SMOOTH COMPONENTS OF SPRINGER FIBERS

WILLIAM GRAHAM AND R. ZIERAU

ABSTRACT. This article studies components of Springer fibers for gl(n) that are
associated to closed orbits of GL(p) x GL(q) on the flag variety of GL(n), n =p+gq.
These components occur in any Springer fiber. We show that, in contrast to the case
for arbitrary components, these components are smooth varieties, and are invariant
under a maximal torus of GL(n). This is done by using results of Barchini and
Zierau ([3]) to give a precise description of these components as iterated bundles.
This description implies that such a component is a fiber bundle over a generalized
flag variety for a smaller general linear group, with fibers isomorphic to a component
of the Springer fiber for a (different) smaller general linear group. We prove that if £
is a line bundle on the flag variety associated to a dominant weight, then the higher
cohomology groups of the restriction of £ to these components vanish. We derive
some consequences of localization theorems in equivariant cohomology and K-theory,
applied to these components. In the appendix we identify the tableaux corresponding
to these components, under the bijective correspondence between components of
Springer fibers for GL(n) and standard tableaux.

INTRODUCTION

Let G be a complex reductive algebraic group with flag variety 8. The moment map
w:T*B — g* is called the Springer resolution. If we identify g* with g by using a
nondegenerate G-invariant bilinear form, then the image of u is the nilpotent cone in
g, and the Springer fibers are the inverse images of nilpotent elements of g. A Springer
fiber u~!(X) can be identified with its image under the projection 7*% — 9. This
image is the set of Borel subalgebras of g that contain X, or equivalently, the set B"
of points in B fixed by the unipotent element u = exp X.

In the classic papers [26] and [27], Springer constructed a representation of the Weyl
group W on the top degree homology of a Springer fiber. Subsequently, the Springer
fibers and these Springer representations have played an important role in several areas
in representation theory. Nevertheless, the geometry of the Springer fibers is still
not well-understood. The fixed point scheme 6° of a semisimple element s € G is
smooth ([20]) and stable under the action of a maximal torus of G. In contrast, the
Springer fibers 8% are almost always singular. Indeed, they must be singular because
the different irreducible components of B* often intersect. The individual components
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of B* can be singular as well. Moreover, the components are not in general stable
under the action of a maximal torus of G. These facts all complicate the study of the
Springer fibers.

In this paper, building on the work of Barchini and Zierau ([3]), we study certain
components of Springer fibers in case G = GL(n). As above, we view the Springer
fiber as a subscheme of the flag variety 8. Our main result is that these components
are isomorphic to iterated fiber bundles constructed using subgroups of G. Thus, in
contrast to the general case, these components are smooth and stable under the action
of a maximal torus H of G. Using this description of the components, we calculate Betti
numbers, we obtain a character formula related to associated cycles of discrete series
representations, and we express the (equivariant) cohomology and K-theory classes
defined by the components in terms of Schubert bases.

We now describe our results in more detail. Let (G, K) denote the pair of groups
(G,K) = (GL(n),GL(p) x GL(q)), p+ q¢ = n. The group K acts with finitely many
orbits on B. Fix a closed K-orbit Q. Note that Q is isomorphic to the flag variety for
K. Let v : T5% — g denote the restriction of u to the conormal bundle T5%. The
image v(75B) is the closure of a single K-orbit K - f; f is called generic. The inverse
image 7' (f) is a single component of the Springer fiber x~!(f). We say that such a
component is associated to the closed K-orbit Q. We view the component vél( f)asa
subvariety of B; in fact, vél(f) Cc 9 CB.

In [3], the authors define a sequence of pairs (Go,Ko) = (G,K) D (G1,K1) D
oo D (Gmy Kp), where (G, K;) is a pair of the same type as (G, K). They define
elements f; € g; = Lie G; so that f = ) f; is generic. They also define parabolic
subgroups @; = L;U; C HK;, where H is the diagonal torus. The main results of [3]
(see Proposition 1.8 below) imply that

0 (f) =Qm - Q1Qo-b =Ly L1Ly-b C G/B, (1)

where B is a Borel subgroup of GG, chosen so that the orbit Qis K-b. Let R; = Q;NQ;—1
and define
Xm:Qm X Qm—l X e X Ql X Qo/Ro;
Rm Ry Ry

m—1

X, is a bundle over @,,/R,, with fibers isomorphic to X,,—1. Equation (1) implies
that the map F : X,, — yél(f) defined by F([¢m,qm—1s---590]) = Gm---q1qo - b is
surjective. The main result of this paper (Theorem 2.20) is that F' is an isomorphism
of algebraic varieties. This theorem implies that the component ’yél( f) is a fiber bundle
over @, /Ry, which is a generalized flag variety for a product of general linear groups,
with fiber isomorphic to a component of the same type for a smaller pair (G’, K’)
(Corollary 2.35).

The description of ’yél( f) as an iterated bundle has a number of applications. It
implies that ’yél( f) is smooth and H-invariant, and makes it easy to calculate the Betti
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numbers of yél( f) (see Remark 2.38). Using our description of yél( f) we determine
the H-fixed points (Proposition 4.1), and also the weights of H acting on the tangent
spaces at these points (Corollary 4.4). This makes it possible to apply localization
theorems in equivariant K-theory and Borel-Moore homology. Using these theorems
we obtain a formula for the character of H acting on zi(—l)iHi(’yél(f), (’)ﬁ/;m (1)),

where Owél ) (1) is an invertible sheaf on ’yél( f) corresponding to the weight 7 of
H (Theorem 4.6). This formula is of interest because of a result of J.-T. Chang [6],
which states that the dimension of H 0(751( 1), (9@1( f) (7)) is the multiplicity of K - f

in the associated cycle of a discrete series representation of U(p,q). If 7 is sufficiently
dominant, the higher cohomology groups vanish, so our formula gives the character of
H 0(751( f ),(9,@1 ) (1)). As another application of our results and localization theo-

rems, we obtain formulas expressing the classes defined by yél( f) in equivariant co-
homology and K-theory in terms of Schubert bases (Theorems 4.8 and 4.9). These
formulas imply corresponding non-equivariant formulas, answering (for these compo-
nents) a question raised by T. A. Springer ([28]), and answered in some special cases
by J. Giiemes ([18]).

Typically one wants to understand the components in some Springer fiber u~'(f).
In the approach taken here (and in [3]) the ‘f’ is a moving target. However, it is readily
seen that often two closed orbits @ and Q' give generic elements f and f’ in the same
nilpotent G-orbit. When this occurs, by translating by some g € G, the components
’yél( f) and ’yé,l( /') may be identified with components in a single Springer fiber. The
purpose of the appendix is to label the components studied in this article in terms of
the usual parametrization of components. This will therefore identify the components
of any Springer fiber that are of the form yél( f) (under the above identification) for
some closed Q and generic f. Recall that the nilpotent orbits in gl(n) are parametrized
by partitions of n. If f is in the orbit corresponding to the partition A, the components
of the Springer fiber ;1 ~!(f) are parametrized by the set of standard tableaux on the
shape of A; see [25] and [29]. In the appendix, we describe the standard tableaux
corresponding to the components we consider in this paper. In fact, the Springer fiber
corresponding to any nilpotent orbit contains components of the type considered in
this article.

Results about the smoothness of components of Springer fibers appear in the litera-
ture. An example of a nonsmooth component of a Springer fiber in s[(6) is given in [31].
More recently L. Fresse ([10]) has determined exactly which components are smooth
for Springer fibers of nilpotents in gl(n) having tableau with exactly two columuns.
Springer fibers of nilpotent elements in gl(n) have been studied by F. Fung ([12]) in
the case where the Young diagram of f is either of hook shape or has two rows. He
shows that the components are iterated bundles and he computes the Betti numbers of
components in these cases. Combinatorial formulas for Betti numbers of Springer fibers
are contained in the work of G. Lusztig (see for example [23]). A direct computation
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for gl(n) is given in [9]. Note that our formulas are for Betti numbers of individual
components. Some of our applications of our main result use a description of H-fixed
points (Prop. 4.1); fixed points are determined in some special cases in [11]. The
components of Springer fibers associated to closed K-orbits in 28 have been studied
for other classical groups by Barchini and Zierau, and they have obtained descriptions
that are similar to that in the case of (G, K) = (GL(n),GL(p) x GL(q)), p+q = n. We
believe that these descriptions imply that in the other classical cases these components
are again isomorphic to iterated bundles. This will be pursued elsewhere.

Notation. We work over the field of complex numbers. We fix once and for all the
pair of complex groups

(G, K) = (GL(n),GL(p) x GL(q)), p+q =n.

Then K is the fixed point group of the involution © given by conjugation by the matrix
I, , = diag(Ip, I,;). The decomposition of g into +1-eigenspaces is written as g = €@ p.

The diagonal Cartan subgroup is denoted by H. As is customary we denote the Lie
algebras of G, K, H, etc. by g, b, etc. The root system A(bh,g) is {e; —€; : i # j},
where €, € h* is defined by e (diag(z1,...,2,)) = 2zx. We will consider many positive
systems for A(h,g). However, we fix once and for all the following system of positive
roots of h in &

Af={a-¢:1<i<j<porp+1<i<j<n}

For each root ¢; — ¢, we let X; ; be the root vector equal to the matrix with a one in
the (i,7) entry and zeros elsewhere. If L is a reductive subgroup of K containing the
Cartan subgroup H, then the Weyl group is denoted by W (L).

1. PRELIMINARIES

A detailed description of the components of the Springer fibers associated to closed
K-orbits in B is given in [3]. Since this description plays a key role in the results of
this article, we begin by carefully describing certain statements in [3]. Then we will
give some consequences of these statements that will be needed later in the article.

1.1. Components associated to closed K-orbits. The closed K-orbits in 9B are
in one-to-one correspondence with positive systems AT C A(h,g) that contain Af.
Such a one-to-one correspondence is given by associating to A' the Borel subalgebra
b=b+n",n" =3 A+ g(_a). Then Q = K - b is the corresponding closed K-orbit
in 8.

Let us fix a positive system AT containing A}, thus fixing a corresponding closed
K-orbit Q = K -b. As described in [3, Section 2], the restriction of the moment
map p : T*B — g* to the conormal bundle 738 may be identified with a map 7o :
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K x (n~Np)— Ny, where Ny is the variety of nilpotent elements of g contained in
BNK

p. The map g is given by the formula
Yok, Y) =k-Y (:= Ad(k)(Y)).

It is a well-known fact that the image of yg is the closure of a single K-orbit in Nj.
An element f of n= Np is said to be generic in n~ Np when vo(T5B) = K - f.

