofvPlv3KY5aOuDYR7vzbA7L0g4U9pxvq3SwuLS8kp5tbK2vrG5ZW/v3Ks4lYR6JOaxbAWgKGcR9TTTnLYSSUEEnDaD4dXEbz5QqVgc3elRQjsC+hELGQFtpK697wNPBoCPsR9Qnfc+CAH4EvsJ69pVp+bkwPPELUgVFWh07S+/F5NU0EgTDkq1XSfRnQykZoTTccVPFU2ADKFP24ZGIKjqZPkZY3xolB4OY2kq0jhXf29kIJQaicBMCtADNetNxP+8dqrD807GoiTVNCLTh8KUYx3jSSa4xyQlmo8MASKZ+SsmA5BAtEmuYkJwZ0+eJ95J7aLm3p5W6zdFGmW0hw7QEXLRGaqja9RAHiLoET2jV/RmPVkv1rv1MR0tWcXOLvoD6/MHqBeW6Q==</latexit><latexit sha1_base64="6nZN4EOEzus+HTWQhhOWrgYEJSM=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCyCIJREBPUgFLzorYKxhaaUyXbTLt1Nwu5GKKEnL/4VLx5UvPofvPlv3KY5aOuDYR7vzbA7L0g4U9pxvq3SwuLS8kp5tbK2vrG5ZW/v3Ks4lYR6JOaxbAWgKGcR9TTTnLYSSUEEnDaD4dXEbz5QqVgc3elRQjsC+hELGQFtpK697wNPBoCPsR9Qnfc+CAH4EvsJ69pVp+bkwPPELUgVFWh07S+/F5NU0EgTDkq1XSfRnQykZoTTccVPFU2ADKFP24ZGIKjqZPkZY3xolB4OY2kq0jhXf29kIJQaicBMCtADNetNxP+8dqrD807GoiTVNCLTh8KUYx3jSSa4xyQlmo8MASKZ+SsmA5BAtEmuYkJwZ0+eJ95J7aLm3p5W6zdFGmW0hw7QEXLRGaqja9RAHiLoET2jV/RmPVkv1rv1MR0tWcXOLvoD6/MHqBeW6Q==</latexit><latexit sha1_base64="6nZN4EOEzus+HTWQhhOWrgYEJSM=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCyCIJREBPUgFLzorYKxhaaUyXbTLt1Nwu5GKKEnL/4VLx5UvPofvPlv3KY5aOuDYR7vzbA7L0g4U9pxvq3SwuLS8kp5tbK2vrG5ZW/v3Ks4lYR6JOaxbAWgKGcR9TTTnLYSSUEEnDaD4dXEbz5QqVgc3elRQjsC+hELGQFtpK697wNPBoCPsR9Qnfc+CAH4EvsJ69pVp+bkwPPELUgVFWh07S+/F5NU0EgTDkq1XSfRnQykZoTTccVPFU2ADKFP24ZGIKjqZPkZY3xolB4OY2kq0jhXf29kIJQaicBMCtADNetNxP+8dqrD807GoiTVNCLTh8KUYx3jSSa4xyQlmo8MASKZ+SsmA5BAtEmuYkJwZ0+eJ95J7aLm3p5W6zdFGmW0hw7QEXLRGaqja9RAHiLoET2jV/RmPVkv1rv1MR0tWcXOLvoD6/MHqBeW6Q==</latexit> X

around edge

↵i = 2⇡

<latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="yXtCM7j+5NtEEWVWWQMvaIQdIh0=">AAACDnicbZC9jhMxFIXvBHYJISyBlsYiQqLZaCYNoVhpJRrKrMSQSJlo5PHcJFZsz8i+RkRRnoOGV6Gh2F1R0vE2OD8FJBzJ0qdzbF3fU9RKOorj31HjwcOz80fNx60n7acXzzrP259c5a3AVFSqsuOCO1TSYEqSFI5ri1wXCkfF8v02H31G62RlPtKqxqnmcyNnUnAKVt5JMud1nhF+oTW3lTclw3KOm0wv0ZrLZKB9xlW94LlkV6yf1TLvdONevBM7heQAXThomHd+ZWUlvEZDQnHnJklc0zRMIykUblqZd1hzseRznAQ0XKObrnerbdjr4JRsVtlwDLGd+/eLNdfOrXQRbmpOC3ecbc3/ZRNPs8F0LU3tCY3YD5p5xahi255YKS0KUqsAXFgZ/srEglsuKLTZCiUkxyufQtrvveslNzE04SW8gjeQwFu4hg8whBQEfIXvcAt30bfoR3S/b6sRHWp7Af8o+vkHzRifSw==</latexit><latexit sha1_base64="yXtCM7j+5NtEEWVWWQMvaIQdIh0=">AAACDnicbZC9jhMxFIXvBHYJISyBlsYiQqLZaCYNoVhpJRrKrMSQSJlo5PHcJFZsz8i+RkRRnoOGV6Gh2F1R0vE2OD8FJBzJ0qdzbF3fU9RKOorj31HjwcOz80fNx60n7acXzzrP259c5a3AVFSqsuOCO1TSYEqSFI5ri1wXCkfF8v02H31G62RlPtKqxqnmcyNnUnAKVt5JMud1nhF+oTW3lTclw3KOm0wv0ZrLZKB9xlW94LlkV6yf1TLvdONevBM7heQAXThomHd+ZWUlvEZDQnHnJklc0zRMIykUblqZd1hzseRznAQ0XKObrnerbdjr4JRsVtlwDLGd+/eLNdfOrXQRbmpOC3ecbc3/ZRNPs8F0LU3tCY3YD5p5xahi255YKS0KUqsAXFgZ/srEglsuKLTZCiUkxyufQtrvveslNzE04SW8gjeQwFu4hg8whBQEfIXvcAt30bfoR3S/b6sRHWp7Af8o+vkHzRifSw==</latexit><latexit sha1_base64="CSatNROiNDqLyAa214qmVTlV0H4=">AAACGXicbVA9SwNBEN3zM8avqKXNYhBsDHc2aiEINtpFMCrkwrG3N0mW7O4du7NiCPkdNv4VGwsVS638N25iCr8eDDzem2FmXlpIYTEMP4Kp6ZnZufnSQnlxaXlltbK2fmlzZzg0eC5zc50yC1JoaKBACdeFAaZSCVdp72TkX92AsSLXF9gvoKVYR4u24Ay9lFSi2DqVxAi3OGAmdzqjkHVgGKseGL0bHSgXM1l0WSLoEd2LC5FUqmEtHIP+JdGEVMkE9aTyFmc5dwo0csmsbUZhgS2/DQWXMCzHzkLBeI91oOmpZgpsazB+bUi3vZLRdm58aaRj9fvEgClr+yr1nYph1/72RuJ/XtNh+6A1ELpwCJp/LWo7STGno5xoJgxwlH1PGDfC30p5lxnG0adZ9iFEv1/+Sxp7tcNadB5Wj88maZTIJtkiOyQi++SYnJI6aRBO7sgDeSLPwX3wGLwEr1+tU8FkZoP8QPD+CbO1oNI=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit>