Our first goal is to describe a particular generic element f in n~ Np. Note that each
positive system A% containing A} is defined by a A-regular, AT-dominant A € h*
by AT = {a : (a,\) > 0}. The notation A = (A1,...,\,) is used for A = > \je;.
We build f from A inductively; first fy is specified (as a sum of certain root vectors)
and a subgroup G; (a lower rank general linear group) of G is determined. Then
f1 is chosen in g; and a subgroup G2 of Gi is given by the same procedure. One
continues, obtaining fy, f1,..., fm—1; then f = fo+--- + fin—1 is our generic element.
The inductive procedure is easily described by forming an ‘array’ from A. This array
consists of two rows of numbered dots and is constructed as follows. If the greatest
coordinate of A is among the first p coordinates then place the first dot in the upper
row, otherwise place it in the lower row. Working from left to right, place the next dot
in the upper row if the next greatest coordinate of A is among the first p coordinates
and in the lower row otherwise. Continue in this manner. The j* dot (counting from
the left) is in the upper row exactly when the j** greatest coordinate of ) is among
the first p coordinates. Now number the dots in the upper row with 1,2,...,p and
those in the lower row by p+1,p+2,...,p+ ¢ = n. For example, if (G, K) is the pair
(GL(7),GL(4) x GL(3)) and A = (7,6,4,3,5,2,1), then the array is

® -
LN
oW
LN

5 6 T
We define a block in the array to be a set of dots in the array that is maximal with

respect to the properties (i) all dots lie in the same row and (ii) the dots are consecutive.
In the example the blocks are {1,2},{5},{3,4} and {6, 7}.

Suppose that our array has N blocks. Define ji,...,j5 € {1,2,...,n} so that j; is
the label of the dot farthest to the right in the i*" block. Set

Note that fo € n~ Np. (Each Xj,, j, is noncompact since blocks alternate between
lying in the upper and lower rows. Each root €;,,, — €;, is negative since j;11 is to the
right of j;, so Aj,,, < Xj,.) We call ji,...,jn the first string through the array. It

Ji+1
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is useful to express this by connecting the dots labelled by each pair j;, j;+1. In the
example the first string is 2, 5,4, 7, which is depicted by

1 2 3 4
5 6 7

and
fo=X74+ X455+ X520

To complete the description of the generic element f in n~Np we introduce a subgroup
G1 of G. Let
Vo =spangie;, :i=1,...,N}
Wo = spanc{e; : j € {ji,...,in}}
Define
Gi={9€G:gWy) C Wy and g(ej,) =ej,,i =1,...,N}.
Here are a few properties of (7 that allow the inductive procedure to work.
(i) Gy is isomorphic to GL(n — N).
(ii) Gy is ©-stable and, setting K; = (G1)® = K N Gy, the pair (G1, K1) is of the
same type as (G, K).
(iii) by := h N gy is a Cartan subalgebra of g; (and of €¢) and Af’c ={aly, 1a €
AF, gl gy, aly, # 0} is a positive system of roots in &.
(iv) by := bNgy is the Borel subalgebra of g defined by A := Aly,, which is A(b1, g1)-
regular and Afc-dominant. Q1 = K7 - by is a closed orbit in the flag variety for G;.
(v) G1 centralizes fj.

Working in G; we choose f1 € ny Np1 (= nNgyNp) in the same way that fy was
chosen in g. This amounts to omitting the dots of the first string through the array
to obtain a smaller array and forming a second string. This second string consists of
the labels of the dots farthest to the right in the blocks of the smaller array. In the
example the smaller array is

® -
oW

6
and f; = Xg 3. A crucial observation is that in passing to the smaller array it is possible

(and likely) that several blocks ‘collapse’ to one block. (In the example, 1 and 3 are in
different blocks of the array for g, but are in the same block of the array for g;.)
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Continue by defining a subgroup Gy of G; just as G; was chosen in G. In this way
there is a sequence of subgroups G = Gy D G; D - -+ D G, and a sequence f; € n~ Ny,
i=1,...,m — 1. The procedure ends when f,, = 0 (i.e., when there is at most one
block in the array for g,,). It follows from [3, Thm. 3.2] that

f=fot -+ fma (1.1)
is generic in n~ N p.

Remark 1.2. The construction given here differs slightly from that of [3] in that the
strings in [3] pass through the dots farthest to the left in in each block. One easily
checks that there is a k € K so that our f and G; are conjugate by k to the f and G;
of [3]. In fact, the element k& may be chosen to represent an element of W (K).

To describe yél( f) we need to define several subgroups of K and of K; = K N G;,
i = 1,...,m. Consider K first. Let II be the set of simple roots in A" and set
S =T NA}. Define (S) = spanc{S} N A. and

w=nt Y 6,

ac(SHuAF

Then qg is a parabolic subalgebra of £. Let QQx denote the corresponding parabolic
subgroup of K. Note that (S) consists of all roots €; — €5 for which j, k are labels of
dots in the same block. Now define parabolic subgroups Q; x,7 = 1,...,m of K; in the
same manner. It follows from Theorem 4.1 and Equation (4.3) of [3] that

Yo (f) = Qmri - QuxQk - b C B. (1.3)

1.2. The action of the maximal torus H. It is not the case that a maximal torus
of K acts on each irreducible component of a Springer fiber. However, we will see that
the maximal torus H does in fact act on each component associated to a closed K-orbit
in B. In this subsection we establish this fact and give a variant of (1.3) for which the
action of H is more apparent.

Lemma 1.4. Let H be the diagonal Cartan subgroup. Then

QmKk Qi kQrx = (HQmk) - (HQ1,x)(HQK).

Proof. We show, by induction, that Q; k- - Q1 kQrx = (HQik) - (HQ1x)(HQK)
for each ¢ = 0,1,...,m. The ¢ = 0 case is Qg = HQ g, which clearly holds since Qx
is a parabolic subgroup of K. Assume that the ¢ — 1 case holds. We may decompose
H into the product of subgroups H' and H” as follows. The subgroup H' consists of
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all A’ so that

W(e;) = ej, if j is one of the first 7 strings
/ zjej, otherwise

and H"” consists of all A" so that

W (e;) zjej, if jis one of the first ¢ strings
ej) =
! ej, otherwise.

(Here z; € C.) Note that H' C Q; xk and H” commutes with K; (and so commutes
with @Q; k). Therefore
(HQik) - (HQux)(HQk) = (H' Qi k) (H"HQi—1,x) - (HQ1,x)(HQK)
=Qixk(HQi—1,x) - (HQ1,x)(HQK)
= Qi - Q1,kQk, by the inductive hypothesis.

Corollary 1.5. The mazimal torus H acts on ’yél(f).
Definition 1.6. Let q; =bh+q; x fori =1,...,m and qo = qxk.

It is easy to see that q; is a parabolic subalgebra of the reductive Lie algebra b + ¢;.
Write q; = ; +u; and write the corresponding parabolic subgroup @); as L;U; .

Remark 1.7. Note that L; is slightly different than the group L; in [3] in that we are
including the full torus H in L;. Also, the group @; appearing in [3] is some parabolic
subgroup of GG;. We have no need to consider such a group and use (); to denote the
group HQ; i of [3].

The next proposition follows from Lemma 1.4, equation (1.3) and [3, Theorem 4.8].

Proposition 1.8. ’yél(f) =Qm-Q1Qo-b=0L,,---L1Ly-b.

1.3. The parabolics ;. There are two useful descriptions of the parabolic subgroups
Q;, one in terms of roots and the other in terms of flags.

Suppose that there are N; blocks in the array for g;. List them (from left to right)
as Bt ..., vai (where the i = 0 case is the case of the original array in g).

Let S; be the set of simple roots in A(h,g;) N AT that are compact. Then (S;) :=
spanc{S;} N A:C is the set of roots €; — € so that j, k are both in a block BY, for some
l. Then

g =1 + u; with

bt Y @

Cll€<s7;>

u;, = Z g,

acAf \(Si)
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Alternatively, we may describe Q; as the stabilizer of a flag. Let (F?) be the flag
{0} C Fi, C F,_, C--- C Fj C F}, with

F{ =spang{ej: j € BLU---By },k=1,2,...,N;.
Then Q; is the subgroup of HK; stabilizing the flag (F?).

Here are several immediate properties of Q; = L;U;, i =0,1,...,m.

(1) L; is isomorphic to (Torus) x I;GL(n}) where n} is the cardinality of B;.
(2) Q; stabilizes f, for k < i.
B)u Cu,_y,i=1,2,...,m.

The next lemma will be used in a crucial way in Section 2.

Lemma 1.9. Fori=1,...,m the following facts hold.
(i) L; N Q;—1 is a parabolic subgroup of L;, and Q; N Q;—1 is a parabolic subgroup
of Qz
(ii) The nilradical of [; N q;—1 is [; Nu;_;, and a Levi factor of [; N q;—1 is [; N ;1.
(ili) The nilradical of q; N g;—1 is u; + (; Nu;_;), and a Levi factor is [; N [;_.
(iv) Letting v; = u;_; N, v; Ny = {0}, for j # k.

Proof. Since L; N Q;—1 D L;N (BN K;_1) = L; N B, a Borel subgroup of L;, we see
that L; N (;—1 is a parabolic subgroup of L;. As the nilradical U;” of @); is contained
in U;,_, by property (3) above, we see that Q; N Q;—1 contains a Borel subgroup of @Q;,
so @; N Q;—1 is a parabolic subgroup of Q);.

The nilradical of [; N gq;—1 is spanned by g(_a) for « = €, — €, a < b, with a and
b in the same block for g;, but in different blocks for g;_;. These are precisely the
roots in u;,_; NI;. A Levi factor of [; N q;—; is spanned by b along with the g&) for
= €,—€p, a < b, with a¢ and b in the same block for g; and for g; 1. Thisis ;Nl;_1. This
proves (ii); (iii) follows since q;Nq;—1 = (;Ng;—1)Bu; and [Ng—1 = GNL_1+GNu,_,.

To verify (iv) we may assume that j < k. Suppose that v;Nvy, is nonzero; since v;Nvy,
is h-stable it must contain some root space, say g(_(ea_eb)) C vj Nvg. Then a,b are in
the same block for g, but in different blocks for g;_1. But since j < k—1, a and b must
be in different blocks for both g;_; and g;. But this contradicts g(—(ea—e)) v;. O

2. THE STRUCTURE OF 7' (f)

In this section we show that 751( f) is isomorphic, as an algebraic variety, to an
iterated bundle. Since the iterated bundle is smooth, it follows that ’yél( f) is smooth.
Note that we are giving ’yél( f) the reduced scheme structure induced by the closed
embedding of yél(f) in 8.

Definition 2.1. Let R, = Q;NQ;—1, for i =1,2,...,m, and Ry = QoN B (= KN B).
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For £k = 0,...,m, consider Qi X Qr_1 X -+ X Qo with the mixing action of Rj X
Ri_1 x -+ X Ry given by
(qk7qk—l7 s 7Q17q0) : (rkyrk—lv v ,7"1,7’0)
= (QrThy T Qe 1TE—1, - - -, TS TQ1T1, 7T G0T0).-

We denote the quotient by
Xp=Qr X Qr_1 X -+ x Q1 x Qo/Ro. (2.2)
Ry Ry_1 Ro Ry

The equivalence class of (qx, ..., q1,q0) € QrX---xQ1xQq is denoted by [qx, - - -, 1, qo]-
We will write X = X,,,. The map

Qm X -+ X Q1 X Qo — 75 (f) (2.3)

defined by (¢m,---,91,90) = @m - --q1qo- b is a surjection from @, X - - - X Q1 X Qo onto
yél(f) (by Prop. 1.8) and clearly descends to a surjection

F: X =5 (f) (2.4)
We define Fj, : Xj — ’yél(f) by the analogous formula (so F' = F},).