↵i 2 (0,⇡)
<latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit><latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit><latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit><latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit>

↵i 2 {0,⇡}
<latexit sha1_base64="uInBxQ5OIDxXy+I9pRlsZTG+H0s=">AAAB/nicbVBNS8NAEJ34WetXVPDiZbEIHqQkIqi3ghe9VTC20ISw2W7apZtN2N0IJfbgX/HiQcWrv8Ob/8Ztm4O2Phh4vDfDzLwo40xpx/m2FhaXlldWK2vV9Y3NrW17Z/depbkk1CMpT2U7wopyJqinmea0nUmKk4jTVjS4GvutByoVS8WdHmY0SHBPsJgRrI0U2vs+5lkfhwz5TCC/cE78jPmj0K45dWcCNE/cktSgRDO0v/xuSvKECk04VqrjOpkOCiw1I5yOqn6uaIbJAPdox1CBE6qCYnL/CB0ZpYviVJoSGk3U3xMFTpQaJpHpTLDuq1lvLP7ndXIdXwQFE1muqSDTRXHOkU7ROAzUZZISzYeGYCKZuRWRPpaYaBNZ1YTgzr48T7zT+mXdvT2rNW7KNCpwAIdwDC6cQwOuoQkeEHiEZ3iFN+vJerHerY9p64JVzuzBH1ifP1rQlUA=</latexit><latexit sha1_base64="uInBxQ5OIDxXy+I9pRlsZTG+H0s=">AAAB/nicbVBNS8NAEJ34WetXVPDiZbEIHqQkIqi3ghe9VTC20ISw2W7apZtN2N0IJfbgX/HiQcWrv8Ob/8Ztm4O2Phh4vDfDzLwo40xpx/m2FhaXlldWK2vV9Y3NrW17Z/depbkk1CMpT2U7wopyJqinmea0nUmKk4jTVjS4GvutByoVS8WdHmY0SHBPsJgRrI0U2vs+5lkfhwz5TCC/cE78jPmj0K45dWcCNE/cktSgRDO0v/xuSvKECk04VqrjOpkOCiw1I5yOqn6uaIbJAPdox1CBE6qCYnL/CB0ZpYviVJoSGk3U3xMFTpQaJpHpTLDuq1lvLP7ndXIdXwQFE1muqSDTRXHOkU7ROAzUZZISzYeGYCKZuRWRPpaYaBNZ1YTgzr48T7zT+mXdvT2rNW7KNCpwAIdwDC6cQwOuoQkeEHiEZ3iFN+vJerHerY9p64JVzuzBH1ifP1rQlUA=</latexit><latexit sha1_base64="uInBxQ5OIDxXy+I9pRlsZTG+H0s=">AAAB/nicbVBNS8NAEJ34WetXVPDiZbEIHqQkIqi3ghe9VTC20ISw2W7apZtN2N0IJfbgX/HiQcWrv8Ob/8Ztm4O2Phh4vDfDzLwo40xpx/m2FhaXlldWK2vV9Y3NrW17Z/depbkk1CMpT2U7wopyJqinmea0nUmKk4jTVjS4GvutByoVS8WdHmY0SHBPsJgRrI0U2vs+5lkfhwz5TCC/cE78jPmj0K45dWcCNE/cktSgRDO0v/xuSvKECk04VqrjOpkOCiw1I5yOqn6uaIbJAPdox1CBE6qCYnL/CB0ZpYviVJoSGk3U3xMFTpQaJpHpTLDuq1lvLP7ndXIdXwQFE1muqSDTRXHOkU7ROAzUZZISzYeGYCKZuRWRPpaYaBNZ1YTgzr48T7zT+mXdvT2rNW7KNCpwAIdwDC6cQwOuoQkeEHiEZ3iFN+vJerHerY9p64JVzuzBH1ifP1rQlUA=</latexit><latexit sha1_base64="uInBxQ5OIDxXy+I9pRlsZTG+H0s=">AAAB/nicbVBNS8NAEJ34WetXVPDiZbEIHqQkIqi3ghe9VTC20ISw2W7apZtN2N0IJfbgX/HiQcWrv8Ob/8Ztm4O2Phh4vDfDzLwo40xpx/m2FhaXlldWK2vV9Y3NrW17Z/depbkk1CMpT2U7wopyJqinmea0nUmKk4jTVjS4GvutByoVS8WdHmY0SHBPsJgRrI0U2vs+5lkfhwz5TCC/cE78jPmj0K45dWcCNE/cktSgRDO0v/xuSvKECk04VqrjOpkOCiw1I5yOqn6uaIbJAPdox1CBE6qCYnL/CB0ZpYviVJoSGk3U3xMFTpQaJpHpTLDuq1lvLP7ndXIdXwQFE1muqSDTRXHOkU7ROAzUZZISzYeGYCKZuRWRPpaYaBNZ1YTgzr48T7zT+mXdvT2rNW7KNCpwAIdwDC6cQwOuoQkeEHiEZ3iFN+vJerHerY9p64JVzuzBH1ifP1rQlUA=</latexit>

strict angle structure if:

taut angle structure if:
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Angle structure