Proposition 2.5. The space X = Qpy X Qm-1 X -+ X Q1 X Qo/Ry is a smooth
R Ry

Rmfl RQ
projective variety and F : X — ’yél(f) is a morphism of varieties.

Proof. This type of argument is fairly standard, but we include it for completeness.
We show by induction on k that Xj is a smooth projective variety with a Qp-action,
and that Fj : X; — yél(f) is a morphism of varieties. If £ = 0, then Xy = Qo/Ry is a
partial flag variety for g, since Ry contains a Borel subgroup of ()y. In particular, X
is a smooth projective QQp-variety. Moreover, since the map Q¢ — yél( f) is constant
on Ry-orbits, the universal mapping property of quotients ([4, I1.6.3]) implies that the
induced map Fp : Xg — ’yél( f) is a morphism of varieties.

Assume that our assertions have been proved for X;_;. Let R,, act by the mixing
action on Qr X Xy_1. Now, Qr — Qi/Rk is a principal Rg-bundle, and Xj_; is
projective. Moreover, some power of any line bundle on X;_1 is Qx_1-equivariant, by
[24, Cor. 1.6], so Xj;_1 has a Qj_1-equivariant ample line bundle. This line bundle
is Ry-equivariant, as Ry C Qr_1. By [24, Prop. 7.1], this implies the existence of a
principal bundle

Qk X Xg—1 = Xg = Qg x Xk-1,
k

where X}, is quasi-projective. To see that X} is projective, we need to show that X} is
complete. As in the proof of [24, Prop. 7.1], we have a fiber square

Qr X Xjpm1 ——  Q

| |

X — Q/Rs.
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Since Xj_; is projective, the top map is proper. The vertical maps are flat and sur-
jective (as they are principal bundle maps), hence faithfully flat. Therefore, since the
top map is proper, by descent ([17, Section 8.4-5]), so is the bottom map. As Qr/Ry is
a partial flag variety (since Ry contains a Borel subgroup of Qy), Q/Ry is complete.
Therefore X}, is complete. Also, since X} _; is smooth, the top morphism is smooth;
so by descent, the bottom morphism is smooth. As Qy/Ry is smooth, we see that
X}, is smooth. Since Qr X Ry acts (algebraically) on Qx x Xj_1, by [4, I1.6.10], Qx
acts algebraically on X;. Thus, X} is a smooth projective variety with a ()i-action, as
desired. d

Remark 2.6. In the preceding proof, we constructed X inductively as the quotient (in
the sense of algebraic geometry, as in [4, I1.6]) of Qx X Xx_1 by Ry. From this, one can
show inductively that X} is the quotient (in the same sense) of Qr X Qr_1 X -+ X Qo
by Ri X Rp_1--- X Ry. Indeed, we have a surjective map

Qr X Qr—1 X -+ X Qo = Qp x Xp—1 — Xi.

Since Qp X --- X Qq is irreducible, this implies that X, is also. The second map is a
quotient by Rj; by induction, the first map is a quotient by Rg_1 X - - - X Rg. Therefore,
the composition is a quotient by Ry X -+ Ry. (This follows, for example, because each
map is open, being a quotient morphism. Therefore the composition is open; by [4,
Lemma I1.6.2], the composition is a quotient morphism. The composition is also an
orbit map (that is, constant on Rj X --- X Rp-orbits). So by definition, X} is the
quotient of Qx X Qr_1 X -++ X Qo by Rx X Rk_1--+ X Ry.)

Remark 2.7. Consider the map
Qm X Qm—1 X+ xQp— K/Ry X K/Ryy—1 X -+ x K/Ry
defined by

(Qma qm—1--- 7(]0) = (QmRmy AmGm-1Rm—1,- - qmGm-1- " QORO)-

This map is constant on R,, X --- X Rg-orbits, so by the universal mapping property,
it induces a map ¢ : X,, - K/R;, X K/Ry,—1 X --- K/Rg. If V is a representation
of Ry, x -+ x Ry, there is an induced vector bundle on [[, K;/R;. Pulling back by ¢
yields a vector bundle on X whose sheaf of sections we denote by Ox (V). If V is a
1-dimensional representation corresponding to a character 7 we will denote this sheaf
simply by Ox (7). We will mostly be interested in this when V' is simply a representation
of Ry (that is, for i > 0, R; acts trivially on V).

Remark 2.8. The analogues of the preceding proposition and remarks hold for other
varieties constructed as quotients by mixing actions. We will use this below.

Proposition 2.9. The map F is a bijection between X and vél(f).
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Proof. We prove a little more than what is stated. Consider X as in (2.2) and Fj :
X — vél(f) as above. We apply induction on k to prove that each Fy, Kk =0,1,...,m,
is a bijection onto its image Qg --- Q1Qq - b.

The k = 0 case is immediate since Xy = Qo/Ro and Ry = Qo N B. Suppose k > 1
and

Q- Q10 - b =) ... q1qp - b.
Then for some b € BN K,
qk_lq/{C = Qr_1... qobq6_1 . q;:il. (2.10)
Claim : q,;1q§C € Ry.
Once the claim is proved, it will follow that gx_1...qi1q0- b = r%q,_; ... 410 - b, for
some 1 € Ry. The inductive hypothesis is that Fy_; is a bijection, so
[Gk—15- -5 Q0] = [Tk—15- - - > 90) € Xp—1

Therefore,

([Ghs 1+ 90) = (@47 s TE Q15 To—ss - - - G0) = [@hes Do - - - » Q0]
n Xk.

To prove the claim it is enough to show that qk_lq; € Qr_1. For this we use the
following lemma.

Lemma 2.11. There is a sequence of parabolic subalgebras p(k), k=0,1,...,m of ¢
so that

(i) q= p(o) C p(l) cC---C p(m) =g, and

(i) p® N (h+£,) = qr, k= 0,1,...m.

Proof of lemma. For each k = 0,1,...,m — 1 consider sets Cl(k) c {1,2,...,n} with
the following properties.

(1) {1,2,...,n} is the disjoint union of C’fk), e Cgi).

(2) Each Cl(k) consists of consecutive integers and lies either in {1,...,p} or in
{p+1,...,n}

(3) Every gg-block has labels that are contained in exactly one C’l(k).

(4) Each C'l(k) is the union of C}k_l) for several j.

Set C}m) ={1,...,p} and C'Q(m) ={p+1,...,n}.
It follows from (3) that Jy = N (the number of blocks in the original array) and
C(O), e ,C](\?) are the original blocks.

We need to establish the existence of a family Cl(k) that satisfies (1)-(5). Intuitively,

each C’l(k) is the union of all C’(-k_l)

; meeting a common gg-block. This is not quite



SPRINGER FIBERS 13

the case because (2) must be satisfied. The sets Cl(k) are not uniquely determined by
(1)-(5), but we give one choice below.

Let Ni be the number of gg-blocks. Let’s list these blocks as B%k),...,B](\I;k) by

first listing, from left to right, those blocks B%k), e ,BI(,? occurring in the upper row.

Then continue with the blocks B*) ... ,B](\l;g in the lower row. Define an increasing

prt+10°
sequence of integers ag,a1,...,an,+1 by
1, i=0
o — the index of the leftmost dot in BZ-(k), i1=1,...,pk (2.12)
o p+1, i=pr+1 '
the index of the leftmost dot in Biﬁ)l, t=pr+2,...,Np+1

Using the notation [a,b) = {r € Z: a <r < b} we define

Ci(k) = [aj, ai4+1), for i =0,1,..., Ny and

(2.13)
k

C](V,3+1 = [CLNk_H,’I’L],

for k =0,1,...,m — 1. Note that these sets are not necessarily nonempty, even for a

given value of k. For example, often the first dot in the first block is labelled by 1; in
this case a1 = 1, so C’(gk) = (.

Since {1, ..., p} is the disjoint union of Co(k), . ,CI(,],:) and {p+1,...,n} is the disjoint
union of Cz(al;:zrlv cee C](\I;Z +1, properties (1) and (2) hold. Property (3) holds since each

a; is leftmost in a gi-block.

It remains to show that (4) holds. For this it suffices to show that each CZ.(k_l) is
)

contained in some C](-k . Let af,a},... be the sequence of integers defined in (2.12),
but for gi_1-blocks. We need to check that for any ¢ =0,..., Ni_1,

[a;, a;'—i—l) - [aj7aj+1)7 for some J-

For this is suffices to show that {a;} C {al}. Suppose a; is (leftmost) in a gx-block
B](-k). Then a; lies in some g_;-block BZ.(k_l). We claim that a; is leftmost in Bi(k_l),
so is therefore equal to a. Suppose not, then a; < a;, since a; is leftmost in Bi(k_l). If
the dot labelled by a; were in some gg-block it would be in B](-k) (since a} and a; are

in the same gj_1-block). However, this would contradict a; being leftmost in B](»k). If
the dot labelled by a] were not in any gg-block, then the k" string passes through this
dot. But this cannot happen either, since the string passes through the rightmost dot
in each gi_i-block. This proves the claim and completes the verification of (4).

The existence of sets Cl(k) satisfying the properties (1)-(5) is now established and we

are ready to finish the proof of the lemma.
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Define S®) = {e411 — €, : a,a+1 € Cl(k) for some 1}. By Property (2), (S®)) =
€ —€p:a,b € C’(k), for some [}.
{ !

Definition 2.14. p(k) = ([] + Za€<s(k)> g(a)) + ZaéAi\(S“”) g(_a).

The fact that p(*) is a parabolic subalgebra of ¢ follows from Property (2). Part (i)
of the lemma follows from Property (4). The third property implies that for each I,
Cl(k) N ({1,2,--- ,n}\ {the first k strings}) is a gj-block (or is empty). Part (i) of the
lemma follows from this. ]

We are now in position to prove that qk_lq,’C € Qr_1. Let PR = NK(p(k)), the
parabolic subgroup with Lie algebra p®). Since Qy, ..., Qs_1 € P%*~1 the right hand
side of (2.10) is in P*=1) But the left hand side is in HK, € HKy_1. We conclude
that q,;lq; e PFUNHKL | = Qp_1. O

Our main goal for the remainder of this section is to prove that F': X — ’yél( f)is
an isomorphism of varieties. We shall use the following general result.

Lemma 2.15. Let Z be a projective variety and ¢ : Z — W a morphism with finite
fibers.
(a) If p.Oz = Ow, then ¢ is an isomorphism.

(b) Suppose that ¢ is surjective and W is reduced. Let L be an ample invertible sheaf
on W. The natural map H(W,L") — H°(Z,¢*L") is injective for all n. If for n
sufficiently large, this map is an isomorphism, then ¢ is an isomorphism.

Proof. (a) Since ¢ is quasi-finite and Z is projective, ¢ is a finite morphism ([19,
Ex. II1.11.2]). Since a finite morphism is affine ([19, Ex. I1.3.4]), for any affine open set
U = Spec(B) in W, o~ }(U) is affine, so is equal to some Spec(A). Since ¢,Oz = O,
we have

A=0(p"1(U)) = p.0z(U) = Ow(U) = B.
Thus ¢ is an isomorphism on any affine open set U, so it is an isomorphism.