↵+ � + � = ⇡
<latexit sha1_base64="6nZN4EOEzus+HTWQhhOWrgYEJSM=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCyCIJREBPUgFLzorYKxhaaUyXbTLt1Nwu5GKKEnL/4VLx5UvPofvPlv3KY5aOuDYR7vzbA7L0g4U9pxvq3SwuLS8kp5tbK2vrG5ZW/v3Ks4lYR6JOaxbAWgKGcR9TTTnLYSSUEEnDaD4dXEbz5QqVgc3elRQjsC+hELGQFtpK697wNPBoCPsR9Qnfc+CAH4EvsJ69pVp+bkwPPELUgVFWh07S+/F5NU0EgTDkq1XSfRnQykZoTTccVPFU2ADKFP24ZGIKjqZPkZY3xolB4OY2kq0jhXf29kIJQaicBMCtADNetNxP+8dqrD807GoiTVNCLTh8KUYx3jSSa4xyQlmo8MASKZ+SsmA5BAtEmuYkJwZ0+eJ95J7aLm3p5W6zdFGmW0hw7QEXLRGaqja9RAHiLoET2jV/RmPVkv1rv1MR0tWcXOLvoD6/MHqBeW6Q==</latexit><latexit sha1_base64="6nZN4EOEzus+HTWQhhOWrgYEJSM=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCyCIJREBPUgFLzorYKxhaaUyXbTLt1Nwu5GKKEnL/4VLx5UvPofvPlv3KY5aOuDYR7vzbA7L0g4U9pxvq3SwuLS8kp5tbK2vrG5ZW/v3Ks4lYR6JOaxbAWgKGcR9TTTnLYSSUEEnDaD4dXEbz5QqVgc3elRQjsC+hELGQFtpK697wNPBoCPsR9Qnfc+CAH4EvsJ69pVp+bkwPPELUgVFWh07S+/F5NU0EgTDkq1XSfRnQykZoTTccVPFU2ADKFP24ZGIKjqZPkZY3xolB4OY2kq0jhXf29kIJQaicBMCtADNetNxP+8dqrD807GoiTVNCLTh8KUYx3jSSa4xyQlmo8MASKZ+SsmA5BAtEmuYkJwZ0+eJ95J7aLm3p5W6zdFGmW0hw7QEXLRGaqja9RAHiLoET2jV/RmPVkv1rv1MR0tWcXOLvoD6/MHqBeW6Q==</latexit><latexit sha1_base64="6nZN4EOEzus+HTWQhhOWrgYEJSM=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCyCIJREBPUgFLzorYKxhaaUyXbTLt1Nwu5GKKEnL/4VLx5UvPofvPlv3KY5aOuDYR7vzbA7L0g4U9pxvq3SwuLS8kp5tbK2vrG5ZW/v3Ks4lYR6JOaxbAWgKGcR9TTTnLYSSUEEnDaD4dXEbz5QqVgc3elRQjsC+hELGQFtpK697wNPBoCPsR9Qnfc+CAH4EvsJ69pVp+bkwPPELUgVFWh07S+/F5NU0EgTDkq1XSfRnQykZoTTccVPFU2ADKFP24ZGIKjqZPkZY3xolB4OY2kq0jhXf29kIJQaicBMCtADNetNxP+8dqrD807GoiTVNCLTh8KUYx3jSSa4xyQlmo8MASKZ+SsmA5BAtEmuYkJwZ0+eJ95J7aLm3p5W6zdFGmW0hw7QEXLRGaqja9RAHiLoET2jV/RmPVkv1rv1MR0tWcXOLvoD6/MHqBeW6Q==</latexit><latexit sha1_base64="6nZN4EOEzus+HTWQhhOWrgYEJSM=">AAACBXicbVBNS8NAEN3Ur1q/oh5FWCyCIJREBPUgFLzorYKxhaaUyXbTLt1Nwu5GKKEnL/4VLx5UvPofvPlv3KY5aOuDYR7vzbA7L0g4U9pxvq3SwuLS8kp5tbK2vrG5ZW/v3Ks4lYR6JOaxbAWgKGcR9TTTnLYSSUEEnDaD4dXEbz5QqVgc3elRQjsC+hELGQFtpK697wNPBoCPsR9Qnfc+CAH4EvsJ69pVp+bkwPPELUgVFWh07S+/F5NU0EgTDkq1XSfRnQykZoTTccVPFU2ADKFP24ZGIKjqZPkZY3xolB4OY2kq0jhXf29kIJQaicBMCtADNetNxP+8dqrD807GoiTVNCLTh8KUYx3jSSa4xyQlmo8MASKZ+SsmA5BAtEmuYkJwZ0+eJ95J7aLm3p5W6zdFGmW0hw7QEXLRGaqja9RAHiLoET2jV/RmPVkv1rv1MR0tWcXOLvoD6/MHqBeW6Q==</latexit> X