(b) Because ¢ is surjective and W is reduced, the map Ow — ¢.Oyz is injective
(cf. [2, Ex. 1.21]). Thus, there is an exact sequence of coherent sheaves on W:

0—= Ow — 0.0z — F — 0.
Tensoring (over Oy ) with L£" yields an exact sequence
0—=>L" = 0z0L" > FeL"—0. (2.16)
Because ¢ is finite, the higher direct image functors Rip, are 0 for i > 0, so

HY(Z,p* L") = H (W, o™ L") = H' (W, .07 @ L").
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Hence the exact sequence in cohomology associated to (2.16) implies that H°(W, L") —

HO(Z,o*L™) is injective for all n. Since £ is ample, for n sufficiently large, H*(W, L")

vanishes and F ® L™ is generated by global sections. We obtain an exact sequence
0— HY W, L") — H(Z,p* L") - H'(W,F @ L") = 0.

Suppose that the first map is an isomorphism. Then H%(W, F ® L") = 0. Since F ® L"
is generated by global sections, we conclude that F® L™ = 0. Since L" is invertible this
implies that F = 0, so ¢.Oz = Ow. By (a), this implies that ¢ is an isomorphism. [

Let 7 € h* correspond to a character y, of H; extend y, to a character of K N
B = Ry. The closed K-orbit Q may be identified with K/(K N B), so there is an
invertible sheaf Og(7) on Q (cf. Remark 2.7). Let O“@l (y)(7) denote the pullback of

this sheaf to the subvariety yél( f) of Q. Likewise, there is an invertible sheaf Ox (1),

Let 7 be Af-dominant and integral. Let W_, be the irreducible finite-dimensional
representation of K of lowest weight —7, and let w_, denote a lowest weight vector in
W_,. The Borel-Weil Theorem states that W*_ = H%(Q, Og(7)). Define

p(1) = dim(spang{ Ly, - - LaL1Lg - w_;}). (2.17)

We will need the following results from [3, Section 6] about p(7). If 7 is sufficiently
dominant, then

p(r) = dim HO(13 (1), 0, 15 (7).
Moreover, p(7) can be computed inductively, as follows. Write U_, = spanc{Low_-},

the irreducible representation of L having lowest weight —7. Decompose U_. as a
representation of L1 N Lg. Write this decomposition as

U_T‘LIOLO = ZE_TN (218)

and let w_,, denote a lowest weight vector in E_;, . Then F; := spanc{Kjw_,} is the
irreducible Ki-representation of lowest weight —7;. Set
p1(7) = dim(spang{ Ly, - - - Lo L1 - w_, }).

Thus, p1(7;) is the analogue of p(7) for the pair (Gy, K7), with 7; in place of 7. We
have

p(T) = Zm(n)- (2.19)

For arbitrary 7 (not necessarily dominant), we define

q(7) = x(X, Ox (7)).
Here x denotes the Euler characteristic (alternating sum of dimensions of cohomology
groups).

The following theorem is the main result of this paper.
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Theorem 2.20. The map F: X — yél(f) s an isomorphism of varieties.

Proof. If 7 € h* is AF-dominant, then Og(7) is ample, so its restriction O“Yél(f) (1) to

yél( f) is ample. As the pullback of an ample invertible sheaf under a finite morphism
is ample, and F' is a finite morphism (cf. Lemma 2.15), the sheaf F™* O‘Yél(f) (1) = Ox(7)

is ample as well.

By Lemma 2.15, there is an injective map
H (75" (£), 0, 515y (7)) = HO(X, Ox (7). (2.21)

If 7 is a sufficiently large multiple of a Af-dominant character, then since Ox(7)
is ample, the cohomology groups H'(X,Ox (7)) vanish for i > 0, and so q(7) =
dim H°((X, Ox(7)). For such 7 we also have p(7) = dimHO(vél(f),(9,@1(”(7')). By
Lemma 2.15, to prove the theorem it suffices to prove that for any 7 that is a sufficiently
large multiple of a Af-dominant character,

p(1) = q(7). (2.22)

In fact, we will prove that this equation holds for any Af-dominant 7.

Define
X(1) = Ca,)m X (;2m X e X (;2 E/ s
( ) Rm ! R> 1/ !

m—1
where R) = Q1 N B C R1 = Q1 N Qp. Note that R} = Ry N B is a Borel subgroup of
R;. Observe that X (1) is a variety of the same type as X, but constructed using the
pair (G, K1). Let
a1(ri) = x(X(1), Ox 1) (73))-

To prove (2.22), we proceed by induction on the number of strings m. If m = 0 then
’yél( f) = Q and the result holds. Suppose the result holds in case there are m — 1
strings. The inductive hypothesis implies that p1(7;) = ¢q1(7;). As p(7) = >, p1(7) by
(2.19), to prove that p(7) = ¢(7), it suffices to prove that

g(r) =" ai(m). (2.23)

Consider the diagram
X1)=Qm X Qm_1 X - x Q1/R]
( ) . 1 X 1/ 1

m—1

[
X~ M=Qn X Qm-1 x - xQ1/Ry
Rm m—1 Ry

Here ¢ is the map that forgets the last factor, and & is the projection induced by the
inclusion R} C R;. Both g and h are fiber bundles associated to the Rj-principal
bundle

M—)Qm X Qm_le }>%< Q1 — M. (2.24)

2

m m—1
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The fibers are isomorphic to the Rj-varieties Qo/Ry and R1/R], respectively.

The push-forward sheaf R'g,Ox (7) is the sheaf of sections on M associated to the
Ri-module H'(Qo/Ro, Oq,/r,(T)). Since Ly is a Levi factor of Qo, and Ry = BN K
is a Borel subgroup of @, there is an isomorphism Lg/(Lo N B) = Qo/Ry. Therefore,
Hi(Q(]/Ro, OQO/RO (1)) = HZ(L()/(LO N B), OLQ/(LoﬂB) (7)). By the Borel-Weil-Bott
Theorem, this group is 0 for ¢ > 0. For ¢ = 0, the group is a Qg-module whose restriction
to Lo is isomorphic to U* .. We use the same notation U*_ for the restriction of this
module to Ry C Q. Thus, we have shown that

9:0x (1) = O (UZ ), (2.25)
and that for ¢ > 0,
R'g.0x(1) = 0. (2.26)
The preceding discussion and the Leray spectral sequence imply that for all i,
HY(X,0x (1)) = H (M, 0y (U*))). (2.27)
Hence
q(7) = x(X, Ox (7)) = x(M, 0 (UZ,)). (2.28)

By Lemma 1.9, L; N Ly is a Levi factor of R;. Thus, U*, has a filtration whose
associated graded module is a representation on which the unipotent radical of R; acts
trivially and on which Ly N Lo acts as @E* . (cf. (2.18)). This induces a corresponding
filtration on the sheaf Op(U*.), and since the Euler characteristic is additive with
respect to exact sequences, we see that

X(M,0m(UZ;)) = ZX(Mv Om(EZ7))- (2.29)

Each 7; defines a character of R}, and the push-forward sheaf R'h,O x(1)(7i) is the
sheaf of sections on M associated to the Rj-module H'(R;/R}, O, /R, (73)). Since
L1 N Ly is a Levi factor of Ry, and R} = Ry N B is a Borel subgroup of Ry, there is an
isomorphism (L N Lg)/(L1 N Lo N B) = Ry /R}. Therefore,

H'(R1/Ry,Op, g, (7:)) = H'((L1 N Lo) /(L1 N Lo N B), O(1, L) /(L1 nLonB) (Ti)-

By the Borel-Weil-Bott Theorem, this group is 0 for ¢ > 0. For ¢ = 0, the group is
a Ri-module whose restriction to Li N Lg is isomorphic to E* . Moreover, we claim
that the unipotent radical of R acts trivially on the module H°(R1 /R, O, Ry (Ti))-
Indeed, if we denote this unipotent radical by IV, then since N is unipotent and normal
in Ry, the space of N-fixed vectors in this module is nonzero and R;-stable. Since the
Ri-module H(R;/ R}, Or, /R, (7)) is irreducible (as its restriction to Ly N Lo is), the
space of N-fixed vectors must be the entire module, proving the claim. Thus, we have
shown that

hOx1y(1i) = Om(EZ,), (2.30)

—T;
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and that for ¢ > 0,

R'h,Ox(1)(73) = 0. (2.31)
Again using the Leray spectral sequence we see that for all ¢ and all 7;,
H'(X(1),0x1)(75)) = H/(M, O (UZ,))- (2.32)
Hence
q1(7i) = X(X(1), Ox 1y (7)) = x(M, Opm (U~ )). (2.33)
Equations (2.28), (2.29) and (2.33) imply that ¢(7) = >_ ¢1(7), proving the theorem.
d

The next result is a vanishing theorem for the higher cohomology groups of invertible
sheaves on ’yél( f) associated to dominant weights.

Theorem 2.34. If 7 € b* is AT -dominant and integral, then for all i > 0, we have
HZ(’Yél(f)a O-yél(f)(T)) =0.

Proof. We retain the notation of the preceding proof. The proof is by induction on
the number of strings m. If m = 0 then vél(f) = Q and the result holds by the
Borel-Weil-Bott theorem. Suppose the result holds in case there are m — 1 strings.
We wish to show that H*(X,Ox (7)) = 0 for i > 0. By (2.27), this is equivalent to
showing that H'(M, Oy (U*.)) for i > 0. By the proof of Theorem 2.20, the sheaf
Owm(UZ;) has a filtration with subquotients isomorphic to Op(E? ). Induction and
the long exact sequence in cohomology imply that our desired vanishing will follow
if we can show that H(M, Om(EZ;)) = 0 for i > 0. By (2.32), this is equivalent
to showing that H'(X(1),Ox(1)(r;)) = 0 for i > 0. But X(1) is a component of a
Springer fiber associated to a closed Kj-orbit for the pair (G1, K;), and with m — 1
strings. Moreover, in the course of the proof of [3, Theorem 6.6], it is proved that
each 7; is dominant with respect to the positive system Afc. The inductive hypothesis
implies that H*(X (1), Ox)(7;)) = 0 for i > 0, completing the proof. O

2.1. Some topological consequences of Theorem 2.20. A consequence of the
theorem is that any component of a Springer fiber associated to a closed K-orbit is a
fiber bundle over a generalized flag variety for a (smaller) general linear group having
fiber that is a component of a Springer fiber associated to a closed orbit for a smaller
pair (G', K'). To make this precise, let S’ be the set of all labels of dots in the array
that are contained in one of the m strings. Set U = spanc{e; : i € S’} and

G'={9€G: g(U)CU and g(e;) = e;, when j ¢ S’}

Let K' = KNG,y =hng and X = Ay. If Q" is the corresponding closed K'-orbit
in the flag variety for G’, then Theorem 2.20 tells us that X,,,_1 ~ fyé,l(f) (Note that
the algorithm gives the same generic element f.) This proves the following corollary.
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Corollary 2.35. In the setting of the Theorem, there is a fibration
X = Qm/Rn (2.36)

having fiber X,,—1. Here X;—1 s a component of a Springer fiber for the smaller pair
(G', K') associated to a closed K'-orbit in B', and Q.. /Ry, is a generalized flag variety
for L,.