around edge

↵i = 2⇡

<latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="yXtCM7j+5NtEEWVWWQMvaIQdIh0=">AAACDnicbZC9jhMxFIXvBHYJISyBlsYiQqLZaCYNoVhpJRrKrMSQSJlo5PHcJFZsz8i+RkRRnoOGV6Gh2F1R0vE2OD8FJBzJ0qdzbF3fU9RKOorj31HjwcOz80fNx60n7acXzzrP259c5a3AVFSqsuOCO1TSYEqSFI5ri1wXCkfF8v02H31G62RlPtKqxqnmcyNnUnAKVt5JMud1nhF+oTW3lTclw3KOm0wv0ZrLZKB9xlW94LlkV6yf1TLvdONevBM7heQAXThomHd+ZWUlvEZDQnHnJklc0zRMIykUblqZd1hzseRznAQ0XKObrnerbdjr4JRsVtlwDLGd+/eLNdfOrXQRbmpOC3ecbc3/ZRNPs8F0LU3tCY3YD5p5xahi255YKS0KUqsAXFgZ/srEglsuKLTZCiUkxyufQtrvveslNzE04SW8gjeQwFu4hg8whBQEfIXvcAt30bfoR3S/b6sRHWp7Af8o+vkHzRifSw==</latexit><latexit sha1_base64="yXtCM7j+5NtEEWVWWQMvaIQdIh0=">AAACDnicbZC9jhMxFIXvBHYJISyBlsYiQqLZaCYNoVhpJRrKrMSQSJlo5PHcJFZsz8i+RkRRnoOGV6Gh2F1R0vE2OD8FJBzJ0qdzbF3fU9RKOorj31HjwcOz80fNx60n7acXzzrP259c5a3AVFSqsuOCO1TSYEqSFI5ri1wXCkfF8v02H31G62RlPtKqxqnmcyNnUnAKVt5JMud1nhF+oTW3lTclw3KOm0wv0ZrLZKB9xlW94LlkV6yf1TLvdONevBM7heQAXThomHd+ZWUlvEZDQnHnJklc0zRMIykUblqZd1hzseRznAQ0XKObrnerbdjr4JRsVtlwDLGd+/eLNdfOrXQRbmpOC3ecbc3/ZRNPs8F0LU3tCY3YD5p5xahi255YKS0KUqsAXFgZ/srEglsuKLTZCiUkxyufQtrvveslNzE04SW8gjeQwFu4hg8whBQEfIXvcAt30bfoR3S/b6sRHWp7Af8o+vkHzRifSw==</latexit><latexit sha1_base64="CSatNROiNDqLyAa214qmVTlV0H4=">AAACGXicbVA9SwNBEN3zM8avqKXNYhBsDHc2aiEINtpFMCrkwrG3N0mW7O4du7NiCPkdNv4VGwsVS638N25iCr8eDDzem2FmXlpIYTEMP4Kp6ZnZufnSQnlxaXlltbK2fmlzZzg0eC5zc50yC1JoaKBACdeFAaZSCVdp72TkX92AsSLXF9gvoKVYR4u24Ay9lFSi2DqVxAi3OGAmdzqjkHVgGKseGL0bHSgXM1l0WSLoEd2LC5FUqmEtHIP+JdGEVMkE9aTyFmc5dwo0csmsbUZhgS2/DQWXMCzHzkLBeI91oOmpZgpsazB+bUi3vZLRdm58aaRj9fvEgClr+yr1nYph1/72RuJ/XtNh+6A1ELpwCJp/LWo7STGno5xoJgxwlH1PGDfC30p5lxnG0adZ9iFEv1/+Sxp7tcNadB5Wj88maZTIJtkiOyQi++SYnJI6aRBO7sgDeSLPwX3wGLwEr1+tU8FkZoP8QPD+CbO1oNI=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit><latexit sha1_base64="Q6fGEqnprVcDifRl3VOzxsLdG/o=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EYyEINtopGBVy4djbmyRLdveO3VkxhPwOG/+KjYWKpVb+GzcxhV8PBh7vzTAzLy2ksBiGH8HE5NT0zOzcfGlhcWl5pby6dmlzZzjUeS5zc50yC1JoqKNACdeFAaZSCVdp93joX92AsSLXF9groKlYW4uW4Ay9lJSj2DqVxAi32GcmdzqjkLVhEKsuGL0T1ZSLmSw6LBH0kO7GhUjKlbAajkD/kmhMKmSMs6T8Fmc5dwo0csmsbURhgU2/DQWXMCjFzkLBeJe1oeGpZgpssz96bUC3vJLRVm58aaQj9ftEnylreyr1nYphx/72huJ/XsNhq9bsC104BM2/FrWcpJjTYU40EwY4yp4njBvhb6W8wwzj6NMs+RCi3y//JfXd6kE1Ot+rHJ2O05gjG2STbJOI7JMjckLOSJ1wckceyBN5Du6Dx+AleP1qnQjGM+vkB4L3T7T1oNY=</latexit>

↵i 2 (0,⇡)
<latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit><latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit><latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit><latexit sha1_base64="qJZmNdWzL2ZdQi6lNVx1xEoFkeQ=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRKkhJRFBvBS96q2BsoQlhst22SzebsLsRaij+FS8eVLz6Q7z5b9y2OWj1wcDjvRlm5kUpZ0o7zpdVWlhcWl4pr1bW1jc2t+ztnTuVZJJQjyQ8ke0IFOVMUE8zzWk7lRTiiNNWNLyc+K17KhVLxK0epTSIoS9YjxHQRgrtPR94OoCQYZ8JXHOO/ZQdhXbVqTtT4L/ELUgVFWiG9qffTUgWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr9GB8apYt7iTQlNJ6qPydyiJUaxZHpjEEP1Lw3Ef/zOpnunQc5E2mmqSCzRb2MY53gSRS4yyQlmo8MASKZuRWTAUgg2gRWMSG48y//Jd5J/aLu3pxWG9dFGmW0jw5QDbnoDDXQFWoiDxH0gJ7QC3q1Hq1n6816n7WWrGJmF/2C9fEN7UCTzQ==</latexit>

↵i 2 {0,⇡}
<latexit sha1_base64="uInBxQ5OIDxXy+I9pRlsZTG+H0s=">AAAB/nicbVBNS8NAEJ34WetXVPDiZbEIHqQkIqi3ghe9VTC20ISw2W7apZtN2N0IJfbgX/HiQcWrv8Ob/8Ztm4O2Phh4vDfDzLwo40xpx/m2FhaXlldWK2vV9Y3NrW17Z/depbkk1CMpT2U7wopyJqinmea0nUmKk4jTVjS4GvutByoVS8WdHmY0SHBPsJgRrI0U2vs+5lkfhwz5TCC/cE78jPmj0K45dWcCNE/cktSgRDO0v/xuSvKECk04VqrjOpkOCiw1I5yOqn6uaIbJAPdox1CBE6qCYnL/CB0ZpYviVJoSGk3U3xMFTpQaJpHpTLDuq1lvLP7ndXIdXwQFE1muqSDTRXHOkU7ROAzUZZISzYeGYCKZuRWRPpaYaBNZ1YTgzr48T7zT+mXdvT2rNW7KNCpwAIdwDC6cQwOuoQkeEHiEZ3iFN+vJerHerY9p64JVzuzBH1ifP1rQlUA=</latexit><latexit sha1_base64="uInBxQ5OIDxXy+I9pRlsZTG+H0s=">AAAB/nicbVBNS8NAEJ34WetXVPDiZbEIHqQkIqi3ghe9VTC20ISw2W7apZtN2N0IJfbgX/HiQcWrv8Ob/8Ztm4O2Phh4vDfDzLwo40xpx/m2FhaXlldWK2vV9Y3NrW17Z/depbkk1CMpT2U7wopyJqinmea0nUmKk4jTVjS4GvutByoVS8WdHmY0SHBPsJgRrI0U2vs+5lkfhwz5TCC/cE78jPmj0K45dWcCNE/cktSgRDO0v/xuSvKECk04VqrjOpkOCiw1I5yOqn6uaIbJAPdox1CBE6qCYnL/CB0ZpYviVJoSGk3U3xMFTpQaJpHpTLDuq1lvLP7ndXIdXwQFE1muqSDTRXHOkU7ROAzUZZISzYeGYCKZuRWRPpaYaBNZ1YTgzr48T7zT+mXdvT2rNW7KNCpwAIdwDC6cQwOuoQkeEHiEZ3iFN+vJerHerY9p64JVzuzBH1ifP1rQlUA=</latexit><latexit sha1_base64="uInBxQ5OIDxXy+I9pRlsZTG+H0s=">AAAB/nicbVBNS8NAEJ34WetXVPDiZbEIHqQkIqi3ghe9VTC20ISw2W7apZtN2N0IJfbgX/HiQcWrv8Ob/8Ztm4O2Phh4vDfDzLwo40xpx/m2FhaXlldWK2vV9Y3NrW17Z/depbkk1CMpT2U7wopyJqinmea0nUmKk4jTVjS4GvutByoVS8WdHmY0SHBPsJgRrI0U2vs+5lkfhwz5TCC/cE78jPmj0K45dWcCNE/cktSgRDO0v/xuSvKECk04VqrjOpkOCiw1I5yOqn6uaIbJAPdox1CBE6qCYnL/CB0ZpYviVJoSGk3U3xMFTpQaJpHpTLDuq1lvLP7ndXIdXwQFE1muqSDTRXHOkU7ROAzUZZISzYeGYCKZuRWRPpaYaBNZ1YTgzr48T7zT+mXdvT2rNW7KNCpwAIdwDC6cQwOuoQkeEHiEZ3iFN+vJerHerY9p64JVzuzBH1ifP1rQlUA=</latexit><latexit sha1_base64="uInBxQ5OIDxXy+I9pRlsZTG+H0s=">AAAB/nicbVBNS8NAEJ34WetXVPDiZbEIHqQkIqi3ghe9VTC20ISw2W7apZtN2N0IJfbgX/HiQcWrv8Ob/8Ztm4O2Phh4vDfDzLwo40xpx/m2FhaXlldWK2vV9Y3NrW17Z/depbkk1CMpT2U7wopyJqinmea0nUmKk4jTVjS4GvutByoVS8WdHmY0SHBPsJgRrI0U2vs+5lkfhwz5TCC/cE78jPmj0K45dWcCNE/cktSgRDO0v/xuSvKECk04VqrjOpkOCiw1I5yOqn6uaIbJAPdox1CBE6qCYnL/CB0ZpYviVJoSGk3U3xMFTpQaJpHpTLDuq1lvLP7ndXIdXwQFE1muqSDTRXHOkU7ROAzUZZISzYeGYCKZuRWRPpaYaBNZ1YTgzr48T7zT+mXdvT2rNW7KNCpwAIdwDC6cQwOuoQkeEHiEZ3iFN+vJerHerY9p64JVzuzBH1ifP1rQlUA=</latexit>

strict angle structure if:

transverse taut angle structure if:

coorientations on faces and



Veering structure

taut angle structure, and: 

Each tetrahedron colours 
its 0 angle edges red or blue. 
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Each tetrahedron colours 
its 0 angle edges red or blue. 
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These colours must be 
consistent for all tetrahedra 
incident to the edge.
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(Agol 2010) Let M be a surface bundle with pseudo-
Anosov monodromy    . The result of drilling out singular 
orbits admits a veering triangulation canonically 
associated to    .

pseudo-Anosov 
surface bundle

triangulation 
w/ veering 
structure9

<latexit sha1_base64="9srIVvczysuTWKELHBvlq68kYgE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3qrYGyhDWWznbRLN5uwuxFL6I/w4kHFq//Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoeuq3HlFpnsh7M04xiOlA8ogzaqzU6uKT3aF71Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBte54bmqCnCrDmcBJpZtpTCkb0QF2LJU0Rh3ks3Mn5MQqfRIlypY0ZKb+nshprPU4Dm1nTM1QL3pT8T+vk5noMsi5TDODks0XRZkgJiHT30mfK2RGjC2hTHF7K2FDqigzNqGKDcFbfHmZ+Gf1q7p3d15r3BZplOEIjuEUPLiABtxAE3xgMIJneIU3J3VenHfnY95acoqZQ/gD5/MHCpePlw==</latexit><latexit sha1_base64="9srIVvczysuTWKELHBvlq68kYgE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3qrYGyhDWWznbRLN5uwuxFL6I/w4kHFq//Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoeuq3HlFpnsh7M04xiOlA8ogzaqzU6uKT3aF71Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBte54bmqCnCrDmcBJpZtpTCkb0QF2LJU0Rh3ks3Mn5MQqfRIlypY0ZKb+nshprPU4Dm1nTM1QL3pT8T+vk5noMsi5TDODks0XRZkgJiHT30mfK2RGjC2hTHF7K2FDqigzNqGKDcFbfHmZ+Gf1q7p3d15r3BZplOEIjuEUPLiABtxAE3xgMIJneIU3J3VenHfnY95acoqZQ/gD5/MHCpePlw==</latexit><latexit sha1_base64="9srIVvczysuTWKELHBvlq68kYgE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3qrYGyhDWWznbRLN5uwuxFL6I/w4kHFq//Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoeuq3HlFpnsh7M04xiOlA8ogzaqzU6uKT3aF71Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBte54bmqCnCrDmcBJpZtpTCkb0QF2LJU0Rh3ks3Mn5MQqfRIlypY0ZKb+nshprPU4Dm1nTM1QL3pT8T+vk5noMsi5TDODks0XRZkgJiHT30mfK2RGjC2hTHF7K2FDqigzNqGKDcFbfHmZ+Gf1q7p3d15r3BZplOEIjuEUPLiABtxAE3xgMIJneIU3J3VenHfnY95acoqZQ/gD5/MHCpePlw==</latexit><latexit sha1_base64="9srIVvczysuTWKELHBvlq68kYgE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3qrYGyhDWWznbRLN5uwuxFL6I/w4kHFq//Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hoeuq3HlFpnsh7M04xiOlA8ogzaqzU6uKT3aF71Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBte54bmqCnCrDmcBJpZtpTCkb0QF2LJU0Rh3ks3Mn5MQqfRIlypY0ZKb+nshprPU4Dm1nTM1QL3pT8T+vk5noMsi5TDODks0XRZkgJiHT30mfK2RGjC2hTHF7K2FDqigzNqGKDcFbfHmZ+Gf1q7p3d15r3BZplOEIjuEUPLiABtxAE3xgMIJneIU3J3VenHfnY95acoqZQ/gD5/MHCpePlw==</latexit> canonical