We remark that often Q,,,/R,, is just a point (so X = X,,,_1). In this case one may
take S’ to be the labels of the dots in the first m — 1 strings. Then there is a fibration

X = Qm—l/Rm—l
and the fiber is X,,,_o, which is again a component of a Springer fiber for the smaller
pair (G’, K') associated to a closed K'-orbit in B'.

If Z is a topological space with finite-dimensional rational cohomology, we define the
Poincaré polynomial of Z to be

P(Z)=> dimH(Z,Q)t".

As an application of Theorem 2.20, we obtain the Poincaré polynomial of ’yél( f).

Corollary 2.37. The variety vél(f) is simply connected, and the cohomology ring
H* (751( f); Z) is torsion-free and vanishes in odd dimensions. The Poincaré polynomial

of 7o' (f) is
Pt(’Yél(f)) = HPt(Qi/Ri) = HPt(Li/(L,- NRy)).
i=0 i=0

Proof. We use the notation of (2.2), so X = X,,,. We prove by induction on k that the
cohomology H*(X};Z) is torsion-free and vanishes in odd dimensions, and

k
Pi(Xy) = [] P(@Qi/R).
1=0

For k = 0 the result holds since Xo = Qo/Ro = Lo/(Lo N B) is a flag variety for the
reductive group Lg. Suppose the proposition holds for X;_;. As in Corollary 2.35,
there is a fiber bundle X — Q/Ry with fiber Xj_;. Since Qi/Ry and Xj_; are
simply connected, the long exact sequence for homotopy implies that Xj is simply
connected. Because H*(Xy_1;Z) is free and Q/Ry is simply connected, the Leray
spectral sequence for the cohomology of this fiber bundle has Fy term

Ey = H*(Qk/Rk, Z) (= H*(Xk_l; Z)

Since base and fiber have no odd-dimensional cohomology, the spectral sequence de-
generates at Fo. This implies that as Z-modules, H*(Xy;Z) and H*(Qx/Ri;Z) ®
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H*(X}_1;7Z) are isomorphic, so

Py(Xx) = Pi(Xe—1)P(Qx/Ri) = HPtQ/R

proving the first equality of the proposition. The second equality holds because L; is a
Levi factor of Q;. O

Remark 2.38. The polynomials P;(L;/(L; N R;)) can be easily computed from the array
by the following procedure. If M is a reductive group, write pys for the Poincaré
polynomial of the flag variety for M. Since all odd-dimensional cohomology vanishes,
it is convenient to write u = t2. If n > 2, then

1—u?)(1—ud)--- (1 —um
S CEL (R R

per(y = 1. If P is a parabolic subgroup of M, with Levi factor M’, then P,(M/P) =
1%’ as follows by considering the fibration M /By — M /P with fibers P/B)s (here
Bjys C P is a Borel subgroup of M). By Lemma 1.9, L;NL;_; is a Levi factor of L; N R;,

soif i >0,

P(Li/(Li N Ry)) = —HE—,
pL'ﬂLi 1
and F(Lo/(Lo N Ro) = pLo- Recall that we denoted the blocks in the array for g; as
Bi,..., Bt . and let nl equal the cardinality of Bj. By the discussion before Lemma

1.9,
brL, = HPGL(n;'y
1

We define subblocks of the blocks for g; (in case i > 0) as follows. Let a and b be in
the same block for g;. If they are also in the same block for g;_1, we say they are in
the same subblock. List the lengths of the subblocks as m‘,mb,.... By the proof of
Lemma 1.9, the roots of [; N [;_1 are ¢, — €y, a < b, with a and b in the same subblock.
Hence

pPL,nL,—y = HpGL(m}')'
!
From these facts one can readily calculate Pt(yél( f)). For example, in the case of the
array considered in Section 1.1, we find that Pt(’yél(f)) =(1+uw?t=0+)%

Example 2.39. We illustrate these ideas with the following example. Consider the pair
(GL(14),GL(9) x GL(4)) and

A= (13,10,9,8,7,4,3,2,1|12,11,6,5).

The array with first string is
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1 11 IQ 13
The arrays for (G1, K1) and (Ga, K») are

/\/ and

10 12

\V]
[ YOV
s
[ Y
o]
oo
oD
[ YOV
[ Y}
o~

Then (except for a few factors of the torus, which play no role)
L =GL(1) x GL(4) x GL(4) x GL(2) x GL(2)
L1 =GL(3) x GL(3) x GL(1), LiNL=1,
Ly =GL(4), LsNL;=GL(2) x GL(2).
From this it is easy to see that the Poincaré polynomial is

(T+uPl+ut+u?)PQ+ut+u® +u?)?, u=12

The generalized flag variety Q,,/R,, (m = 2) is the Grassmannian Go(C*). There-
fore, the fibration (2.36) is
X; — Go(CY),
and X is the component of a Springer fiber for (GL(9), GL(5) x GL(4)) with
N = (13,%,%,8,7,%,%,2,1|12,11,6,5).

Here the coordinates in the 2,3,6 and 7 places are omitted in passing to G’.

3. REPRESENTATIONS ON TANGENT SPACES TO ITERATED BUNDLES AT FIXED
POINTS

The maximal torus H acts on ’yél( f) with finitely many fixed points, which we
describe explicitly in the next section. If x € 751( f) is an H-fixed point, then the
tangent space T, gﬂél( f) is a representation of H. Using the structure of yél( f) as an
iterated bundle, we can describe the weights of this representation. Then we can apply
localization theorems in equivariant cohomology and K-theory to the study of ’yél( f)-

In this section we will describe the representations on tangent spaces to fixed points
in case H is any algebraic group acting on any variety X constructed as an iterated
bundle. Related calculations have been done, for example, in the case of Bott-Samelson-
Demazure varieties (see e.g. [5]). However, for lack of a reference, we have decided to
give the result for a general iterated bundle. In the next section, we will apply these
results to the case where H is a maximal torus acting on X = ’yél( f).
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3.1. Generalities. We begin with some notation. Given a left action of an algebraic
group @ on a space X and an element ¢ € @, let L(q) : X — X denote the map induced
by the left action of ¢ and let C'(q) denote the map @ — @ given by conjugation by gq.
If H is a subgroup of @ and = € X is H-fixed, then the map H — GL(T,X) given by
h+ L(h), = dL(h) defines a representation of H. Finally, if £ € q and X is smooth,
let £# denote the induced vector field on X, whose value {f at x € X is determined
by the rule that if ¢ is a function on X, then

d
& 0 = 5, (e (t&)z) 0.
Lemma 3.1. Let x € X be fixed by ¢ € Q and let £ € q. Then
L(g)«(&];) = (Ad(9))- (3.2)

Proof. If we apply the left side of (3.2) to a function ¢ on X, we obtain

o (Dlaexp(t)2)1=o.

If we apply the right hand side of (3.2) to ¢, we obtain

4 (olexptad@)))l—n = & (d(gexp(t€)a™ )0,

Since z is fixed by ¢~!, the two calculations agree. O

3.2. The case of a mixed space. Throughout this subsection, ) will denote an
algebraic group, and H and R will denote subgroups of ). Suppose that M is a
smooth algebraic variety with an R-action. We write X = Q x M and we let X denote
the “mixed space” X = @ é M. Under mild hypotheses (cf. Remark 2.8) X is a smooth

algebraic variety, and we assume this is the case. Let 7 : X — X denote the quotient
morphism. We write [¢g, m] for w(q, m) (for ¢ € Q, m € M). The group @ x R acts on
X, so for (¢,7) € Q x R we have maps L(q,r) := L(¢q) x L(r) and C(q) x L(r) from X
to X. Also, @ acts on X, and we have mo L(q,1) = L(q) o w. Note also that if £ € ¢
then there is an induced vector field £# on M.

Observe that L(g,1), maps V = q x T,, M isomorphically onto 7 (qm))z . We define
p:V = TjqmX as the composition

p =m0 L(g,1)s. (3.3)
Lemma 3.4. The point [q,m] € X is H-fized < ¢ 'Hq C R, and m is ¢~ Hq-fized.

Proof. This is a straightforward computation. O

Suppose now that [q,m] is H-fixed. Let V = q @ T,, M, and define an H-module
structure on V' by the formula

h- (&) = (Ad(g ' hg)&, L(qg " hg).v),
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for € € q, v € T,, M. We define an H-module structure on t by the formula
h-€=Ad(g " hg)é.
Lemma 3.5. The embedding ¢ : v — V defined by ¥(&) = (&, —{#L) 1s H-equivariant.

Proof. Write s = ¢~ 'hgq. Using the preceding two lemmas, we have

D(h-€) = (Ad(s)¢, —(Ad()6)f) = (Ad(s)&, —L(s)«(E5)) = - p(&),
as desired. m

Let V} denote the H-submodule v (t) of V.

The main purpose of this subsection is to prove the following proposition.

Proposition 3.6. With notation as above, assume that [q,m] is an H-fized point of
X. The map p: V. = Tjg g X is H-equivariant with kernel Vi, and hence induces an
H-module isomorphism V/Vi — Tjg X

Proof. To show that p is H-equivariant we must show that
L(h)«p(§; v) = p(Ad(s)¢, L(s)+v), (3.7)
where s = ¢~ 'hq. Now,
L(h)xop=L(h)xome o L(q,1) = (mo L(hq,1))x.
Direct computation shows that
mo L(hg,1) = 7o L(q,1) o (C(s) x L(s)).
Therefore,
L(h)xop=msoL(q,1)s0(C(s)x X L(s)x) = po (Ad(s) x L(s)),
which implies that p is H-equivariant.

Since V; and kerp have the same dimension, to show that they are equal it suffices
to show that V; C kerp. Observe that for all » € R, the point (¢r,r~'m) lies in the
fiber 7! ([g,m]). This implies that the vector v € T, ,,)X defined by

v 6= S (0laexplt),exp(~tE)m) =g

satisfies 7, (v) = 0. But
V= L(q7 1)*(57 _5#1)7
so we see that p((£, —&)) = 0. Hence V4 C kerp, as desired. O

Let H act on q by the rule
h-€=Ad(q " hg)€.

If [q,m] is H-fixed, then ¢"'Hq C R. Thus, t is an H-submodule of q, and hence
q/t is an H-module. Moreover, m is ¢~ !Hg-fixed, so so the map H — GL(T,,M)
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given by h +— L(g'hq). defines an H-module structure on 7},,M. By combining these
H-module structures, we obtain an H-module structure on q/v & T;,, M. On the other
hand, since [¢,m] is H-fixed, there is an H-module structure on Tigm) X

Corollary 3.8. Assume that the hypotheses of the preceding proposition hold, and
assume in addition that H is reductive. Then Tjy X and q/v @ T, M are isomorphic
H-modules.