(Agol)

'
<latexit sha1_base64="xqr+w8GQVdOWSGRT66cJwkTABi8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXvRWwbWFdinZNNuGZrMhyRbK0h/hxYOKV/+PN/+NabsHbX0w8Hhvhpl5kRLcWM/7RqW19Y3NrfJ2ZWd3b/+genj0ZNJMUxbQVKS6HRHDBJcssNwK1laakSQSrBWNbmd+a8y04al8tBPFwoQMJI85JdZJre6YaDXkvWrNq3tz4FXiF6QGBZq96le3n9IsYdJSQYzp+J6yYU605VSwaaWbGaYIHZEB6zgqScJMmM/PneIzp/RxnGpX0uK5+nsiJ4kxkyRynQmxQ7PszcT/vE5m4+sw51Jllkm6WBRnAtsUz37Hfa4ZtWLiCKGau1sxHRJNqHUJVVwI/vLLqyS4qN/U/YfLWuO+SKMMJ3AK5+DDFTTgDpoQAIURPMMrvCGFXtA7+li0llAxcwx/gD5/AOlIj4E=</latexit><latexit sha1_base64="xqr+w8GQVdOWSGRT66cJwkTABi8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXvRWwbWFdinZNNuGZrMhyRbK0h/hxYOKV/+PN/+NabsHbX0w8Hhvhpl5kRLcWM/7RqW19Y3NrfJ2ZWd3b/+genj0ZNJMUxbQVKS6HRHDBJcssNwK1laakSQSrBWNbmd+a8y04al8tBPFwoQMJI85JdZJre6YaDXkvWrNq3tz4FXiF6QGBZq96le3n9IsYdJSQYzp+J6yYU605VSwaaWbGaYIHZEB6zgqScJMmM/PneIzp/RxnGpX0uK5+nsiJ4kxkyRynQmxQ7PszcT/vE5m4+sw51Jllkm6WBRnAtsUz37Hfa4ZtWLiCKGau1sxHRJNqHUJVVwI/vLLqyS4qN/U/YfLWuO+SKMMJ3AK5+DDFTTgDpoQAIURPMMrvCGFXtA7+li0llAxcwx/gD5/AOlIj4E=</latexit><latexit sha1_base64="xqr+w8GQVdOWSGRT66cJwkTABi8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXvRWwbWFdinZNNuGZrMhyRbK0h/hxYOKV/+PN/+NabsHbX0w8Hhvhpl5kRLcWM/7RqW19Y3NrfJ2ZWd3b/+genj0ZNJMUxbQVKS6HRHDBJcssNwK1laakSQSrBWNbmd+a8y04al8tBPFwoQMJI85JdZJre6YaDXkvWrNq3tz4FXiF6QGBZq96le3n9IsYdJSQYzp+J6yYU605VSwaaWbGaYIHZEB6zgqScJMmM/PneIzp/RxnGpX0uK5+nsiJ4kxkyRynQmxQ7PszcT/vE5m4+sw51Jllkm6WBRnAtsUz37Hfa4ZtWLiCKGau1sxHRJNqHUJVVwI/vLLqyS4qN/U/YfLWuO+SKMMJ3AK5+DDFTTgDpoQAIURPMMrvCGFXtA7+li0llAxcwx/gD5/AOlIj4E=</latexit><latexit sha1_base64="xqr+w8GQVdOWSGRT66cJwkTABi8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXvRWwbWFdinZNNuGZrMhyRbK0h/hxYOKV/+PN/+NabsHbX0w8Hhvhpl5kRLcWM/7RqW19Y3NrfJ2ZWd3b/+genj0ZNJMUxbQVKS6HRHDBJcssNwK1laakSQSrBWNbmd+a8y04al8tBPFwoQMJI85JdZJre6YaDXkvWrNq3tz4FXiF6QGBZq96le3n9IsYdJSQYzp+J6yYU605VSwaaWbGaYIHZEB6zgqScJMmM/PneIzp/RxnGpX0uK5+nsiJ4kxkyRynQmxQ7PszcT/vE5m4+sw51Jllkm6WBRnAtsUz37Hfa4ZtWLiCKGau1sxHRJNqHUJVVwI/vLLqyS4qN/U/YfLWuO+SKMMJ3AK5+DDFTTgDpoQAIURPMMrvCGFXtA7+li0llAxcwx/gD5/AOlIj4E=</latexit>

'
<latexit sha1_base64="xqr+w8GQVdOWSGRT66cJwkTABi8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXvRWwbWFdinZNNuGZrMhyRbK0h/hxYOKV/+PN/+NabsHbX0w8Hhvhpl5kRLcWM/7RqW19Y3NrfJ2ZWd3b/+genj0ZNJMUxbQVKS6HRHDBJcssNwK1laakSQSrBWNbmd+a8y04al8tBPFwoQMJI85JdZJre6YaDXkvWrNq3tz4FXiF6QGBZq96le3n9IsYdJSQYzp+J6yYU605VSwaaWbGaYIHZEB6zgqScJMmM/PneIzp/RxnGpX0uK5+nsiJ4kxkyRynQmxQ7PszcT/vE5m4+sw51Jllkm6WBRnAtsUz37Hfa4ZtWLiCKGau1sxHRJNqHUJVVwI/vLLqyS4qN/U/YfLWuO+SKMMJ3AK5+DDFTTgDpoQAIURPMMrvCGFXtA7+li0llAxcwx/gD5/AOlIj4E=</latexit><latexit sha1_base64="xqr+w8GQVdOWSGRT66cJwkTABi8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXvRWwbWFdinZNNuGZrMhyRbK0h/hxYOKV/+PN/+NabsHbX0w8Hhvhpl5kRLcWM/7RqW19Y3NrfJ2ZWd3b/+genj0ZNJMUxbQVKS6HRHDBJcssNwK1laakSQSrBWNbmd+a8y04al8tBPFwoQMJI85JdZJre6YaDXkvWrNq3tz4FXiF6QGBZq96le3n9IsYdJSQYzp+J6yYU605VSwaaWbGaYIHZEB6zgqScJMmM/PneIzp/RxnGpX0uK5+nsiJ4kxkyRynQmxQ7PszcT/vE5m4+sw51Jllkm6WBRnAtsUz37Hfa4ZtWLiCKGau1sxHRJNqHUJVVwI/vLLqyS4qN/U/YfLWuO+SKMMJ3AK5+DDFTTgDpoQAIURPMMrvCGFXtA7+li0llAxcwx/gD5/AOlIj4E=</latexit><latexit sha1_base64="xqr+w8GQVdOWSGRT66cJwkTABi8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXvRWwbWFdinZNNuGZrMhyRbK0h/hxYOKV/+PN/+NabsHbX0w8Hhvhpl5kRLcWM/7RqW19Y3NrfJ2ZWd3b/+genj0ZNJMUxbQVKS6HRHDBJcssNwK1laakSQSrBWNbmd+a8y04al8tBPFwoQMJI85JdZJre6YaDXkvWrNq3tz4FXiF6QGBZq96le3n9IsYdJSQYzp+J6yYU605VSwaaWbGaYIHZEB6zgqScJMmM/PneIzp/RxnGpX0uK5+nsiJ4kxkyRynQmxQ7PszcT/vE5m4+sw51Jllkm6WBRnAtsUz37Hfa4ZtWLiCKGau1sxHRJNqHUJVVwI/vLLqyS4qN/U/YfLWuO+SKMMJ3AK5+DDFTTgDpoQAIURPMMrvCGFXtA7+li0llAxcwx/gD5/AOlIj4E=</latexit><latexit sha1_base64="xqr+w8GQVdOWSGRT66cJwkTABi8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN4KXvRWwbWFdinZNNuGZrMhyRbK0h/hxYOKV/+PN/+NabsHbX0w8Hhvhpl5kRLcWM/7RqW19Y3NrfJ2ZWd3b/+genj0ZNJMUxbQVKS6HRHDBJcssNwK1laakSQSrBWNbmd+a8y04al8tBPFwoQMJI85JdZJre6YaDXkvWrNq3tz4FXiF6QGBZq96le3n9IsYdJSQYzp+J6yYU605VSwaaWbGaYIHZEB6zgqScJMmM/PneIzp/RxnGpX0uK5+nsiJ4kxkyRynQmxQ7PszcT/vE5m4+sw51Jllkm6WBRnAtsUz37Hfa4ZtWLiCKGau1sxHRJNqHUJVVwI/vLLqyS4qN/U/YfLWuO+SKMMJ3AK5+DDFTTgDpoQAIURPMMrvCGFXtA7+li0llAxcwx/gD5/AOlIj4E=</latexit>



(Hodgson-Rubinstein-S-Tillmann 2011) Triangulations 
with veering structures admit strict angle structures. (Also 
found non-fibered examples by computer search.)

pseudo-Anosov 
surface bundle

triangulation 
w/ veering 
structure9
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(Agol) strict angle 
structure

(Hodgson- 
Rubinstein- 
S-Tillmann)

(Futer- 
Guéritaud)

(Futer-Guéritaud 2013) Give explicit strict angle 
structures for triangulations admitting veering structures.
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w/ veering 
structure9
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(Agol) strict angle 
structure

manifold is 
hyperbolic

(Hodgson- 
Rubinstein- 
S-Tillmann)

(Futer- 
Guéritaud)

(Casson, Rivin)

(Hodgson-Rubinstein-S-Tillmann 2011) Triangulations 
with veering structures admit strict angle structures. (Also 
found non-fibered examples by computer search.)

(Futer-Guéritaud 2013) Give explicit strict angle 
structures for triangulations admitting veering structures.
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surface bundle

triangulation 
w/ veering 
structure9
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(Agol) strict angle 
structure

manifold is 
hyperbolic

(Hodgson- 
Rubinstein- 
S-Tillmann)

(Futer- 
Guéritaud)

(Casson, Rivin)

geometric 
triangulation (Thurston)

(Hodgson-Rubinstein-S-Tillmann 2011) Triangulations 
with veering structures admit strict angle structures. (Also 
found non-fibered examples by computer search.)

(Futer-Guéritaud 2013) Give explicit strict angle 
structures for triangulations admitting veering structures.



(Issa-Hodgson-S 2016) There are non-geometric 
triangulations with veering structures.

pseudo-Anosov 
surface bundle

triangulation 
w/ veering 
structure9
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(Agol) strict angle 
structure

manifold is 
hyperbolic

(Hodgson- 
Rubinstein- 
S-Tillmann)

(Futer- 
Guéritaud)

(Casson, Rivin)

geometric 
triangulation (Thurston)

(Issa- 
Hodgson- 

S)



(Agol-Guéritaud, unpublished) Extend the construction 
to manifolds with pseudo-Anosov flows.

pseudo-Anosov 
surface bundle

manifold with 
pseudo-Anosov 

flow*

triangulation 
w/ veering 
structure9
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(Schleimer-S, work in progress) Prove the converse.



(Agol-Guéritaud, unpublished) Extend the construction 
to manifolds with pseudo-Anosov flows.
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(Schleimer-S)

strict angle 
structure

manifold is 
hyperbolic

(Hodgson- 
Rubinstein- 
S-Tillmann)

(Futer- 
Guéritaud)

(Casson, Rivin)

geometric 
triangulation (Thurston)

(Issa- 
Hodgson- 

S)

(Schleimer-S, work in progress) Prove the converse.