Proof. Let W be an irreducible H-module. If U is any H-module let multy, (U) denote
the multiplicity of W in U. By the preceding proposition, we have

Hlultw(T[%m]X) = Hlultw(V) - Hlultw(vl).
Since V = q & T,,, M, and since by definition, V; = v as H-modules, we have

multyy (T ) X) = multy (q) + multy (T, M) — multy (t)
= multyy (q/v) + multy (5, M).

Since any irreducible H-module occurs with the same multiplicity in 7, ,,,;X and in
q/t @ T,, M, we conclude that these H-modules are isomorphic. O

3.3. Iterated bundles. We now apply the results of the preceding subsection to iter-

ated bundles. Let Qo,...,Q, be subgroups of an algebraic group G and suppose that

H C Q. Suppose that Ry, ..., R, are subgroups of G with R; C Q;_1NQ; for i > 0, and

Ro C Qo. Let X = QuxQn-1%--xQo, and let X = Qn X Qno1 X ==+ X Q1 X Qo/ Ro.
n 2 1

n—1
Let m : X — X denote the quotient morphism. If z = (gp,...,q) € X, write
[9n, - - -, qo] for m(Z). The following lemma is a straightforward computation.

Lemma 3.9. The point [qp,...,q] € X is H-fivzed < for i = 0,--- ,n, we have
Cla; g a4y )(H) C Ry,

Assume that [gy,...,q] is H-fixed. Let V. = q,, @ --- @ qo. Define an H-module
structure on V' by making h € H act on the q; summand by Ad(C’(qi_lq;rl1 g H(h)).
Then v, & --- @ tg is an H-submodule of V. This gives an H-module structure on
V/(eh, @ Do) Zqn/tn @ qo/v0-

As an immediate consequence of the definitions of the H-module structures, we have
the following lemma.

Lemma 3.10. Assume that [qp,...,q0) € X is H-fized. The embedding ¢ : v, @ --- D
tg — V which takes (&n, ..., &0) to

(gny —Ad(q;il)fn + gn—ly _Ad(q;_IQ)gn—l + 5n—2, CIRIEINS _Ad(qal)gl + 50)

1s H-equivariant.
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Let Vi denote (v, ® -+ ® vo); if [gn, .- qo] is H-fixed, then V; is an H-submodule
of V. Denote by L(gp,...,q0) the map of X to itself which sends (an,...,ap) to
(qnan, - -, qoap). Let

p=Tx0L(qn,---,90)x 1 V = Tig,...q0) X (3.11)

Lemma 3.12. Let x = [gn,...,q0] € X. Let £ € q, and let £7 denote the induced
vector field on X. Then & = p(Ad(g;1)E,0,...,0).

Proof. Let ¢ be a function on X. Then
d
§ o = 2 o([exp(t)an, - o))

_ %gb([% exp(tAd(g, )9, -, o)-

Tracing through the definitions shows that this equals
p(Ad(g, 1)E,0,...,0)¢.

The main purpose of this subsection is to prove the following proposition.

Proposition 3.13. With notation as above, assume that © = [qy, ..., qo] is an H-fized
point of X. The map p:V — Ty, X is H-equivariant with kernel Vi, and hence
induces an H-module isomorphism V/Vy — Lign,ornqo] X -

Proof. The proof is by induction on n. The case n = 0 is handled by Proposition

3.6, taking M to be a point. Suppose that the proposition is true for n — 1. Let

M =Qn1 X -+ X Q1 X Qy/Ro. and let m = [¢y—1,...,90] € M. Then we can
Ro R1

n—1

identify X with @, x M and the point x with [g,,m]. Let
Ry

on qn @ Ty M — T, X
be the map defined in (3.3) (with @, in place of @, and R,, in place of R), and let
Pr—1:dn-1 @ - -qo0 = Trn M
be the analog of the map p (with M in place of X and m in place of x). We have

XpPn—1

1 n
U D1 @ o~ 4y & TM 5 T, X,
and
p=pno(lXpn-1).

By hypothesis, © = [¢,, m] is H-fixed. By Lemma 3.4, this implies that m is H =
C(q,;})(H)-fixed. By Proposition 3.6, the map p, is H-equivariant, and our inductive
hypothesis implies that p,_1 is H'-equivariant. Combining these, we can show that p is
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H-equivariant as follows. To simplify the notation, write r; = C'(q; 1qi_+11 g h(R) €
R;. Then

L(h)*p(gnu cee 750) - L(h)*pn(fm pn—l(fn—h .. 760))
= pn(Ad(Tn)fna L(Tn)*pn—l(gn—la cee 750))
by H-equivariance of p,. Using H’-equivariance of p,_1, this equals
pn(Ad(Tn)fny pn—l(Ad(Tn—l)fn—la v 7Ad(TO)§O))
which (as p = pp o (1 X pp_1)) is
p(Ad(rn)&n, Ad(Tr—1)&n—1, - .., Ad(r0)&0) = p(h - (§ns - - 60))-
Hence p is H-equivariant, as desired.

It remains to check that kerp = V. We will make use of the following observation:
if f:V — W is a linear map of vector spaces, and if A C V, B C W are subspaces
such that f(A) = B, then f~1(B) = A+ kerf. As p=p, o (1 x p,_1), we see that

kerp = (1 X pn—l)_l(kerpn)’

By Proposition 3.6,
kerpy = {(§, &%) | £ € va}.

By Lemma 3.12,
pn—1(Ad(q;,11)€,0,...,0) = &F.
Therefore, if we let
A={(6,-Ad(g;,)€,0,...,0) [ £ €tp} Can @ @ o,
we see that (1 X p,—1)(A) = kerp,,. Therefore, by the observation above,
(1 X pp_1)" Hkerp,) = A+ker(1 X pp_1) = A+ (0 ® kerp,_1).
By our inductive hypothesis,
kerpn 1 = {(§n—1, —Ad(g, 5)6n—1+ &n 2, .., —Ad(qy )1 + &) | & € v}
Hence, from the definition of V7, we see that
A+ (0®kerp,—1) =V,
so kerp = V1, as desired. O

Recall that q,,/t, @ ---qo/to has an H-module structure defined after Lemma 3.9.

Corollary 3.14. Assume that the hypotheses of the preceding proposition hold, and
in addition assume that H is reductive. Then Ty ... X and q,/t, @ ---qo/vo are
isomorphic H-modules.

Proof. This is proved by an argument similar to the proof of Corollary 3.8. O
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It is convenient to give an alternative formulation of the corollary in case H is a
torus and each ¢, 1. ¢;'is in the normalizer Ng(H) of H. If V is a representation of
the torus H, let ®(V') denote the multiset of weights of H acting on V' (this is the set
of weights, where each weight is counted with multiplicity). We adopt the convention
that if s occurs a times in the multiset A, and b times in the multiset B, then s occurs
a + b times in the multiset AU B.

The group Ng(H) acts on weights by the rule that if A is a weight of H (so e* :
H — C* is a homomorphism), and w € Ng(H), then w is the weight satisfying

e (h) = eMw T hw).
With these definitions, we can reformulate the preceding corollary as follows.

Corollary 3.15. Assume the hypotheses of Proposition 3.18 hold. Assume in addition

1

that H is a torus and that each qi_1 ...q. " is in the normalizer of H. Then

n

(I)(T[qn,~~~,qo}X) = qn - ®(qn/tn) U gnn-1- ®(qn-1/tn—1) U - Ugngn_1---qo - ®(q0/%0)-

Proof. This follows from Corollary 3.14 and the definition of the H-action on g, /t, ®
-+ @ qo/to given after Lemma 3.9. 0

Remark 3.16. The results of this section can be generalized to remove the assumption
that the Q; are subgroups of a group G. Instead of R; C @Q;—1 N Q;, what we need are
inclusions R; C ; and homomorphisms R; — Q;_1.

3.4. Induced vector bundles. Keep the notation of the previous subsection. If V' is
a representation of Ry, then

V=0Qn X Qn1 X -+ XQogxV-—>X
Ry Rn—1 Ry Ro

is a Qu-equivariant vector bundle. If z = [gy, ..., qo] is fixed by H, then the fiber V,
is a representation of H, which is described as follows.

Proposition 3.17. With notation as above, if x = [qy,-..,qo] is fized by H, then as
an H-module, V, is isomorphic to V, with H-action given by

h-v=Clg" - a,")(h)v,

for h € H, v € V. (Note that the right side of this equation makes sense, since
Clgg*---q;")(h) € Ry and V is a representation of Ry.)
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Proof. We have an isomorphism f : V — V, given by v — [¢n,...,qo,v]. An element
h € H acts on V, by

h - f(U) = [hQHv(Jn—la s 7q07v]
= [an(qyjl)(h),%—l, s 7QO7U]
= (¢, C(g ) (B)gn—1, - - -, G0, V]

= [QTH -+, 40, C(q()_l Tt qgl)(h)’l)]
= f(Clay "+ g ) (M)v).
The proposition follows. O

Corollary 3.18. Keep the assumptions of the previous proposition. Assume in addition
that H is a torus and that each qi_1 ...q; ! is in the normalizer of H, so in particular
H C Ry. Suppose that 'V is a 1-dimensional representation of Ry and that the weight
of H on'V (induced by the inclusion H C Ry) is X\. Then the weight of H acting on

Vi, isqn - qo- A

Proof. This follows immediately from the proposition and the definition of the action
of the normalizer of H on weights of H given in the preceding subsection. O

4. LOCALIZATION AND ~v5'(f)

We return to the situation of Section 2. Using the computations of Section 3, we
apply localization theorems in equivariant cohomology and K-theory to yél( f). The
first application gives a character formula for cohomology of O“Yél ) (7). This is related
to associated cycles of discrete series representations. The second application is to
express the homology and K-theory classes determined by 751( f) € B in terms of
Schubert bases. This answers (for the components ’yél( f)) a question of Springer.

The first step is to determine the fixed points of the action of H. Recall that the
fixed point set of H on B is W - b, where W is the Weyl group of G. Since yél(f)
is a subset of B, the fixed points on ’yél(f) are a subset of W - b. In fact, ’yél(f) is
contained in the flag variety for K, so the fixed points are a subset of W(K) - b.
Proposition 4.1. The fived point set of the action of H on vél(f) 18

{wm Lowiwo - bw; € W(LZ)} (4.2)

Proof. We prove the following statement by induction on k: the fixed point set of H

on Q- Q1Qo b is

{wk Lowiwo - bw; € W(Li)}, (4.3)
for Kk =0,1,...,m. For k = 0 this is clear since Qg - b = Lg - b is the flag variety for
L. Assume that (4.3) holds for k — 1, and let w-b =g ---q1qo - b be a fixed point in
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Qr - Q1Qo - b. Using the fact (proved in Section 2) that Fj : X — Qk---Q1Qo - b is
an H-equivariant bijection, we have

hlgk, - - q1,90) = @k, ---,q1,90] € X}, for all h € H.

Therefore, hq, = g modulo Ry, for all € H. In other words, g - t; is a fixed point of
the action of H on the (generalized) flag variety Qr/Rr = Li /Ry N Lx. We conclude
that g, = wyry, for some representative wy, of W (L) and ri € Ry. Therefore,

wi Wb =TRqe-1...q1q0 - b

is H-fixed. By the inductive hypothesis the righthand side is wg_1 ... wjwg - b, w; €
W (L;). The proposition now follows. g

Recall that if V' is an H-module then ®(V') denotes the set of weights of V', counted
with multiplicity.

Corollary 4.4. The weights of H on the tangent space to the H-fized point w,, . .. wiwp-:
b of yél(f) (where w; € W(L;)) are

Wnp - q)(qn/tn) U WnpWp—1 cI)(qn—l/tn—l) U---u WpWp—1 - Wo - ‘I)(Clo/to).
All the weights have multiplicity 1.

Proof. The description of the weights is an immediate consequence of Corollary 3.15.
Each weight has multiplicity 1 because if w € W, then T, wb’yél( f) C Twp®B, and H acts
with multiplicity 1 on T},,*B. O

Recall that the representation ring R(H) is the free abelian group spanned by e*, as
p runs over all weights of H. The multiplication in R(H) is defined by the rule etet =
eMH. Let puq,. .., pin be weights of H. Let C u; denote the 1-dimensional representation
of H corresponding to p;, and let V = @;C,,. Define A_1(V) = [[,(1 —e*) € R(H).
We will make use of the following general fact, which is a consequence of the localization
theorem in equivariant K-theory (see [7, Remark 5.11.8]).

Proposition 4.5. Let H be a torus acting on a smooth complete algebraic variety
M, and assume that the set M of H-fized points on M ‘s finite. Let L be an H-
equivariant line bundle on M, and let L denote the corresponding invertible sheaf on
M. Form € M let u(m) denote the weight of H on Ly,. Then in R(H), we have

S (-1)'H(M, L) = Z NGRS

i

In this proposition, the individual terms in the sum on the right hand side are in
the quotient field of R(H); they need not be in R(H), but their sum is. Combining
this proposition with our description of the weights of H on tangent spaces (Corollary
4.4), and Corollary 3.18, we obtain the following character formula (with notation as
in Section 2).
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Theorem 4.6. Let 7 € h* be an integral weight. Let A; denote the set of weights of H
on q;/v;. In R(H), we have

Z(—l)iHi(’Yél(f)y O’Yél(f) (1) = Z Hl H,ueAc;(l _ e—wmwmﬂ---wm)’

Here the sum is taken over all products wpywp—1 - - - wo, where w; € W(L;).

WmWm—1"WOT

i

Note that in this theorem the sum is not over m-tuples (wy,, - ,wp) where w; €
W (L;), but rather over the distinct products wy,wpy,—1 - wy. Also, if 7 is dominant
+

with respect to the positive system AT ., then by the cohomology vanishing theorem

1,¢’
(Theorem 2.34), Theorem 4.6 gives a formula for the character of the H-representation

on HO(Vél(f)’ Oryél(f) (7))-

Now we turn to the question of expressing homology classes of ’yél( f) in terms of
Schubert bases. Because yél( f) is an H-invariant subvariety of B, it defines classes in
the homology (or cohomology) and K-theory (ordinary or H-equivariant) of B. The
homology and K-theory of % have Schubert bases, that is, bases defined in terms
of Schubert varieties. Using localization theorems in equivariant cohomology and K-
theory, known results about Schubert classes, and Corollary 4.4, we can express the
equivariant classes determined by ’yél( f) in terms of the Schubert bases. The expres-
sions in ordinary homology or K-theory are obtained by specializing the corresponding
H-equivariant expressions.

We begin by recalling some known facts about equivariant (co)homology and Schu-
bert classes. The facts we need can be found in [15] or [22]. Given any space Z with
H-action, one can define the equivariant cohomology groups H }{(Z ) and the equivariant
Borel-Moore homology groups H/?(Z). Then HZ(Z) = ®;H}'(Z) is a module for the
ving HY(Z) = ®@;Hi;(Z). We have Hj (point) = S(H), the symmetric algebra on the
group of characters of H. Note that S (ﬁ ) is the polynomial ring Z[A1, ..., \,], where
A, ..., A\ is a basis for the free abelian group H. By pulling back from the map from
Z to a point, there is a map S(H) — H3(Z), and thus H(Z) is an S(H)-module. If
Z is a complete variety, there is a pairing

(\): B(2) 04 H(Z) - S(H).
Now consider Z = 3. By definition, the Schubert class X, is the closure of B - wb in
8. Each X, defines a class [X,,|g in the equivariant Borel-Moore homology H é’{w)(%).
The space HY () is a free S(H)-module with basis given by [X,]z. Moreover, there
is a basis {z,,} of H};(B) with the property that
(xm [X’U]H) = 5u,v>
for all u,v € W.

Given a class n € Hj(®B), and u € W, write n(u) for the pullback of n to the
equivariant cohomology group Hj;(ub). Because ub is a point, this group is identified
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with S(H). The statement of Theorem 4.8 will involve the polynomials z,(u). These
polynomials are known. Indeed, [22, Lemma 11.1.9] contains an explicit formula for
elements R(w,u) € S(ﬁ) In Sections 11.1-11.3 of that book, especially Prop. 11.3.10,
the connection of these elements with equivariant cohomology is explained; the result,
in our notation, is that,
2u(u) = (=) R(w, u)

(the sign (—1)“®) is necessary because we have taken the roots in b to be negative, the
opposite of Kumar’s convention).

Because ’yél( f) is H-invariant, it defines a class [’yél( Al € HE(B), where d is the
complex dimension of ’yél( f). Thus, we can write

[’Yél(f)]H = ZAw[Xw]H-

Observe that each A, is a polynomial in Ay,...,\,. Let a, be obtained from A,
by setting all the \; equal to 0. Then in the ordinary homology H,(X) we have the
equation

[’Yél(f)] = Z [ X ;

Springer’s original question was essentially to calculate the coefficients a,,. The A,, can
be calculated by pairing with the dual basis:

Aw = (2w, 75" (F)]n).

See [15] or [22] for proofs and references for the preceding facts.

If H acts on a smooth variety M and u is an H-fixed point, let P,(M) € S(H)
denote the product of the weights (with multiplicity) of H on T;,,M. (As in Corollary
4.4, if M is an H-invariant subvariety of B, then all weights of T;, M must occur with
multiplicity 1.) The following proposition gives a formula for the pairing.

Proposition 4.7. Let M be a smooth closed H-invariant subvariety of B, and let
n € Hy(%B). Then

_ n(u)
ueW
where we have written Py(M) for Py(M). (The individual terms of the sum on the

right hand side are in the quotient field Q(ﬁ) of S(ﬁ), but the sum is in S(ﬁ))

Proof. This is an immediate consequence of the “integration formula” of [8, Cor. 1]
(the formula given there is an algebraic version of [1, Equation (3.8)]). In that paper,
the calculation is done in equivariant Chow groups, but the same formula holds in
equivariant Borel-Moore homology (in fact, for B the two theories coincide because B
is paved by affines). O

As an immediate consequence, we obtain the following theorem.
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Theorem 4.8. The class [yél(f)]H in HI(B) is given by Y, AwlXw]n, where

Ty (1)
1 .
— Pulvg (f))
Here the sum is over all u € W which can be written as u = WyWp,_1 - - - Wy, where
w; € W(L;). Also, if A; denotes the set of weights of H on q;/v;, then fixing an
expression of u as a product Wy Wpm—1 - - - Wo, we have

i pEA;

w =

We can perform the analogous calculations in equivariant K-theory using almost
identical arguments. We begin by recalling a some facts about the equivariant K-
theory of the flag variety; see [16] for more details and references. If Z is a scheme
with an H-action, Ky (Z) denotes the Grothendieck group of H-equivariant coherent
sheaves on Z. This is a module for the representation ring R(H ), which we recall is the
free abelian group spanned by e*, for u € H.If Z is smooth, then every equivariant
coherent sheaf on Z admits a finite equivariant resolution by locally free sheaves, so
Ky (Z) can be identified with the Grothendieck group of H-equivariant vector bundles
on Z. In this case, Ky(Z) has a ring structure induced from the tensor product of
vector bundles. If Z is complete, there is a pairing

(,): Ku(Z) @rmy Ku(Z) — R(Z)
defined by
(’Ul, 1)2) = Z(—l)ZHZ(Z, V1 1)2).
The group Ky (B) is a free R(H)-module with basis {[Ox,,|}wew, that is, a basis

given by the classes of structure sheaves of Schubert varieties. Just as in cohomology,
there is a dual basis {{" },ew, characterized by the property that

(gu’ [OXw]) = 5u,v-

Write £%(w) for the pullback of £ to the equivariant K-theory group Ky (wb) = R(H).
Observe that the £"(w) are known; [14] and [32] give explicit formulas for these classes
(Willems uses a slightly different basis, but see [16] for a description of the relations
between various bases).

If wb is an H-fixed point of yél(f), we can write w = Wy Wy,_1 -+ - Wy, where w; €
W (L;). Define
Qw(wél(f)) =A_ ( [;’YQ H H —wmwm,l---wi,u),
i pEA;
where A; is as in Theorem 4.8.
The expansion of the class [O“@l ( f)] in terms of the classes [Ox,] is given by the
following theorem.
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Theorem 4.9. The class [O )] in Ky (B) is given by >, Bu[Ox,], where

u
w Qw(VQ (f))
The sum s over all w € W that can be written as w = WypWm_1 - Wy, where w; €
W(L;). The corresponding expansion in the ordinary K -theory K (*B) is given by setting
all the * in each B, equal to 1.

Yo' (f

Proof. The proof of this theorem is almost the same as the proof of Theorem 4.8, with
K-theory in place of cohomology. We omit the details. O

Remark 4.10. There is a similar expansion for [O“@l( f)] in terms of £V, obtained by

replacing £¥(u) by [Ox,](u) in the above formula. An explicit expression for the
elements [Ox, ](u) is given in [14] (see [21] for another proof).

APPENDIX A.
THE STANDARD TABLEAUX FOR COMPONENTS ASSOCIATED TO CLOSED ORBITS

A parametrization of the components of a Springer fiber for GL(n) is given in [29].
This is done in a natural way by associating to each component of p~1(f) a standard
tableau. Since this parametrization has become somewhat standard, in this appendix
we identify the standard tableaux of the components studied in this article (and in [3]).

We mention that the results of this appendix may be found in the literature by
piecing together a number of results about irreducible Harish-Chandra modules and
their annihilators. For SU(p,q) the set of irreducible Harish Chandra-modules of a
given regular integral infinitesimal character is in one-to-one correspondence with K-
orbits in 8. On the other hand the primitive ideals in the enveloping algebra are
parametrized in terms of standard tableau. In [13] an algorithm is given to associate
to the K-orbit Q corresponding to a Harish-Chandra module X the standard tableau
corresponding to Ann(X). The algorithm in fact also constructs a signed tableau
having the same shape as the standard tableau. As shown in [30], the signed tableau is
the associated variety of X and the standard tableau is the component of the Springer
fiber of a generic element for T5B. Therefore, the statements of this appendix follow
from [13] and [30]. We include the appendix as an alternative that is elementary and
purely in terms of the geometric description of 751( f)-

We begin by recalling the parametrization in [29]. Suppose that f is any nilpotent
element of g = gl(n). The Young diagram associated to f consists of rows of boxes;
the lengths of these rows are the sizes of the Jordan blocks of f (which are equal to the
lengths of the strings, in the language of Section 1). By a standard tableau we mean
a numbering of a Young diagram (having n boxes) by the numbers in {1,2,...,n}
in such a way that the numbers increase from left to right along any row and down
any column. The irreducible components of u~!(f) are parametrized by the standard
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tableaux having the same shape as the Young diagram of f. We will need to describe
this parametrization carefully.