* pseudo-Anosov flows live on closed manifolds so we need to fill. Also Agol-Guéritaud use the analytic version of a pseudo-Anosov flow, while we use a topological version. These are conjectured to be equivalent.
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(Schleimer-S)

strict angle 
structure

manifold is 
hyperbolic

(Hodgson- 
Rubinstein- 
S-Tillmann)

(Futer- 
Guéritaud)

(Casson, Rivin)

geometric 
triangulation (Thurston)

(Issa- 
Hodgson- 

S)

(Other work on veering structures by Landry, Minksy, Sakata, Taylor, Worden…) 

(Schleimer-S, work in progress) Prove the converse.

(Agol-Guéritaud, unpublished) Extend the construction 
to manifolds with pseudo-Anosov flows.

* pseudo-Anosov flows live on closed manifolds so we need to fill. Also Agol-Guéritaud use the analytic version of a pseudo-Anosov flow, while we use a topological version. These are conjectured to be equivalent.



How common are veering structures?

Of the 4,815 orientable triangulations in the SnapPea 
census (up to 7 tetrahedra): 

All are geometric so all have strict angle structures 
There are 13,599 taut angle structures 
There are 158 veering structures (on 151 triangulations) 

So on this non-random sample, approx 1.1% of 
triangulations admit veering structures. 
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How common are veering structures?
Another way to sample triangulations: explore the 
Pachner graph of triangulations of a manifold.

2-3 move

3-2 move

(Matveev (1987), Piergallini 
(1988)) The Pachner graph is 
connected under 2-3 and 3-2 
moves.

In the “ceiling 10” subgraph of the Pachner graph for the figure 8 
knot complement:

triangulations 19,470,660 100%
admit a taut angle structure 799,358 4.1%
admit a strict angle structure 2,621 0.013%
admit a veering structure 1 0.0000051%



Conjecture:  
Each manifold admits a finite 
number of veering structures. 
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Another approach to finding 
veering structures

Generate all (transverse) veering triangulations with up to n 
tetrahedra directly. (Work with Masters student Andreas 
Giannopolous.)

Theorem (Schleimer, S): A manifold with a veering 
triangulation admits a canonical decomposition into veering 
ideal solid tori.

We use the following result to reduce the search space:















Solid tori glue to each other 
along rhombuses on their 
boundaries, matching edge 
colours. 

To build our census of 
transverse veering 
structures, we try all such 
gluings. 

We get a transverse veering 
structure if the total angle at 
each edge is     .  2π



Transverse taut veering structures
#tetrahedra #veering


structs
#duplicate

triangs

#non geom

triangs

#non layered

structs

fraction non

layered

2 2 0 0 0 0.000
3 3 0 0 0 0.000
4 12 0 0 0 0.000
5 20 0 0 4 0.200
6 50 0 0 13 0.260
7 85 1 0 24 0.282
8 205 6 0 61 0.298
9 356 2 1 120 0.337

10 750 10 3 255 0.340
11 1358 2 9 492 0.362
12 2871 12 22 1035 0.361
13 5332 10 52 2075 0.389
14 10986 35 110 4269 0.389
15 21290 32 234 8788 0.413



Transverse taut veering structures

5 10 15
num tetrahedra

2

4

6

8

10

Log (numveering structures)

The number of veering structures approximately doubles 
every time we increase the number of tetrahedra by one.
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Layers and continents in 
the universal cover

Taut ideal tetrahedra layer to make 
larger taut ideal polyhedra: 
continents.

This gives a circular order to the 
vertices of the tetrahedra.

Theorem (Schleimer, S): A 
veering triangulation admits a 
unique circular order on the 
vertices of the universal cover.

Figure by Roice Nelson



Picture of Dehn surgery space (generated with SnapPy)

Example There are two 
taut angle structures on 
the canonical triangulation 
of the figure 8 knot 
complement that admit 
uncountably many circular 
orders on the vertices of 
the universal cover.

Theorem (Schleimer, S): A 
veering triangulation admits a 
unique circular order on the 
vertices of the universal cover.

Figure by Roice Nelson



Dynamic pairs and topological 
pseudo-Anosov flows

veering 
structure

dynamic 
pair(Schleimer, S)

canonical



(Mosher)

Dynamic pairs and topological 
pseudo-Anosov flows

veering 
structure

filling slope 
(avoiding finite 

number of lines)

topological 
pseudo-

Anosov flow

dynamic 
pair(Schleimer, S)

canonical

+ }



(Mosher)

Dynamic pairs and topological 
pseudo-Anosov flows

veering 
structure

filling slope 
(avoiding finite 

number of lines)

topological 
pseudo-

Anosov flow

dynamic 
pair

no perfect fits

with

(Schleimer, S)

(Schleimer, S)

canonical

+

+
(avoiding a few 

more lines)

}



A dynamic pair is a “well arranged” 
pair of a stable branched surface and 

an unstable branched surface

These carry stable and 
unstable laminations 
which “expand” and 

“contract” as we flow up.



A dynamic pair is a “well arranged” 
pair of a stable branched surface and 

an unstable branched surface

These carry stable and 
unstable laminations 
which “expand” and 

“contract” as we flow up.

Each vertex of the stable branched 
surface sits on the lower edge of a 

veering tetrahedron. 
Each vertex of the unstable branched 
surface sits on the upper edge of a 

veering tetrahedron.



=

So the veering triangulation tells us where to put 
the branched surfaces…

But we need more for a dynamic pair:  

1) The branched surfaces should be transverse.  
(At the moment they coincide in some tetrahedra!)



2) The complementary components 
to the stable and unstable branched 
surfaces should be dynamic torus 
shells and pinched tetrahedra.



2) The complementary components 
to the stable and unstable branched 
surfaces should be dynamic torus 
shells and pinched tetrahedra.
3) … 
4) …



Ex: the 
figure 8 knot 
complement

Pushing the branched 
surfaces off of each other 
works in some cases…



…but fails catastrophically 
in general.

Ex: the 
figure 8 knot 

sister

Pushing the branched 
surfaces off of each other 
works in some cases…
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We have to very 
delicately split the 
branched surfaces in 
each veering solid 
torus to get a 
dynamic pair.



Thanks!

A leaf carried by the stable branched surface for the veering triangulation of the figure 8 
knot complement. The leaf is decomposed into sectors, and then into normal disks. 