Suppose b € u~(f) (i.e., b is a Borel subalgebra containing f). Let (E;) be the
flag {0} € Ey C --- C E, = C" that corresponds to b (that is, b is the stabilizer of
(E;)). Then we may associate to (b, f) a standard tableau ST'(b, f) as follows. The
tableau of f|g, is obtained from the tableau of f|g, , by attaching a new box onto the
end of a row of the tableau of f|E;_1, or perhaps by starting a new row with one box,
and putting the number 4 in the new box. The standard tableau of f|g, is obtained
from that of f|g, , by inserting the number 7 in the new block. The starting point for
this procedure is a single block containing the number 1, corresponding to f|g,. The
statement of [29] is that for each standard tableau ST having the same shape as the
Young diagram of f there exists a unique irreducible component C of 1~ !(f) so that for
b in a dense open subset of C, ST(b, f) = ST. This gives a one-to-one correspondence
between irreducible components and standard tableaux.

An example is to take f as in the example of Section 1. Let b be as in that example.
Then b is the stabilizer of the flag (E;) with E; the span of the standard basis vectors
ej with j among the labels of the 7 dots farthest to the right in the array. Then the
associated standard tableau is

w

5]6]

‘\1[\3»—\
e

For the generic elements f considered in this paper, there is a simple algorithm for
computing ST'(b, f) in terms of the array. The algorithm is as follows. Relabel the
dots in the array with 1,2,...,n in decreasing order from left to right. Each row in the
tableau of f corresponds to a string or a dot not passed through by a string. Now fill
in the boxes of each row with the new labels of the dots in the corresponding string.
The rows with one box get the new labels of the dots in the array that do not lie in a
string (in increasing order).

In the previous example, with all strings sketched in, we get

7 6 4 3

NN,

5 2 1

One now easily reads off the standard tableau obtained earlier.

The next proposition implies that in the preceding example, the component ’yél( f)
corresponds to the standard tableau given above. To prove this one would need to find
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an open dense set of Borel subalgebras b’ in 751( f) for which ST (b, f) is this same
standard tableau. This is how the proof of the proposition proceeds.

Proposition A.1. Given a closed K-orbit B with base point b as in Section 1.1, let
fen™Np be the generic element constructed in Section 1. Then the standard tableau
associated to ’yél(f) is ST (b, f).

To prove the proposition it suffices to prove Proposition A.5 below. We begin with
two lemmas.

Lemma A.2. Suppose b,b’ € u=(f) and b and b’ correspond to flags (E;) and (E!).
Then ST(b, f) = ST(b', f) if and only if dim(ker(f*|g,)) = dim(ker(fk|E£)) for each
1=1,2,...,n and each k € Z~yg.

Proof. Tt follows from the above discussion that ST'(b, f) is determined by the Jordan
forms of f|g,,i = 1,2,...,n. Therefore it is determined by dim(ker(f*|g,)) for each
i=1,2,...,n and each k € Z~,. O

Define W; = spanc{e; : j is a label of a dot in the ith string}, for i = 1,...,m. List
the standard basis vectors not in any W; as e;,,...,e;._,. (some r) with j; > jo > ---.
Now set Wy,4; = Ce;,. It follows that C" = W1 @ --- @ W, and each Wj is f-stable.

Consider a closed K-orbit @ = K - b and the generic f in n~ Np as in Section 1.1.
Let v1,..., 0, be the nilradicals of the parabolic subalgebras [; N q;—1 of [;, as discussed
in Lemma 1.9. Let vy = [p Nn~. Let vg,bq,...,0,, be the nilradicals of the opposite
parabolic subalgebras. Then V := exp(b,,) - - - exp(v1) exp(vg) - b is dense and open in

7o ().

Lemma A.3. Suppose X; € v; and j is arbitrary. Then exp(X;)e; = ej+y, where y is
a linear combination of standard basis vectors e, with a < j and a in the same g;-block
as j.

Proof. Consider X; € v;. Then X is a linear combination of root vectors for ¢, — ¢,
with a, b in the same g;-block and a < b. Then X;(e;) is 0 if j is not in a g;-block and
is a linear combination of e, with a in the same g;-block as j and a < j. The lemma
follows. O

Lemma A.4. For any v € exp(v,,) - --exp(b1) exp(vg), ker(f*) = ker(f* ov).

Proof. Since v is invertible, ker(f*) and ker(f* o v) have the same dimension. So it is
enough to show that ker(f*) C ker(f* ov). The following observation will be used. If
a,b are in the same g;-block (for some 1) and a < b, then f*(e,) = 0 implies f*(e,) = 0.
To see this it suffices to assume that [ = 0. Then a lies in a later string than the string
of b (since strings pass through the rightmost dot in a block). The statement follows
from the construction of f.
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Combining this observation with the preceding lemma, along with the fact that the
kernel of f* is spanned by standard basis vectors, we see that for all I,

exp(X))ker(f*) C ker(f*).
Induction easily gives
exp(X;) - - - exp(Xo)ker(f*) C ker(f*), all L.

In particular,
v(ker(f*)) C ker(f*).

The inclusion follows. O

Proposition A.5. The standard tableauz ST(V', f) coincide for all Borel subalgebras
b’ in the dense open set V.

Proof. Let b’ =v-b € V. Then the flag defining b’ is (E}) = (v(E;)). We have

ker(f*| ;) = v(ker((f* 0 v)[p,)) = v(ker(f*|E,)),

where the second equality is by the preceding lemma. Since v is invertible, we see that
dim(ker(f*|g,)) = dim(ker(fk|El4)). Now ST'(b', f) = ST(b, f) follows from Lemma
A2 O

As briefly discussed in the introduction, given a Young diagram T there is a closed
K-orbit Q in B and a generic f having Young diagram T. In fact there may be several
such Q and f (with perhaps different K, i.e., different p,q). Let Op be the nilpotent
orbit corresponding to T. Fix a closed K-orbit Q with corresponding generic f, and
a closed K’-orbit Q" with corresponding generic f’. Suppose that f and f’ are both
contained in Or. Then there exists g € G so that f = g- f’. It follows that the Springer
fiber 1 ~1(f) is the g-translate of u~1(f’). Therefore the components of ~1(f) are the
g-translates of the components of u~!(f’) As the parametrization is given in terms of
the linear algebra, it is clear that the standard tableau of a component is the same
as that of its g-translate. We may conclude that vél( f) and yé,l( ") may be viewed
as components in a single Springer fiber, and the standard tableaux tell us which
components.

The following example illustrates the above discussion. We see how a number of
components of a single Springer fiber are of the form 751( f), and therefore have the
structure described in this article.

Consider the Young diagram
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Let Ot be the corresponding nilpotent orbit in g. We write down all 751( f) that occur
as components in a Springer fiber for an element of Op. There are several pairs (G, K)
to consider.

When (p,q) = (1,7) or (7,1), any array has just one dot in one of the two rows.
Therefore no string has length 4, and a generic f cannot lie in Op. A similar argument
shows the same holds when (p, q) = (2,6) or (6,2).

Now consider (p,q) = (3,5). There are four closed orbits Q with generic elements
f € Op. We list below these orbits Q (by giving the corresponding A € b*), the
standard tableau for yél( f), and the signed tableau corresponding to K - f. (The
orbits of K on N are parametrized by signed tableaux. See [3] for a discussion of these
signed tableaux, and how the tableau corresponding to a generic f is obtained from

the array.)

1[3[5]8] -1+ ]
A=(8,4,3]7,6,5,2,1) 2416 -1+ -
18 -]
114]6][8] R
A= (8,5,4]7,6,3,2,1) 2517 -1+ -
13 -]
1]2]4]6] + -+
A= (5,4,18,7,6,3,2) 3[5]7 IEE
18] -
1[2]5]7] TT-T+T-
A= (6,5,18,7,4,3,2) 3[6][8 IERE
4 -

Now consider (p,q) = (4,4); there are again four cases.

1]13]6][8] - [+ +
A= (8,5,4,3|7,6,2,1) 247 - [+ -

5] T

172]4]7] - |-+
A=(8,7,3,2/6,5,4,1) 3[5[8 +[ -1+

6 -

‘c.nw»a
| oo
~| o
_l_

1
+

8] + -]+ ]-

A= (7,6,2,18,5,4,3)
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1]2]4]7] +1-1+]-]
A= (6,5,4,1]8,7,3,2) 3[5]8 HEE
16 *

(Note that the last two come from the first two by interchanging the rows of the array.)

For (p,q) = (5,3) there are four cases, each obtained from the (3,5) case by inter-
changing the rows of the array. We get the following.

1[3]5]8] +[-1+]-]
A=(7,6,5,2,18,4,3) 21476 + -]+
18] +
1(4[6]8] + -1+
A=(7,6,3,2,18,5,4) 2|5]7 + -1+
3] t+
1721476 N
A=(8,7,6,3,2/5,4,1) 3[5]7 +[ -1+
18] t+
1[2]5]7] -+ -+
A=(8,7,4,3,2/6,5,1) 3[6][8 +[ -1+
4] +

In summary, there are 12 closed orbits Q with generic element in Or. The 12 orbits
pair off (under the symmetry of interchanging the rows of the arrays) into pairs giving
the same components, so there are six components of the type yél( f). A further
observation is that for (p,q) = (3,5) (or (5,3)), of the four orbits Q, two orbits K - f C
Ny occur and all four components are different. This is not the case for (p,q) = (4,4).

Similar statements may be made in general. Let us fix G = GL(n) and consider all
pairs (G, K, ) with K, , = GL(p) x GL(q), p+ ¢ = n. Fix a Young diagram T and
corresponding nilpotent orbit O in g. The key observation is the following.

Lemma A.6. Suppose Q = K, ,-b is a closed K, 4-orbit and Q = Ky g+ b’ is a closed
Ky y-orbit, and f and f' are the corresponding generic elements. Then ST(b, f) =
STV, f') if and only if either Q@ = Q', or (p,q) = (¢',p') and the array for Q is
obtained from the array for Q' by switching the two rows.

Proof. This is clear from our description of ST(b, f), since there are two ways to re-
construct an array from a standard tableau (one with the last dot in the upper row
and one with it in the lower row). O

The lemma implies the following proposition.
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Proposition A.7. Let (G, K) be one of our pairs (GL(n), GL(p)) x GL(q)). For each
Young diagram T, the components of the Springer fiber for Ot of the form yél(f),
with Q@ a closed K-orbit and f generic, are distinct when p # q. When p = q there are
an even number of such components, and each occurs for exactly two Q.
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